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Preface 


This book aims to be useful. This might appear to be a trivial statement (after 
all, what would the alternative be?), but let us explain how this simple motivation 
provides us with a rather ambitious goal. The central theme of the book revolves 
around Stokes’s theorem, and it deals with the following associated paradox. There 
are clear intuitive notions coming from the physical world and our own visual 
geometric insight that tell us what a closed surface is, what the interior and exterior 
of that surface are, what is meant by a flux across it, what a normal vector to it 
is, and whether it points in or out—in other words, how to orient that surface. 
The student of vector calculus is usually provided with a clear and useful set of 
rules as to how to orient a surface in applying the divergence theorem, and how to 
orient the boundary of a surface in the classical Stokes’s theorem. However, when 
this student undertakes a formal study of orientation through mathematical analysis 
and/or differential geometry, she or he then realizes that orientation is defined in 
terms of the tangent space at each point of the surface, and the connection with the 
practical rules of vector calculus is far from clear. To make things worse, the usual 
closed surfaces used in R?, that is, those that are required for practical purposes, 
have vertices and edges, the most natural example being the cube, and they are not 
regular surfaces. Hence, a student of mathematics, formally at least, cannot apply 
Stokes’s theorem to most natural situations in which it is required. 

There is another element that deeply concerned the authors when they were 
introduced to the subject, and that is the various notational conventions. Actually, 
the problem is not just with notation. This is a subject that can be approached in 
many different ways, all of which are equally valid, and each of which has its own 
particular merits. There is undoubtedly an advantage in seeing a topic treated in 
different ways, but unfortunately in this instance, it is all too common for a student to 
become trapped with the particular notation and/or point of view used by one author 
on the subject. For example, a recommended textbook may choose to use a vectorial 
point of view, and employ integrals of differential forms, while another may opt for 
scalar integrals and the use, or not, of tensors. There are several possibilities for the 
definition of regular surface, from the very abstract notion of differential manifold 
to the more familiar concept of differential submanifold of R”, and so on. A student 
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will follow one approach, which uses one of the more or less equivalent definitions 
available, but when the student tries to clarify an obscure point by studying another 
good exposition, very frequently the notation is alien, or worse, inconsistent with 
what the student already knows, so that the only option is to begin from scratch 
with the alternative approach. Most of the time, the student becomes frustrated and 
simply gives up. 

This book is intended as a text for undergraduate students who have completed a 
standard introduction to differential and integral calculus of functions of several 
variables. We have written the book principally having in mind students of 
mathematics who need a precise and rigorous exposition of Stokes’s theorem. This 
has led us to choose a differential-geometric point of view. However, we have taken 
great care to bridge the gap between a formal rigorous approach and a concrete 
presentation of applications in two and three variables. We show how to use the tools 
from vector calculus and modern methods that help to check, for example, whether 
a particular set in IR? is an orientable surface with boundary. In a less formal way, 
we show how to apply the obtained results on integration over regular surfaces to 
less amenable (but more practical) situations like the cube. We have looked at most 
of the definitions of regular surface and shown the equivalence of them. We discuss 
how one definition may be more convenient for solving exercises while another, 
equivalent, definition may be more suitable in proving a theorem. We have tried to 
include in each chapter as many examples and solved exercises as possible. 

We have chosen the point of view of k-forms, but in each possible instance we 
switch to employing vector fields and the classical notation coming from physics. 
In general, we have made an effort to explain the connection between the usual 
practical rules from vector calculus and the rigorous theory that is at the core of 
vector analysis. This means that the book is also addressed to engineering and 
physics students, who know quite well how to handle the familiar theorems of 
Green, Stokes’s, and Gauss, but who would like to know why they are true and how 
to recover these familiar useful tools in R* or R? from the mighty formal Stokes’s 
theorem in R”. In summary, we have tried hard to show that vector analysis and 
vector calculus are not always at odds with one another. Perhaps we should have 
appended a question mark to the title. 

The book contains some appendices that are not necessary for the rest of the 
book, but will offer the student the opportunity to get more deeply involved in the 
subject at hand. 

While we are in great debt to many authors, including Do Carmo, Edwards, 
Fleming, Rudin, and Spivak, we do believe that our approach is quite original. 
However, we do not pretend that originality is our principal motivation. Only to 
be useful. 


Burjasot, Spain Antonio Galbis 
Manuel Maestre 
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Chapter 1 
Vectors and Vector Fields 


The purpose of this book is to explain in a rigorous way Stokes’s theorem and to 
facilitate the student’s use of this theorem in applications. Neither of these aims 
can be achieved without first agreeing on the notation and necessary background 
concepts of vector calculus, and therein lies the motivation for our introductory 
chapter. 

In the first section we study three operations involving vectors: the dot product 
of two vectors of R”, the cross product of two vectors of R3, and the triple scalar 
product of three vectors of R*. These operations have interesting physical and 
geometric interpretations. For instance, the dot product will be essential in the 
definition of the line integral (Definition 2.2.1) or work done by a force field in 
moving a particle along a path. The length of the cross product of two vectors 
represents the area of the parallelogram spanned by the two vectors, and the triple 
scalar product of three vectors allows us to evaluate the volume of the parallelepiped 
that they span, and it plays an important role in calculating the flux of a vector field 
across a given surface, as we shall see in Chap. 4. 
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1.1 Vectors 


Definition 1.1.1. The dot product (or scalar product or inner product) of two 
vectors 


a = (41,42,...,dn), b = (bi, bo,...,bn) € R" 


is defined as the scalar 
n 
a-b= (a,b) = »y ajbj. 
j=l 


According to the Pythagorean theorem, the length of a vector a = (a1, a2,43) € 


R? is , [at + ay + ay. The next definition is a generalization of the notion of length 
to vectors of R”. 


Definition 1.1.2. The Euclidean norm of a vector 
a = (a1,42,..-,dn) € R" 


is defined as 
\la|| = (a, a) ¥ 0 a 
j=l 
Theorem 1.1.1 (Cauchy—Schwarz inequality). 


| (a, b)| < |la|| -|/5I]. 


Proof. The inequality is trivial if either a or b is zero, so we assume that neither is. 
If we let x = Tal andy = ae then ||x|| = |ly|| = 1. Hence 


O< |lx—yl? = (e-y, x-9) 


= |x|? —2(e, y) + Ib? 


=2-2(x, y). 
So (x, y) < 1, that is, 
(a, b) < |la|| -|[5I. 
Replacing a by —a, we obtain 
— (a, b) <|la\| - ||b|| 


also, and the inequality follows. 


As a very important corollary to the Cauchy—Schwarz inequality we have the 
following proposition. 
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Proposition 1.1.1 (Triangle inequalities). Let x, y € R”. Then 
1. ||xLyll < [lel] + [ly 


, 


2. |Ilxl| — Ilyll| < lle —-yll- 


Proof. 1. As above, 


|x ty||" = (e+y,x+y) 


= |x|? £2 (x,y) + IbyIl? 


< |[xl|? +2] ey) | + lly? 
< |lal|? + 2[LxIIILyll + lly? 
= ((lxl] + Ibyll)’- 
2. Since 
I|x|| = |@—y) +l] < |lx—yll + IDI, 
we see that 


Ilxl] — [yl] < lle —yIl.- 


Interchanging x and y, we also get 


— ({l1] = Ilyl) = Ilyll — [lll < lly - Il = Il - @—y)Il = lle -yIL, 


and the inequality follows. 

Let us assume that a and b are two linearly independent vectors in R? and that M 
is the plane spanned by them. The two vectors generate a triangle in M with sides 
of length |la||, ||b||, and ||a — b||. If @ € (0, 7) is the angle between the vectors a and 
b in M, then the cosine rule gives 

2 2 2 
lla—||" = |lall” + |b|" — 2-cos(@)- |la|| -|IBI]. 
However, we also have 
2 2 2 
\la—b\|" = (a—b, a—b) = |la ||" + ||5||" — 2 (a,b), 

and a comparison of these two expressions gives 


(a,b) = ||a|| - ||b|| -cos(@). (1.1) 


Indeed, (1.1) could be used to define the cosine of the angle between two vectors. 


Definition 1.1.3. We say that a,b € R” are orthogonal if 


(a,b) = 0. 
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Fig. 1.1 Orthogonal Z 
projection V} 


Given two linearly independent vectors a,b € IR”, we want to find the orthogonal 
projection of a onto the line generated by b. To this end, we denote by M the plane 
generated by a and Bb and we consider an orthonormal basis {v;,v2} of M consisting 
of vy) = Ta and a unit vector v2 € M orthogonal to v; (Fig. 1.1). Since {v1,v2} is a 


basis of M, there are scalars @ and f such that 
a=av, + Bvo. 
The projection of a onto the line generated by b is precisely av. To determine 


a, we simply take the inner product with b in the above identity. Since (v;,b) = ||b|| 
and (v2,b) = 0, we obtain 


(a,b) = al[b|). 
That is, 
_ (a,b) 
OTB 


represents the component of the vector a parallel to the vector b. This will be useful 
in Chap. 2 when we calculate the component of a force in the direction tangent to a 
given trajectory. Observe that in this way, we can actually construct an orthonormal 
basis {v;,v2} of M by taking 


a,b 
io. aad ee a— Ser TI 
b _ (a,b) b 
lol |a 15] || 


Definition 1.1.4. The cross product of two vectors 


a= (a1,42,a3), b= (b1,b2,b3) 


6 1 Vectors and Vector Fields 


Fig. 1.2. (a) Canonical basis; 


a 63 =| X @ b 
(b) cross product * ‘ a 


NIA 


e| = 2 X &3 €2 = €3 X e} 


in R? is the vector defined by the formal expression 


ey €2 & 
axb:= ay a2 a3 |- 
by bo bg 
Here, 
{e1,€2,€3} 


represents the canonical basis (Fig. 1.2) of R?, namely 
e1= (1,0,0), e2 = (0,1,0), &3= (0,0, 1), 


and we interpret that the coordinates of the vector a x b are obtained after expanding 
the determinant along the first row. That is, 


axbi=( 


It is a routine but laborious calculation to check that 


a2 a3 


bo bz 


a| a3 
bi b3 


a\ a2 
bj bz 


es és 


lax Bll? = lal? ||? = | (a5) P 
= ||a\|*- \b\|? (1 — cos?(6)) 
= |\a\)?- |b||? sin?(6), 


where 0 € [0, 71] is the angle between the two vectors a and b. Consequently, 


lla x bl] = |la|| - |||] - sin(@). 
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If a and Bb are linearly independent, this expression gives the area of the parallelo- 
gram generated by a and b (see Example 4.1.1). 


Definition 1.1.5. The triple scalar product of three vectors a, b, and c in R? is the 
scalar defined by 


(a,b xe). 


If we write 


@ = (a),42,03), b = (by,63,b3), © = (¢4,02,¢3), 


then it follows from the definitions that 


bz b by b3 b, b 
(a,bxe) =a, nies _ ee 
C2 C3 ci Cc Ci C2 
a), a2 a3 
= |b; bp b3 |. 
Cy C2 C3 


From the properties of determinants we have immediately the following proper- 
ties of cross product of two vectors. 


Theorem 1.1.2. The cross product has the following properties: 
(1)bxa = — (axb). 

(2) a xb is orthogonal to the vectors a and b. 

(3) a and b are linearly independent if and only ifaxb = 0. 


The cross product of vectors in R? is not defined. However, as we will see in 
Sect. 7.2, it is possible to define the cross product of n — | vectors in R” whenever 
n>3. 

The triple scalar product also has an interesting geometric interpretation. Let 
a,b,c € R? be three linearly independent vectors. These generate a parallelepiped, 
whose base may be taken to be the parallelogram generated by a and b (Fig. 1.3). 
The vector a x b is orthogonal to the plane generated by a and BD, and as a 
consequence, the height of this parallelepiped (with respect to the aforementioned 
plane) coincides with the component of ¢ parallel to the direction +(a x b). That is, 


the height is given by 
axb 
n=|(c aT): 
| lax 
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Fig. 1.3. Parallelepiped 
generated by three vectors 


at+tb+c 


The volume of the parallelepiped can now be calculated by 
volume = base - height 
= lla x bl|- 
=|(c, ax b)| 
= |(a, bx c)]. 


So the volume of the parallelepiped is the absolute value of the triple scalar 
product of the three vectors. We will generalize this result in Chap. 4, Theorem 4.1.1. 
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1.2 Vector Fields 


Throughout, we assume that the reader has a basic knowledge of differential 
and integral calculus in several variables, but in the interest of convenience and 
consistency, we will recall the relevant definitions and results when they are 
first encountered. We recommend to the reader the following excellent references 
[1-4, 8-10, 12, 13] and [18]. 


Definition 1.2.1. Given a € R”, the open ball centered at a and of radius r > 0 is 
the set 
B(a,r) = {x € R": ||x—al| <r}. 


The closed ball centered at a and of radius r > 0 is the set 
D(a,r) = {x € R": ||x-al| <r}. 


Definition 1.2.2. (i) A subset U of R” is called open if for each x € U there exists 
r > 0 (which depends on x) such that B(x,r) C U. 

(ii) A set C in R” is closed if its complement R” \ C is an open set. 

(iii) Givena € R", a set G C R" is called a neighborhood of a if there exists r > 0 
such that the ball B(a,r) is contained in G. In particular, if the set G is open, 
then it is an open neighborhood of all of its points. 

(iv) If A is a subset of R”, then the interior of A is the set 


int(A) := {x € A: Ais aneighborhood of x}. 
(v) The closure of A is the set 


A:={x ER": B(x,r)NA#®@ forevery r> 0}. 


Any open ball B(a,r) is an open set. Indeed, if x € B(a,r), then by the triangle 
inequalities, B(x,r — ||x —al|) is an open ball centered at x contained in B(a,r). 
Analogously, any closed ball is a closed set. In general, a set A is open if and only if 
it coincides with its interior, int(A), and it is closed if and only if it coincides with 
its closure A. 

Now we recall the concepts of continuous and differentiable mappings. 


Definition 1.2.3. Let M be a subset of R”. A mapping f : Mc R” > R” is 
continuous at a point a € M if given € > 0 there exists 6 > 0 such that for every 
x € M with ||x —al| < 6, we have 


IIf(x) —fla)|| <e. 


We say that f is continuous on M if it is continuous at every point of M. Usually 
when the range space is R we will say that f is a continuous function. 
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Definition 1.2.4. Let M be a subset of R” and considera € M with the property that 

Mn (B(a,r) \ {a}) 4 @ for every r > 0. We say that the mapping f: MC R” > R™ 

has limit b € R” at the point a, and write lim f(x) = b, if given € > 0 there exists 
x—-a 


6 > 0 such that for every x € M with 0 < ||x —al| < 6, we have 


IIf(x) || <e. 


Definition 1.2.5. Let f : U C R” — R be a function defined on the open set U. We 
say that f has a partial derivative in the ith coordinate at a € U if the limit 


f(ai,---,Gi-1,4) th, aiy1,---,Qn) — f(ai,---,n) 
a) h , 


exists, and when the limit exists, we will denote its value (which is a real number) 
oF 
by $£(a). 
More generally, for f : U C R"” — R” and » € R", we define the directional 
derivative of f ata € U in the direction v to be 


Dyfla) = lim £24) Lo) 


whenever that limit exists. 


Definition 1.2.6. Let f : U C R"” — R” be a mapping defined on the open set U. 
We say that is differentiable ata € U if there exists a linear mapping T : R” + R™” 
such that 

f(a+h)-f(a) —T(h) 


0 Mal =o 


In that case, we denote the (necessarily unique) linear mapping T by df (a). We 
say that f is differentiable on U if it is differentiable at each point of U. 


A mapping f : U CR" > R",f = (fi,---, fm), is differentiable at a € U if and 
only if each coordinate function f; is differentiable at a. If we denote by f’ (a) the 
matrix (with respect to the canonical basis) of df(a), the differential of f at a, we 
then have that 


oft (a) oft (a) ... oft (a) 


Ox} Ox2 OXn 
a ) afr 
fia) =| me RO -- 2) 


Q a a a , Q a 
si (a) Se(a) ... $a) 


x] 0. x2 Xn 


The matrix f(a) is called the Jacobian matrix of f at a, and in the case that m =n, 
its determinant is called the Jacobian of f at a and denoted by Jf (a). 
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In the scalar-valued case where f : U C R" > R is differentiable at a, f’(a) is 
called the gradient of f at a. Usually this is denoted by V f(a) and is treated as a 
(row) vector in R”, i.e 


of of 
vi) = ($4 @),5£@),....5£(@). 


A very useful fact, which can be found in any textbook on analysis in several 
variables (e.g., [15, p. 217]), is that if a mapping f : U C R” — R” is differentiable 
at a € U, then the directional derivative of f at a in the direction v exists for every 
v € R" and 


Dyf (a) = df(a)(). 


The condition for differentiability given in Definition 1.2.6 is not an easy one to 
check, but the next theorem, which can be found in any textbook on multivariable 
calculus, provides a sufficiency condition that is more amenable. We first require 
another definition. 


Definition 1.2.7. Let f : U C R” — R” be a mapping defined on the open set U. 
We say that f is continuously differentiable ata € U if there exists r > 0 such that 
the ball B(a,r) is contained in U and all the partial derivatives oh (x) G=1,...,m 
j =1,...,n) exist in the ball and are continuous on a. Then f is said to be of class 
C! on U if it is continuously differentiable at all points of U. 


Theorem 1.2.1. Jf f:U CR" > R” is a mapping that is continuously differentiable 
at a pointa in an open set U, thenf is differentiable ata. In particular, if f is of class 
C! on the open set U, then f is differentiable on U. 


If f : U C R" > R™ is a mapping of class C! on an open set U, then we can 
consider the continuous functions oh :U — R. We will say that f is of class C? on 
Oe, 


U if each ahi :U > Ris of class C! on U, ice., if the functions 
“d 


d (af 
= \ 5,7) 4) 
Ox; Ox; 
(which we call second-order derivatives of fj) all exist and are continuous on U for 
eachi=1,...,mand j,k =1,...,n. We denote the above second-order derivative by 


Oo” fi 
OX,OX;j . 


One can clearly iterate this process in order to define a function of class C? on 
U.Iff is of class C? for every p € N, then we say that it is of class C* on U. 


Definition 1.2.8. A vector field is a continuous mapping 


F:UCR'’>R’. 
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Fig. 1.4 Vector field of Example 1.2.1 


The natural interpretation of this definition is that a vector field assigns a vector 
to a point. Vector fields are useful in representing force fields or velocity fields. 

The student of mathematics will find in his/her studies many instances of this 
situation in which the same abstract concept can be interpreted differently through 
the simple device of changing the name of that concept. Here a mapping from 
IR” into itself becomes a physical concept, just by calling it a vector field, and is 
consequently visualized in a new way, as the following examples show. 


Example 1.2.1. Let us consider the vector field (Fig. 1.4) 


F : R?\ {0} > R? 


defined by 


F(x,y) = ( Fat sae): 


Clearly, F(x,y) is a unit vector, and if we place this vector at the point (x,y), we 
see that it is a tangent vector at (x,y) to the circle centered at the origin that passes 


through this point. 
Example 1.2.2 (Gravitational fields). Let us consider a particle of mass M located 
at the origin. The force of attraction exerted on a particle of mass m located at 
(x,y,z) € R? \ {0} is 
GMm 
F =->+—— 
(x,y,Z) etyde 
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Fig. 1.5 (a) Gravitational field; (b) particle motion of a fluid 


where G is the gravitational constant and u = (x,y,z) is the unit vector in 


I 
the direction from the origin to (x,y,z). That is, the vector F(x,y,z) always points 
from (x,y,z) toward the origin, and its magnitude is inversely proportional to the 
square of the distance to the origin (Fig. 1.5). 


Example 1.2.3 (Velocity field of a fluid). For every point (x,y,z) of an open set U C 
R? let F(x,y,z) represent the velocity of a fluid at the position (x,y,z) at a given 
fixed time. Then 


F:UCR >=R 
is a vector field. 
Example 1.2.4. Let 

g:UCR">R 


be a function of class C! on the open set U. Then 


ag 
F:= : R”, F(x) = == ( ——(x),... 
WeiU oR", Fle) = vets) = (S20)... 5£0)), 
is a vector field and is called the gradient field of g. 
Definition 1.2.9. Let 
F:UcCR’>R' 


be a vector field with components 


14 1 Vectors and Vector Fields 


F= (fi, fa, -++sa)- 


We recall that F is of class C? (respectively differentiable) on the open set U if 
each of its components f; is of class C? (respectively differentiable). 


Next we introduce two basic operations on vector fields; the divergence (which is 
a scalar function) and the curl, or rotor (which is a vector field). These play a central 
role in the formulation of two fundamental theorems of vector analysis, namely, the 
divergence theorem, or Gauss’s theorem, and the classical Stokes’s theorem. These 
results will be studied in Chap. 9, and they constitute the main purpose of this book. 
As we will see later, the divergence and curl of the velocity field of a fluid give 
pertinent information concerning the behavior of that fluid. 


Definition 1.2.10. Let F : U C R” > R" be a vector field of class C! on the open 
set U. The divergence of F is the scalar function 


n rm) 6 
Div F = oFi 
j=l Ox; 

Definition 1.2.11. Let F: U C R* > R?, F = (fi, fo, fs), be a vector field of class 
C! on the open set U. The curl (or rotor) of F is the vector field defined, formally, 
by the determinant 


We interpret that the components of F are obtained after expanding the determi- 
nant along the first row. Thus, Curl F is the vector field 


Cul F = (2 Of, Afi Afs Ah =) 


Oy oz’ dz ax’ ax ody 


Usually we put V to represent the differential operator 


7 (2.2.2 
~ \ ax’ dy’ dz) 
This, together with the cross product notation of Definition 1.1.4, suggests the 


following symbolic representation for the curl of F: 


CullF = Vv xF. 


We note that the divergence is defined for vector fields in R”, while the curl is 
defined only for vector fields in R?. 
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Fig. 1.6 Vector field of Example 1.2.5 


Example 1.2.5. The vector field F(x,y,z) = (—y,x,0) represents a rotation about 
N = (0,0, 1). We observe that Curl F = (0,0, 1) gives the direction of the rotation 
axis (Fig. 1.6).We will deduce from Stokes’s theorem that this is no coincidence (see 
Corollary 9.4.1). 


We next highlight an important relationship between divergence and curl, but for 
that, we need the following theorem due to Schwarz about the symmetry of second 
derivatives of a function of class C?. It is sometimes also called Clairaut’s theorem, 
or Young’s theorem. 


Theorem 1.2.2. Let f : U C R" > R be a function of class C? on the open set U. 
Then for allx € U and alli, j =1,2,...,n, 
af Of 


OXjOX; a= OX jOX; a 


Theorem 1.2.3. Let F: U C R* > R? be a vector field of class C* on the open set 
U. Then 

Div (Curl F) = 0. 
Proof.' Since F = (f;,f2,f3), Schwarz’s theorem concerning the symmetry of 
second derivatives gives 


'In Chap. 6 we will present an alternative argument (Corollary 6.3.1) based on properties of the 
exterior differential. 
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_9/9ff Of.) 9 (Aft _Af\ 9 (Of Of 
a che ae (2 Pp). oF wf) 3 (2 i) 


oe? oe? oe? 2 
- (5: dy oy 5) ht (5: Ox ax x) f 


a g* 
(5 dz Oz =A 
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1.3 Exercises 


Exercise 1.3.1. Find the divergence of the vector fields 
(1) F(x, y) = (sin(x), e). 
(2) F(x,y,z) = (sin(y), cos(z), 2°). 


Exercise 1.3.2. Find the divergence and the curl at the point (1,1,0) for the vector 
field 
F(x,y,z) = (xyz, ¥ 2). 


Exercise 1.3.3. Check that 
Div (Curl F) = 0 


for the vector field 
F (x,y,z) = (x7z, x, 2yz). 


Exercise 1.3.4. Let F : R* —> R? be a vector field and let g : R? > R be a scalar 
function, both of class C! on R”. Check that 


Curl (gF) = g(Curl F) + (Vg) x F. 
Exercise 1.3.5. If F,G: R? — R? are vector fields of class C!, prove that 


Div(F x G) = (Curl F, G) — (F, Curl G). 


Chapter 2 
Line Integrals 


In studying the motion of a particle along an arc it is convenient to consider the arc 
as the image of a vector-valued mapping y : [a,b] +> R? defined on an interval of 
the real line and realize y(t) as the position of the particle at time t. This viewpoint 
is also convenient in analyzing the behavior of a vector field along an arc and is the 
main motivation for the definitions that follow. 
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2.1 Paths 


Definition 2.1.1. A path is a continuous mapping y : [a,b] + R". We call y (a) the 
initial point and y (b) the final point. The image of the path, y ((a,b]), is called the 
arc! of y. If y({a,b]) C Q, we say that y is a path in Q. 


Example 2.1.1. The line segment joining two points x,y € R” is the arc [x,y] := 
y (0, 1]), where y : [0,1] + R” denotes the path 


y(t) =x+t(y—x) =ty+ (1—-2)x. 


Example 2.1.2. Let y; : [0,27] — R* be given by y;(t) := (cos(jt), sin(jt)). Then 
for every j € Z\ {0}, the arc y;([0,27]) is the unit circle x? +? = 1 in R?. As the 
parameter f increases from 0 to 27, the point y;(t) travels around the unit circle | j| 
times (clockwise when j is negative and counterclockwise when j is positive). 


We put 


h)— y(t) 
"(t) := lim wr) 
( ) ht he[a,b] h-t 


if the limit exists. We observe that if t € (a,b), then y’(t) exists if and only if y is a 
differentiable mapping at the point f. In this case, y’(r) is the n x 1 column matrix 
of the differential at t, which is naturally viewed as a vector in R”. In particular, we 
may consider y’ : [a,b] + R”, and where the appropriate limits exist, repeat to find 
higher-order derivatives of y. This prompts the following definitions. 


Definition 2.1.2. A path y : [a,b] > R"” is said to be a function of class C% on 
[a,b] if the gth derivative y‘%)(t) exists for every t € [a,b] and y™ is continuous 
on [a,b]. The mapping y is said to be a piecewise C4 function if there exists a 
partition a =f) <--- <<“ =b such that yjj,, ;,, ,] is of class C4 on [t;,t+1| for every 
1<i<k-l. 


Definition 2.1.3. A path y : [a,b] — R” is said to be smooth if y is a C! function 
and y’(t) £0 for every t € [a,]. 


Unfortunately, the notation is not standard in the literature. We follow Cartan 
[7, 3.1, p. 48] or Edwards [9, V.1. p. 287]. However Fleming [10, 6.2, pp. 247- 
249] refers to curves as equivalence classes and a path is interpreted as a parametric 
representation of a curve. Marsden—Tromba [14, 3.1, p. 190] uses the term trajectory 
instead of path and imposes no continuity condition, while Do Carmo [5, 1-2. 
parameterized curves, p. 2] defines parametric curves (with values in R*) and uses 
the expression regular curve instead of smooth path. 

The next example, which is a reformulation of Edwards [9, V.1, example 1, p. 
287], shows that a path of class C™ can have corners. We first need a lemma. 


‘Also called the track or trace of y. 
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Lemma 2.1.1. Let c be a real number. The function f :R— R, 


is of class C™ on the real line. 


Proof. We show that for each n € NU {0} there is a polynomial P,, such that 


F(t) = 4 0, P=, 


In fact, this is obvious for n = 0. To apply induction, we assume that the result 
is true for n = k € NU {0}. To deduce that the result is also true for n = k + 1, it is 
enough to check that f+!) (0) = 0. We are going to use that ey diverges to infinity 
faster than any polynomial in y as y tends to +e0. Indeed, if P,(y) = any” +--+ + 
ayy +a with a, 4 0, then 


e)” e e’-y 


The function e~” +” clearly converges to zero. On the other hand, by applying 
L‘H6pital’s rule n times, we obtain 


P 
lim Pal) = tie = 
yoto ey yotoo ey 


Now by taking y= i when t > 0 or y= -t if t < 0 we obtain that 


=0. 


f) (0) = lim POF WO) 


t>0 t t>0 t 


Example 2.1.3. Let y : [—1,1] > R? be defined by 
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It follows from the above lemma that y is a path of class C”. However, y is not 
smooth, since y’(0) = (0,0). We note that y ({—1, 1]) = {(x, |x|) : xe [-1,1]} hasa 
corner at the point (0,0). Several more examples can be found in Marsden—Tromba 
[14, 3.2, p. 205]. 


Our next task is to define and, if possible, to evaluate the length of a path y : 
[a,b] + R". The basic idea consists in approximating the path by means of line 
segments whose endpoints are determined by a partition of the interval [a,b]. A path 
with finite length is said to be rectifiable or of bounded variation. We will show 
that every piecewise C! path is rectifiable and will obtain a formula to evaluate its 
length. 


Definition 2.1.4. Let y : [a,b] > R” bea path and let P:= {a=t <---<t =b} 
be a partition of [a,b]. The polygonal arc associated with P is the union of the line 
segments [y (t;), v (ti41)], 1 <i <k—1. The length of this polygonal arc is 


k-1 
Lly,P) = > lly (41) — ¥@)II- 


Lemma 2.1.2. Let y : [a,b] > R” be a path and let P:= {a=t, < +++ <t, =b} 
be a partition of {a,b]. If Q is another partition of |a,b| and P C Q, then L(y,P) < 
L(y,Q). 


Proof. We can assume without any loss of generality that Q is obtained from P by 
adding a single point. Thus, we assume Q = PU {s}, where t; < s <tj41. Then 


Ly) i= dally) y(adll+ ly )—y A) I+ ly Gi)—r() I- 


Since 


lly (i410) -— AI SI vs) — ¥@) I+ I x G+1)—) Il 


the conclusion follows. 


Definition 2.1.5. A path y is said to be rectifiable or of bounded variation if 
sup{L(y,P) : P a partition of [a,b] } < +e. 


If y is rectifiable, we will refer to this supremum as the length of y, and we will 
denote it by L(y). 


Let y : [a,b] > R” be a path and a < c < b. Then y is rectifiable if and only if 
y| al and y| fc,p] ate. Moreover, in that case, 


L(y) = LY \iaq) +L(Y| 1.5): 


We leave the proof to the interested reader. 
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Definition 2.1.6. The norm of a partition P := {a=t) <--++ <t, =b} is the length 
of the largest subinterval defined by that partition, that is, 


|| P|] = max{|fiz1—si| : i=1,...,k-1}. 


We are going to show that any path of class C! is rectifiable, but before we do 
so, we need to remind the reader of the topological concept of compactness and of 
some properties enjoyed by compact sets. 


Definition 2.1.7. A subset K of R” is called compact if for each family ¥ of open 
subsets of IR” that cover K, in the sense that 


Ree 
GeF 
there exists a finite subfamily G,...,G,, in F such that K C Us 1G je 


A subset M of R” is called bounded if it is contained in an open ball centered at 
the origin. If K is a compact set, then it is bounded. This is an easy exercise, but far 
more can be said. The proof of the following characterizations of compact subsets 
in R” can be found in almost any book on calculus of several variables. 


Theorem 2.1.1. Let K be a subset of R". The following conditions are equiva- 
lent: 


1. K is compact. 

2. For each sequence (xj), C K there exists a subsequence (x ;j,);_, convergent 
to a point xo € K. 

3. (Heine—Borel—Lebesgue theorem) K is bounded and closed in R". 


We also need the concept of uniform continuity. 


Definition 2.1.8. Let M be a subset of R”. A mapping f : Mc R” > R” is 
uniformly continuous on M if given € > 0, there exists 6 > 0 such that for every 
x,y € M with ||x —y|| < 6, we have 


Ilf (x) -—FO)I| < €. 


Uniform continuity of course implies continuity, but is, in fact, a stronger 
property. Nevertheless, both concepts coincide if the set M is a compact set, a result 
that we state here without proof. 


Theorem 2.1.2 (Heine—Cantor theorem). Every continuous mapping f : K C 
IR” > R” on a compact set K is uniformly continuous on K. 


We return to our study of paths. 


Theorem 2.1.3. Let y : [a,b] — R" be a path of class C!. Then y is rectifiable and 


b 
Ly) = | |y"@llar 
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Proof. We define F : [a,b]" > R by 


n 
F(s1,---,5n) = 4] Dilys? 
j=l 


Then F(t,...,¢) = ||y’(¢)||. Moreover, given a partition 
P:={a=t <---< =D}, 


we can apply the mean value theorem to deduce that for every 1 <i< k—1 and 
1<j<n, there exists sj; € [t;,t1] such that 


k-1 k-1 n 
Liysr)= 2 Ini -r@)l= > 2 (yj(tiz1) —yj(ti))” 


i=1 \ j=1 
k=l 
= ¥ F(sui,---.5ni) (41 — ti) 
i=l 
k= 


p fti+1 
= > F(s1i,---,Sni)dt. 


i174 


Since F is a continuous function on the compact set [a,b]”, it follows by the 
Heine—Cantor theorem that F is in fact uniformly continuous on [a,b]”. That is, for 
every € > 0 there is a 6 > 0 such that x,y € [a,b]" and ||x — y|| < 6 imply 


|F(x) — F(y)| <e. 
Let us now assume that the previous partition P satisfies ||P|| < +. Then 


I|(t,.--5t) — (sui... 5ni)|| < 6, 


whenever t € [t;,t;+1]. Hence 


b ; kV pti) 
Lr) f Ily’(t)||de| < yi VF(stis<+s8ai) — Py ---30) (dt 
a i=l i 


ae k-1 
<> / edt =e ¥ (tix1—ti) =e(b—a). 
i=l 74 i=l 


To finish the proof, we fix a partition Py with norm less than =. For an arbitrary 


partition P of [a,b] we then have 


L(y,P) <L(y,PUR) <e(b—a)+ [Iv Olde 
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which shows that y is rectifiable and L(y) < e(b—a) + L? \ly"()| Ide. On the 
other hand, 


b 
Ly) > Ly,P) > | \ly"llar—e(b—<a). 


Taking limits as € tends to zero, we reach the desired conclusion. 


It is worth mentioning that many texts, for instance Do Carmo [5, 1-2, p. 6] 
or Marsden-Tromba [14, 3.2, p. 201], define the length of a path of class C! as 
L(y) = ie \|y’(t)|| dt. While this point of view is very efficient, it can be puzzling 
to the student as to why this should be the “correct” definition. In our opinion, the 
polygonal arc approach to path length is far more intuitive, and as shown by the 
theorem above, entirely consistent. 


Corollary 2.1.1. Let y : [a,b] > R" be a piecewise C! path. Then y is rectifiable 
b 

and L(y) = | |\y'(o) a 
a 


Proof. Let {a=ty <t) <-++ <t =b} bea partition of [a,b] such that yj = y\p,.4;,] 


is of class C! for every j = 1,...,k—1. By Theorem 2.1.3, every y; is a rectifiable 
path on [f;,t;+1] and 


Uy; =f" |v'@llee 


Consequently, y is also rectifiable and 


k-1 k-1 tj 
Ly) = YLy) = fy ae 
j=l jal? 


The function t +> ||y’(z)|| is well defined at each point of the interval [a,b] except 
for a finite set. Moreover, its restriction to each interval [t;,t;1] is continuous, and 
hence Riemann integrable on [t;,tj+1] for every j = 1,...,k—1. It follows that 
the function is Riemann integrable on [a,b]. We can therefore deduce, from the 
properties of Riemann integrable functions, that 


uy) = fy lhe 


Let y : [0, 1] + R? be given by y (0) := (0,0) and y(t) := (t,tcos 4) when0<t < 
1. We leave it to the reader to prove that y is a continuous path but is not rectifiable. 

Although we focus attention on piecewise C! paths throughout the text, we have 
found it natural to deal with the more general class of rectifiable paths for our 
treatment of path length. The generalization is also of benefit in the next section, 
where we consider work done by a vector field. 
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2.2 Integration of Vector Fields 


The line integral was originally motivated by problems involving fluid motion and 
electromagnetic or other force fields.2 Let us assume, for instance, that y: [a,b] > 
IR? is a smooth path contained in the open set U C R? and that there is present a 
force field F : U > R?. We want to evaluate the work done by the force on an object 
moving along the arc y([a,b]) from y(a) to y(b). We will have to take into account 
two basic principles: 


1. The work depends only on the component of the force that is acting in the same 
direction as that in which the object is moving (that is, the tangent direction to 
the path at each point). 

2. The work done by a constant field F’9 to move the object through a line segment, 
in the same direction as F9, is the product of ||Fo|| and the length of that segment. 


We recall that 
— y(t) 
MO = Ta 


is a unit vector that is tangent to the path at y(t), and so the component of F that 
acts in the tangent direction to the path at y(t;) is 


(F(y (tj), T(t))- 


If we consider a short interval [t;,t;;1], then the length of y r 


1s approxi- 
ttj+i] PP 


mated by 
I|v"(¢;) |] Git -4)). 


Hence, using the basic principles above on a very fine partition 
P:={a=t<---<=b} 


of the interval, we see that a good approximation to the work done in moving the 
particle along y is 


i 
iL 


(F(y(tj)), 9 (tj): (41-4). 


a 
ll 
= 


The following result tells us the limiting value of this quantity as we take finer 
and finer partitions (Fig. 2.1). 


7A force field is, mathematically speaking, the same thing as a vector field. The term is often used 
when the field has a physical interpretation. 
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Fig. 2.1 Vector field along A 
a path \ 
i} 
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Lemma 2.2.1. Let P:= {a=t) < tz < +++ <t% =b} bea partition of the interval 
[a,b]. For any continuous function f : [a,b] ++ R and for each selection uj € |tj,tj+1] 
we have 


k-1 b 
Pio Ct 8 ) Flay) = [ Hi) dt 


Proof. By the Heine—Cantor theorem, f is uniformly continuous, which means that 
for every € > 0 one can find 6 > 0 such that 


If(s) -— Fl Se 
whenever s,t € [a,b] and |s—t| < 6. Consider now a partition 
P={a=t<th<-:-<t=b} 


with 0 <|| P ||< 6. Then 


k-1 b 1 tit 
41 —t;)-f(uj)— = uj) — d 
Lier —a)- su) f 40) =] f (#20) a 
< > [rea s00) a 

k-1 
<e> (tj41-t)) =e(b—-a) 

j=l 


Since € is arbitrarily small, the result follows. 
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Lemma 2.2.1 and its preceding discussion show that the work done by the force 
field F on a particle as it moves along y is 


[eow.r'oyar 


This type of integral, known as a line integral, appears often in the sequel, and so 
we make a formal definition. 


Definition 2.2.1. Let F : U C R” — R" be a continuous vector field and let y be a 
piecewise C! path in U. The line integral of F along y is given by 


b 
[r=] (F(y(t)),y'(t)) dt. 
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2.3 Integration of Differential Forms 


In order to facilitate later calculations, and also to provide a better framework for 
dealing with the general Stokes’s theorem, it is convenient at this point to introduce 
the notion of differential form. A key observation is that any vector v € R” defines 
a linear IR-valued mapping, that is, a linear form, 


og: R" OR, 


by 
ov(h) := (v,h). 
Conversely, any linear form L on R” coincides with @, for a unique vector v € R”. 
Indeed, if L: R” > R, the mapping 
g:R">(R")*, veg, 


maps the vector (L(e;),...,L(e,)) to the linear form L. Thus g is a linear 
isomorphism from the vectors in IR” to the linear forms on R”. 

We denote by dx; the linear form associated with the vector e; of the canonical 
basis of R”. That is, 


dxj(h) = (e;,h) = hy. 


It easily follows that if vy = (v1,...,V,), then @, is the linear form 


n 
YS) vj-dx;. 
j=) 


After identifying vectors with linear forms, it is quite natural to identify a vector 
field on a set U with a mapping that associates to each point of U a linear form. 


Definition 2.3.1. Let U C R” be an open set. A differential form of degree 1 on U, 
or simply a |-form, is a mapping 


@ :U CR" > Y(R",R) = (R")*. 


Given a 1-form w, a vector x € U, and an integer j € {1,...,n}, we will denote 
the scalar w(x)(e;) € R by f(x). Evidently, each f; is a function from U to R, and 
by linearity of w(x) € (R")*, for any h = (/1,...,4,) € R” we can write 


n 


w(x)(h) = ¥) @(x)(e;)-hj = > Fe, = (3. st0x) (h). 
i= j= 


j=l 
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Hence w(x) = S7i_) fj(x)dx; for all x € U, which we will abbreviate to 
o= > fj 4x 
j=l 


and call f; the component functions of @. 

The notion of differential form of degree | is, as we shall highlight below, a 
generalization of the concept of differential of a function. It is a very powerful 
algebraic tool for studying integration on curves or surfaces. 

A 1-form @ is continuous or of class C% if its component functions fj are 
continuous or, respectively, of class C7. From now on every differential form of 
degree | is assumed to be continuous. 

Observe that w (x) is the linear form associated with the vector 


F(x) = (filx),---.fa(®)); 


where, as usual, the f; denote the component functions of @. Consequently, the 
study of the 1-form @ is essentially equivalent to the study of the vector field F, and 
we may interpret differential forms of degree | and vector fields as two different 
ways of visualizing the same mathematical object. Vector fields provide the most 
appropriate point of view for formulating problems from physics or engineering, 
but in order to solve these problems mathematically, it is often more convenient to 
express them in terms of differential forms. 

What we have just seen is another important example of changing the meaning, 
or interpretation, of a mathematical concept by renaming it. We have moved from 
the realm of linear algebra into that of differential geometry by viewing a linear 
mapping, namely the projection h — hj, as a differential form, dx;. 


Example 2.3.1. Let g: U C R" — R be a function of class C! on the open set U. 
The differential of g at point x € U is the linear mapping dg(x) : R” — R given by 


Hence 


Since each partial derivative oe is a continuous function, we conclude that the 
J 


mapping U > #(R",R), x — (dg) (x), is a (continuous) differential form of degree 
1. We represent it by w = dg (the differential of g). 
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Definition 2.3.2. Let @ be a continuous |-form on U and let y : [a,b] > U bea 
piecewise C! path. Then 


[o= Porm (you 


We observe that the previous function is well defined and continuous except 
on a finite set. Since it is bounded, it is integrable in the sense of Riemann and 
Lebesgue. Moreover, expressing the 1-form @ in terms of its component functions, 
@ = Yi_, fjdxj, we have 


b n b i 
fo=[ (Erteraieon) a =’ (Sooomio)a 
Y a \j=1 a \G=l 


= [ ro). v0) a 


where F := (f1,...,fn) : U C R" > R” is the vector field associated with w. This 
simple calculation highlights an important fact: when F is the vector field associated 
with the differential form w of degree 1, we have 


o-fe 
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2.4 Parameter Changes 


The line integral ty F depends on the vector field F and also on the path y. In this 
section, we plan to analyze what happens on replacing y by some other path with the 
same trace. Further results in this direction will be obtained in the optional Sect. 2.7. 


Definition 2.4.1. Let « : [a,b] > R” and B : [c,d] — R" be two paths. We say that 
a and B are equivalent, and write a ~ B, if there is a mapping @ : [a,b] — [c,d], 
of class C!, such that @({a,b]) = [c,d], g’(t) > 0 for every ¢ € [a,b] anda = Bog 
(Fig. 2.2). 


By the mean value theorem, the conditions on @ in this definition ensure that 
@ is strictly increasing, hence bijective, and that c = g(a) and d = ¢(b). It then 
follows that a ~ B implies B ~ a. Indeed, B = wo p~!, and g~! has the necessary 
properties for equivalence. 

The next result is usually referred to as the chain rule or the composite function 
theorem. Its proof can be found in any text on differential calculus of several 
variables; for example [9, Theorem 3.1, p. 76] or [10, 4.4, p. 134]. 


Theorem 2.4.1. Let U and V be open subsets of R” and R” respectively. If the 
mappings F : U —+ V and G: V —> R? are differentiable ata € U and F(a) € V 
respectively, then their composition H = Go F is differentiable at a, and 


dH(a) = dG(F(a)) odF(a), 
or, in terms of their associated matrices, 


H'(a) = G'(F(a))F'(a). 


Furthermore, if F and G are of class C4 (1 < q < °) on their respective domains 
of definition, then H is also C4 on U. 


Observe that the chain rule hypothesis involves functions defined on open sets. 
Nevertheless, when the first function is defined on a closed interval [a,b], a variant 
of the result is also true. 


c d 
_— 
a b 


o——_>——__-® 


Fig. 2.2 B and Bog are 
equivalent paths 
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Corollary 2.4.1. Let V be an open subset of R", y : [a,b] — V a path that has a 
derivative at each point of |a,b|, and suppose G : V —+ R" is differentiable at each 
point of y([a,b|). Then Go y : [a,b] —+ R” has a derivative at each point of |a,b] 
and 


(Goy)'(t) =G(¥(1)-v'(O), 


for every t € |a,b]. Here, the derivatives at t = a and t = b are understood to be 
derivatives from the right and from the left respectively. Furthermore, if y is C7 on 
[a,b] and G is C4 on the open set V, then Go y is also C4 on (a,b). 


Proof. We write y(t) = (Y1(t),---.Ymn(t)), where y; : [a,b] —> R has a derivative 
on [a,b] for each j = 1,..., (or C4 on [a,b] respectively). 

It is known that y; can be extended to 7; : R — R with a derivative at each point of 
R (or C4 on R respectively). We take ¥ = (},.--,%m) : R —> R”. Now we define 
U =(¥)7!(V). Since 7 is continuous on R, U is an open subset of R containing 
[a, b]. Moreover, we have » : U —> V andG: V —> R” with » and G differentiable 
(respectively of class C%) on their respective domains. Now the chain rule gives the 
conclusion. 


The same argument clearly proves the following further variation of the chain 
tule. 


Corollary 2.4.2. Let a : [a,b] —> R be differentiable at each point of |a,b| and 
let B : [c,d] —> R™ be a path that has a derivative at each point of |c,d| with 
a([a,b]) C [c,d]. Then Boa: [a,b] —> R” has a derivative at each point of |a,b] 
and 


(Boa)'(t) = B'(a(t))or(t), 


for every t € [a,b]. Furthermore, if 0 is C4 on [a,b] and B is C4 on [c,d], then Boa 
is also C4 on [a,b]. 

Proposition 2.4.1. [fa and B are two equivalent paths and one of them, say B, is 
piecewise C!, then a is piecewise C! and L(a) = L(B). 

Proof. Write « = Bo@, where @ is as in Definition 2.4.1 and let Q = 
{c =u, <-+++ < uy =d} bea partition of [c,d] such that B juju] 8 C! on [u;,uj+i]. 
If we take t; := p! (uj), then P= {a=t) <-+- <t, =D} isa partition of [a,b]. 
Since itis] = (Bo Pte tj = (Bl tu;,ujs)) ° Pliejtiatl is the composition of 
two C! mappings (on closed intervals), it is itself C! on [tj,tj+1], and thus a is 
piecewise C!. Now, 


d=9() Kl pujys F 
LB) = fo Ne wlau= % fle" lau 


For each | < j < k—1 we can apply the change of variable u = @(t) to obtain 


2.4 Parameter Changes 


|| B’(u)||du = re B'(@(t))|\@! (t)dt 
= B'(e(t))@' (t)|\dr _ [ +1 
= [ oe! (t)|\d0. 


Summing for all values of 1 < 7 <k—1, we conclude that 


(8) = [lal olan = L(). 


II(B.o.p)'(e) [Ide 
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Proposition 2.4.2. Let @ be a continuous 1-form on U, and let « and B be two 


piecewise C! paths in U with o ~ B. Then 


Lo fe 


Proof. Let us first assume that « and B are paths of class C!. Then, employing the 


same notation as the previous proof, we have 


Again we are using the chain rule theorem for extensions of B and ¢@ to the whole 


real line. In the general case, we consider a partition 


P:={a=t <h<-:+<h=b} 


of the interval [a,b] for which B is of class C! on each subinterval [uj,uj+1] = 
[9(t;), P(t)41)]- Then « = B 0@ is also of class C! on each subinterval [f;,t;41]. We 


therefore have from above that 


Lene 
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Fig. 2.3. y and —y are 
opposite paths 


where Bj = Byjy;u;,,] and oj = Op, 
from | to k— 1, we get 


dea Summing this identity for all values of j 


eke 


Notice that in the above proof neither g(t) nor (Bo @)' (t;) is necessarily defined 
for j= 1,...,k—1. 


Definition 2.4.2. Let y : [a,b] > R” be a piecewise C! path. The opposite path 
(Fig. 2.3) is defined by (—y) : [—b, —a] > R", (—y)(t) := y(t). 

The opposite path —y moves along y([a,b]) in the opposite direction to that 
given by the path y. The initial point of —y is the final point of y and vice versa. 
The reader will note the difference between (—y)(t) and —(y(t)). 


Definition 2.4.3. Let a : [a,b] > R” and B : [c,d] + R” be two piecewise C! paths 
such that w(b) = B(c). By a union of the paths a and B, denoted by aU B, we mean 
any piecewise C! path & : [e, f] > R" with the property that for some e < r < f, 


Flies ~a and Elif = B. 


It is obvious that® the trace of w UB is a([a,b]) UB({c,d]) and a UB consists of 
tracing over @ first and then over B. Such a union of paths always exists, a concrete 
example being given by & : [0,1] > R”, where 


a (2t(b—a) +a), O<t<5, 
E(t) = 
B((2t-1)(d—e) +e), 5 St <1. 


Proposition 2.4.3. Let w be a continuous 1-form on an open subset U of R" and 


let «,B,y be three piecewise C! paths in U with the final point of « coinciding with 
the initial point of B. Then 


(1) [e=-fe 
(2) [,e=Le+ he 


3The right-hand side here is a normal set union. Note that unlike set union, path union is not a 
symmetric operation. 


2.4 Parameter Changes 


Proof. Since (—y)'(t) = —7(—t), the substitution u = —t gives 


L@ - [, ee) (—y'(—t)) dt 


—b 


= [oy (yw) u=— fo. 


Also 


[,0- [eeoe'oas [oem eae 


Flew Sirf) a B 
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2.5 Conservative Fields: Exact Differential Forms 


We begin this section with an example of a vector field for which the line integral 
over two different paths from (0,0) to (1,1) is the same. 


Example 2.5.1. Let F : R? + R? be the vector field defined by F(x, y) = (x,y) and 
let us consider the paths (Fig. 2.4) 


yi: [0,1] > R? and y2: [0,1] > R? 


defined by y(t) = (t,t) and y2(t) = (t,t7). Then 


[F=f oan a= fern a=t. 


Also 
[F=f @?)C.29) a= f'r2") d= I 


The fact that the two line integrals here take the same value is not surprising if one 
remembers that a line integral represents the work done by a force field in moving 
a particle along a path, while it is well known from physics that under the action 
of a gravitational field,+ the work done to move an object between two different 
points depends only on the difference of the potential energies at these points, and 
is therefore independent of the path taken (see Example 2.5.4). Our next example, a 
vector field for which the line integral over two different paths from (0,0) to (1,1) 
is different, shows that this behavior is not universal. 


Fig. 2.4 The paths of 
Example 2.5.1 


4 Although the vector field in our example is not the gravitational field of Example 1.2.2, it is similar 
enough, in a sense yet to be defined, that the physical argument remains valid. 
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Example 2.5.2. Let y; and yz be the paths given in Example 2.5.1 but let us 
consider instead the vector field 


3 1 
Fag =( See a= | 
(x,y) ( yt ex 5) 


while 


Lz -[((-# + Ft 5 }o(L20)) a= f(r Ha )a=5 7 


Definition 2.5.1. Let F = (f(,...,f,) be a vector field on an open subset U of R" 
with associated 1-form w = f| dx; +-+++ fy -dx,. If there is a function of class c!, 
f:U CR" R, such that Vf = F (or equivalently, df = w) on U, then the vector 
field F is said to be conservative and the 1-form @ is said to be exact. The scalar 
function f is called a potential of the conservative vector field F. 

Conservative fields have a similar behavior to that of Example 2.5.1 in that their 
line integrals are independent of path. This is an immediate consequence of the 
following result, which is a generalization of the fundamental theorem of calculus. 


Theorem 2.5.1. Let g: U C R" > R be a function of class C! on an open set U 
and y : [a,b] -+ U a piecewise C! path. Then 


[ ve= | 4¢=s7 0) - 8a). 
y y 


Proof. Since dg is the 1-form associated to the vector field Vg, the first equation 
follows from our observation immediately preceding Sect.2.4. For the second 
equation, we take the usual expansion of the 1-form dg, 


sf 
dg = ee dx; 
and apply the chain rule, 


> ax OHO =(goy)'(t), 


which is valid for all but a finite set of ¢ in [a,b], to obtain 


[oe=[ (3 own) a- [eontou. 
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Let P := {a=t <-+- <t, =b} bea partition such that Viewed is of class C! 
tti+ 
for every | <i <k—1. The fundamental theorem of calculus gives 


[as= Ef eon'ou 


l| 
— 
oN 
TQ 
[e) 
“ 
rr 
a 
a 
+ 
—_, 
| 
— 
ies) 
[e) 
“ 
Ww 
— 
a 
Ww 
na 


For our next result we recall the concepts of connected set and path-connected 
set. 


Definition 2.5.2. Let C be a subset of R”. 


1. C is said to be connected if there do not exist two open sets V and W in R” such 
that 


a. CC VUW; 
b. COV ASandCnw Fe; 
c. CAVAW=B. 


In other words, a set C is connected if and only if with the topology induced on 
C by R”, the only subsets of C that are both open and closed are C itself and the 
empty set ©. 

2. C is said to be path connected if given x,y € C, there exists a path a : [a,b] > C 
such that w(a) =x and w(b) = y. If the connecting path can be chosen to be 
polygonal, then the set is called polygonally connected. 


The continuous image of a connected set is connected, from which it follows that 
every path-connected set is connected. For an open subset of IR”, the converse also 
holds, and the two concepts coincide. This result can be found, for example, in [1, 
Theorem 4.43]. 


Theorem 2.5.2. Let U be a connected open subset of R". Then U is polygonally 
connected. 


Theorem 2.5.3. Let F : U CR" > R" be a continuous vector field on an open set 
U. The following conditions are equivalent: 


(1) F is a conservative vector field. 
(2) Ify : [a,b] + U CR" is a piecewise C! path that is closed (y(a) = y(b)), then 


[F=o. 
y 
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Fig. 2.5 A polygonal path in 
U from xg tox 


(3) If y, and y2 are two piecewise C! paths with the same initial and final 


points, then 
| F= F. 
YI v1 


Proof. (1) = (2). By hypothesis, there is a C! function f on U, 
f:UCR'R, 
with Vf =F. Let y : [a,b] > U C R" be aclosed piecewise C! path. According to 
Theorem 2.5.1, 
[F=10)-s7(@))=0. 


(2) = (3). If y; and yo have the same initial point and also the same final point, 
then 


y :=y1U(—y2) 


is a closed piecewise C! path in U. Consequently, 


[r-f F= | F=0. 
v1 2 y 


(3) = (1). Let us first assume that U is an open and connected set in R”. Then U 
is also path connected and polygonally connected. We fix a point xo € U and define 
the potential function f : U C R” > R as follows (Fig. 2.5): For every x € U let y, 
be any polygonal path in U from xo to x and let 


f(x):= | F. 


Vx 
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The hypothesis of (3) implies that f(x) does not depend on the particular polygonal 
path y, chosen, and thus the definition is unambiguous. To prove the result, we 
will show that f is a function of class C! whose gradient coincides with the vector 
field F. 

Given x € U, we can find 6 > 0 such that the open ball B(x, 6) centered at x and 
with radius 6 is contained in U. Observe that for every 1 < j <n and0 < |t| <6, 
if yy is a polygonal path in U from point xo to point x, then y, U [x,x + fe; is a 
polygonal path in U from xo to x + te;. Hence 


fle+te)— fx) = [ F-f[ r=[ F. 
yxU[x.x+1e;] x [x.x+te;] 


Let us assume for simplicity that t > 0 and parameterize the line segment by 
y(s) =x-+se js O<s <t. We also write F in terms of component functions, F = 
(fi,---,fn). Then for each 1 < j <n, 


fle+te))— f(x) = [ (Fex+se;),e))ds= f fi(e-+se;) as. 
It follows that 


f(x +1e;) ~ f(x) 


t 


fi(x) 


= ff file+ se) — fle) as 


1 et 
<5 ff |file+se))— file)lds 


max | fj(x + se;) — fj(x) 


O<s<t 


IA 


Since each /f; is a continuous function, the above expression tends to zero as ¢ 
tends to zero. As a consequence, 


In particular, f is a function of class C! and vf =F on U. In the general case 
in which U is not connected, the above argument can be applied to each connected 
component of U in order to construct a suitable potential function (see, for instance, 
Burkill [4, p. 60]). 


Definition 2.5.3. An open set U C R” is said to be starlike with respect to the point 
a €U if the segment |a,x] is contained in U for every x € U. 


We recall that the triangle with vertices a, x, and y is the set 
{oa+Bx+y :0<a,B,yanda+Bt+y=1}. 


By its boundary we understand the closed polygonal arc [a,x] U [x,y] U [y, a]. 
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Fig. 2.6 Triangle of Lemma 
2.5.1 


Lemma 2.5.1. Let U be starlike with respect to the pointa € U. Ify € B(x,R) CU, 
then the triangle (Fig. 2.6) with vertex {a,x,y} is contained in U. 


Proof. Let z= aa+ Bx + yy be given, where a,B,y > 0 anda+B+y=1. If 
a = 1, thenz=a€ U. In other case, we put 
B Y 


Since 


B Y 


eee I ee 
i-o 1-a 


7 


we obtain that u € [x,y] C B(x, R) C U. Finally, from z = wa+ (1 — o)u we conclude 
that 


z€ |a,u] CU. 


Theorem 2.5.4. If the open set U is starlike with respect to the point a € U, then 
the conditions of Theorem 2.5.3 are equivalent to the following: 
(4) If y is the boundary of a triangle contained in U, then 


[ero 
Y 


Proof. Since condition (2) clearly implies (4), it is enough to prove that (4) 
implies (1). We do this by arguing that the function f defined by 


fix):= [OF 


[a,x] 
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is, in fact, a potential for the vector field F. For every x € U we choose R,; > 0 with 
B(x,Rx) C U. According to the previous lemma, for each | < j <nand forallt ¢ R 
with |t| < Ry, the triangle with vertices a, x, and x +te j 1s contained in U. Hence, 
we deduce from condition (4) that 


fete) —s@)= f F- | F= F. 
[a,x+te [a,x] [x.x+te;] 


The argument now proceeds as in the proof of (3) = (1) in Theorem 2.5.3. 


Of course, Theorem 2.5.3 can also be interpreted as a characterization of those 
differential forms of degree | that are exact. 


Example 2.5.3. Let 


y Xx 
o= -dx4 - dy, 
ety OT yy 


which is a continuous 1-form in U := R* \ {(0,0)}. Then @ is not exact, since 
y : [0,27] + R?, y(t) := (cos(t), sin(t)), 


defines a closed path contained in U for which | @ =27 40. 
y 


.— R2 ; 
However, if we consider V := R* \ {(0,y) : y € R} and g: V > (—4,4) 
defined by 


g(x,y) = arctan>, 
Xx 


then  =dg on V. 


Thus, the fact that a vector field is conservative depends not only on the 
expression of the field but also on the region U we are dealing with. That is, a vector 
field admitting a potential function on a given open set may not be conservative on 
some larger set. 


Example 2.5.4. The gravitational field is conservative. 
Let us consider a particle of mass M located at the origin. The force of attraction 
exerted on a particle of unit mass located at point (x,y,z) € R* \ {(0,0,0)} is 


GM 
F(x,y,Z) = 3 (x,y,Z), 
2 2 2) 5 
(x? + y* + 27)2 


where G is the gravitational constant. Since the magnitude of the force is the same 
at all points equidistant from the origin, it seems reasonable to expect that this is 
also true for the potential function. 
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Consequently, we look for a function of r = \/x* + y?+ 22 whose derivative is 


a ise An example of such a function is cM and it is easy to check that 


GM 
X,Y,2) -= >= 
fley2) = Teas 
satisfies Vf = F. That is, f is a potential function for the gravitational field. 


One should remark that what is called the gravitational potential in physics is 
the function V := —f. Hence, the work done by the field to move a particle from 
point A to point B is independent of the trajectory of the particle, and its value is the 
difference of potentials V(A) — V(B). 

We now obtain a necessary condition for a vector field to be conservative. 


Theorem 2.5.5. Let F : U C R" > R" be a conservative vector field of class C! on 
an open set U and write F := (fi, fo,..., fn). Then 


afi O fi 

=—(x) == (* 

OX, on ) 
for every j,k € {1,...,n} and every x € U. 
Proof. By hypothesis, there is a function g: U C R” > R such that Vg = F. 
Therefore f; = oe, and we can write 

yi 
oe? 
x)= a 

OX; OX; Ox; 


and similarly 
Ofk, 98 
Ox; +) = Ox; Ox; ”) 


for all x € U. Since F is a function of class C! on U, it follows that g is of class C’, 
and Schwarz’s theorem concerning the symmetry of second-order partial derivatives 
gives our result. 


In particular, if F = (P,Q) is a conservative vector field on U C R? of class C!, 
then for every (x,y) € U, 


oP 
9x) —_ ay 


It also follows from Definition 1.2.11 and Theorem 2.5.5 that every conservative 
vector field F = (f, f2, 3) on the open set U C R? of class C! satisfies 


0 Of, @ Of, oO a) 
Curl F (x,y,z) = ( fs fe yi fh wf ) 


=0 


for all (x,y,z) € U. 
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In Example 2.5.3 we proved that the vector field 
F=(2,Q0):UCR*>R 


defined on U = R? \ {(0,0)} by 


y x 
P eee ee as oe 
(By) =—3 ye? Oxy) = 3 ay 
is not conservative. However, 
X@) G9) oP fat ees 
(x,y) = —(x,y) = —— .. 
Ox +yY Oy +y (x2 + y2)? 


Thus, the condition in Theorem 2.5.5 is not sufficient, in general, for a vector 
field to be conservative. However, if we impose certain geometric conditions on the 
domain U, then the condition of Theorem 2.5.5 is sufficient, as the next theorem 
shows. Before stating the result, we need to recall the following fact about the 
derivative of an integral (also called a parametric derivative). 

Proposition 2.5.1. Suppose f : [a,b] x [c,d] — R is a function of class C! and g: 
[a,b] > R is defined by P 
a(x) = fo flen)ar. 
¢ 


Then g is of class C! on |a,b| and 


for all x € |a,b). 


The proof of this statement follows the proof of (3) = (1) in Theorem 2.5.3, 
but the interested reader can find stronger results concerning the derivative of an 
integral, for example in [15, Theorem 9.42, p. 236]. 


Theorem 2.5.6 (Poincaré’s lemma). Let F : U C R" — R" be a vector field of 
class C!, F := (fi, f2;-.-;fn), on an open set U that is starlike with respect to the 
point a. If 


Ofj,, _ Ofk 
axe x on 


for every choice of the indices 1 < j,k <nand for allx € U, then F is conservative. 


Proof. We define g: U C R" > R by 
lon 
e(e):= [ Y Sylats(e—a))-(xj—a)) a. 
j=l 


It follows that g is a function of class C! on U and that 
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Pi = Yey-ai): [ a+ t(e—a)) 


+f {Sha +re—a))rin.—a1) +.hla+re—a))} dt 


= i Scien herrea pla riea)| dt 


for every x € U. This proves that Wg = F and F is a conservative vector 
field on U. 


Corollary 2.5.1. Let F: U C R*? > R? be a vector field of class C! on an open 
starlike set U. Then F is conservative on U if and only if Curl F = 0. 
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2.6 Green’s Theorem 


This section constitutes a first approach to studying the result discovered in 1828 
by George Green. This result is now known as Green’s theorem and can be viewed 
as a generalization of the fundamental theorem of calculus. It states that the value 
of a double integral over the region bounded by a path is determined by the value of 
a line integral over that path. We will encounter Green’s theorem again in Chap. 9, 
where it will appear as a particular case of the general Stokes’s theorem. The results 
of Chap. 9 will allow us to apply Green’s theorem to more general regions than those 
considered in this section, where we restrict attention to regions of type I (vertically 
simple) and type II (horizontally simple) (see Marsden—Tromba [14, 8.1, p. 494]). 
For each € > 0 let us consider the paths 


yis| 55; 


defined by 


p20) i= (4-5). 220== (St). 20 = (0§) -vbo= (- $1). 


Then 
Ye = Ye Ue U(—ve) U (—¥2) 


represents the boundary of a square oriented counterclockwise (Fig. 2.7). 
With this notation we have the following. 


€ 
(0, 2 ) 
<< 
-y: 
AE 
(-=,0) ye 5) 
y -y; ; 
Ve 
P 
O25) 


Fig. 2.7. The paths yd 
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Proposition 2.6.1. Let F : U C R* — R? be a vector field of class C! on the open 
set U with components F = (P,Q). Then for every (xo, yo) € U we have 


lim =| F = & = > (x0,Y0): 
(x0.0)+¥e ox ody 


230 €2 


F can be written as the difference between 


Proof. The line integral 
(x0,90)+¥e 


[. (0(0+5.00+1) om Soe) )d 


and 


5 ; ey 2p e\\ 4 
[. %0 + YOT 5 = HOHE MO oy t. 


2 


—£,£), we apply the mean value theorem to the functions Q(-, yo + 


For every t € (—§, 5 
t) and P(xo +¢,-) to obtain points xg, ye (which depend on € and also on f) such that 


|xo —Xe| < §, yo —Ye| < §, and 
1 1 fz (00 OP 
= Pee ox = Gg Pte) \ 08, 
ae (3 (Xe,¥o + ) oy (xo + Ye) 


2 
E~ J (x0,90)+¥e —§ 


is continuous at (xo, yo), for every r > 0 there exist 6 > 0 such that 


Since go 
(x,y) € U and 
dQ dQ 
le eal Pa 
Pen - Besoin] <x 
whenever |x — xo| < 6 and |y — yo| < 6. Then for each 0 < € < 6 andt € (—§,5), 
we obtain 
dQ dQ 
2 tse.v0 +0) Peao.»0)] <r 


Now we can write 


1 fia r) 
ae Se (xe.00 +2) ar 2 (2,90) 
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[ro dt 


_ 1 £2 00 _ 0Q 
lin | Dy erro +4) dt = Dy (%0»90): 


b 
We have used here the fact that < | | f(t)| dt. This proves that 


A similar argument gives 


_ 1 fi OP OP 
tins |, a +t,ye) dt — Dy 090): 


from which the conclusion follows. 


In some texts, the line integral | F is called the circulation of the vector field F 


along the path w, and the limit 


I 
lim = | F 
£90 7 May 9p) +e 


is called the rate of circulation of the vector field F at the point (xo, yo). We refer to 
the comments after Corollary 9.4.1 for the physical interpretation of this expression. 
If f(x,y) denotes the density (mass per unit area) of a planar object U, then one 


can evaluate its total mass as 
[ff d(x,y). 


By analogy, it seems reasonable to expect that the circulation of the vector field 
F along a path bounding a region U can be obtained as a double integral over U of 
the rate of circulation, that is, of the function 


Green’s theorem shows that this intuition is correct in some cases. 

Up to this point, we have dealt with the integral only of continuous functions 
on an interval [a,b], and so we have required only the elementary properties of 
the Riemann integral. Henceforth, however, we will need tools from the theory 
of integration in several variables. In that setting, one has to choose between two 
possibilities: the Riemann integral and the Lebesgue integral. The Riemann integral 
on an n-rectangle in R”, and its extension to bounded subsets with Jordan content, 
usually called Jordan measurable sets, is by far the more intuitive. On the other 
hand, the Lebesgue integral on R”, or specifically, on a measurable subset of R”, 
is the more powerful theory, even if less intuitive. We have decided to use the 
Lebesgue integral. Why? A key point is that any open or any closed subset of R” 
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is Lebesgue measurable but, in general, not Jordan measurable. Moreover, every 
continuous function on a compact set is Lebesgue integrable, and two of the most 
important theorems of integral calculus, namely Fubini’s theorem and the change 
of variable theorem, hold in far more generality for the Lebesgue than for Riemann 
integral. 

Notwithstanding the differences between the two theories of integration, and 
our preference for the theory of Lebesgue, the reader should be aware that for our 
purposes, and with enough hard toil, it is possible to show that most of the situations 
we encounter in the text actually fit into the framework of the Riemann integral and 
Jordan content, and so the reader may continue to think and visualize in terms of the 
Riemann integral. But we are not going to bridge that gap explicitly here. A book in 
which both theories appear and can be compared is that of Apostol [1]. 


Definition 2.6.1. (i) A set R= TT} Tj is called an n-rectangle in R" if each J; 
is a bounded interval in R, i.e., if there exist a; < b; real numbers such that 
(aj,b;) C1; C [a;,b;] for every j = 1,...,n. In that case, the Lebesgue measure 
of R is defined to be 


m(R) = Ij_ (bj — 4)). 


(ii) A subset N of R” is called a null set if given € > 0, there exists a sequence of 
n-rectangles (R;,)z_, such that N C Ur_, Ry and 


>) m(Rx) < €. 
| 


(iti) A property P(x), where x € R", is said to be true almost everywhere if there 
exists a null set N C R” such that the property P(x) holds for every x € R"\ N. 

(iv) Given a subset K of R”, the characteristic function of K, denoted by 7x, is 
defined by 


1 ifxeK, 


ax(#) = {5 ifx ZK. 


(v) A function @ : R” > R is called a step function if @ is a linear combination of 
characteristic functions of n-rectangles, i.e., if 


Q= Dy CjXR;> 
k=1 


where c; € R and R; is an n-rectangle. 

(vi) A subset M C R” is said to be measurable if there exists a sequence (Pn)pn of 
step functions and a null subset N of R” such that the sequence of real numbers 
(@n(x)) converges to ¥y(x) for every x € R”\ N, ie., if the sequence (@),)7_, 
converges pointwise almost everywhere to 7. 
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It can be proved that for every € > 0, a null set can be covered by a sequence 
(Rx) of n-cubes, that is, n-rectangles with all sides of equal length, such that 
Da (Re) < €. 

The family .@ of Lebesgue measurable sets in R” is going to be very important 
throughout, but we need only the following very basic facts about that family: 


1. Every open subset and every closed subset of IR” is measurable. 

2. If M is a measurable set, then R” \ M is also measurable. 

3. If (My)<, is a (countable) family of measurable sets, then M72_,My and Ul_,Mx 
are measurable sets too. 

4. Every null set is Lebesgue measurable. 


We will need to use Fubini’s theorem, and so we state it. We follow the notation 
of Stromberg [18, Theorem 6.121, p. 352] and refer to that book for the definition 
of the Lebesgue integral in R”. The space of Lebesgue integrable functions on R” is 
denoted by L(R”). If A is a measurable subset of R”, we will say that the function 
f :A— R is Lebesgue integrable on A if extended as 0 outside A and denoting that 
extension by f74, then the function fy, is Lebesgue integrable on R”. In that case, 
by definition, 

[r= | tena = | fraleyar 
A A Rr 

If A = [a,b], we keep the classical notation and write fi, ,) f(x)dx = J, i f(x)dx 

In the case that f has two or three variables, we will write 


[[ fe d(x,y) or |[[ tox d(x,y,z). 


We prefer to write d(x,y) instead of dxdy to avoid confusion with the exterior 
product dx A dy (see Chap. 6). 


Theorem 2.6.1 (Fubini’s theorem). Let f € L(R"*”). Then 


(i) fe(y) = f(x,y) belongs to L(R?) almost everywhere in R". 
(ii) fy(x) = f(x,y) belongs to L(R") almost everywhere in R?. 
(iii) F(x) := fpp f(y) dy is defined (that is, the integral exists) almost everywhere 
in R” and is Lebesgue integrable in R". Also G(y) := Jign fy(x)dx is defined 
almost everywhere in R?, and moreover, G belongs to L(R”). 


(iv) 
Lf fene)e=[ sesates) =f (fl re-ryax 


A variant of Fubini’s theorem particularly useful to us is the following. Let A C 
[a,b] x [c,d] be a measurable set and f : A> R a Lebesgue integrable function on 
A. For x € [a,b], let Ay = {y € R: (x,y) € A}. Then 


|] fone (x,y) -[ (|| re=vay) ae 
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Fig. 2.8 A compact set with 
positively oriented boundary 


The following concept will be discussed more precisely in Sect. 8.5. 


Definition 2.6.2. Let K C R? be a compact set whose boundary OK is equal to 
y([a,b]), where y : [a,b] + R? is a closed piecewise C! path. We say that y is 
positively oriented if y traverses 0K once in such a way that the region K always 
lies to the left (Fig. 2.8). To be rigorous one must to assume that the compact set k 
satisfies condition (8.10), see for instance Cartan [7, 4.4.1] 


Theorem 2.6.2 (Green’s theorem). Let K C R? be a compact set with positively 
oriented boundary parameterized by y (as in Definition 2.6.2). Let ® = Pdx + Qdy 
be a 1-form of class C! on an open set U C R? such that K C U. Then 


[Pax Ody = Il (3 = =) d(z,y). 


Using the notation of vector fields, this can be written as 


[29 =/f (2- =) d(x,y). 


The reader may feel ill at ease with Definition 2.6.2 and Theorem 2.6.2. This 
is to be expected and welcomed. We have encountered for the first time a certain 
dichotomy that is often overlooked or brushed aside, but which we must specifically 
address in this book. Definition 2.6.2 and Theorem 2.6.2 have both an intuitive and a 
mathematically rigorous formulation, and these are not easily reconciled. If we look 
at Green’s theorem from an intuitive point of view (typically, this is the case within 
the context of vector calculus), then there is generally no real difficulty. For example, 
if we want to apply it to situations arising in physical problems, then it is obvious 
what is meant by left and right, and we do not expect any trouble in deciding whether 
a region K lies to our left. However, from a purely mathematical point of view 
(i.e., within the context of vector analysis), the interpretation of “left” and “right” 
is not clear at all, and will demand from us much effort in developing adequate 
machinery to deal with the concept. Later, in Chaps.5 and 9, we will present a 
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Fig. 2.9 A region of type I 
and its positively oriented 
boundary 


A(X) ¢-- 


f,) b-- >A 


rigorous definition of orientation and a general version of Green’s theorem. For now, 
we content ourselves with working toward a proof of the theorem in some particular 
regions K for which the orientation can be very easily defined, and for which that 
definition of orientation coincides with our physical intuition. 


Definition 2.6.3. A compact set K C R? is said to be a region of type I (Fig. 2.9) if 
it can be described as 


K={(x,y)€R’ : a<x<b, fig) <y< AQ}, 
where f, f2 : [a,b] > R are piecewise C! functions, f, < fr. 
The positively oriented boundary of K is the path union 
y =" Uy2U(—y3)U(—ya), 
where 
y1 : [a,b] > R?, y(t) :=(t, fit); 
v2: [fi(b),f2(b)] > R* , y(t) = (bt); 
v3: [a,b] > R*, y3(t) = (t,.A(0)) 
v4: [fi(a), fo(a)] > R’, ya(t) = (at). 


Lemma 2.6.1. Let K be a compact set that is a region of type I and let P 
be a continuous function on K admitting continuous partial derivative ae on a 


neighborhood of K. Then 
P 
| Pax= -ff aT iteas 
y k Oy 
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Fig. 2.10 A region of type II -y, 
and its positively oriented 4 
boundary 


gy) gly) 


Proof. Since y4(t) = y4(t) = (0,1), y} (4) = C1, f,(0)), and y(t) = (1,4 (1) for 
all t, we have 


[pas ff par f pac= [Penton [Pepioye 


On the other hand, every continuous function on a compact set K is integrable, and 
according to Fubini’s theorem, 


II 5 als9) = [ (/ 5 (s)dy) dx = [ (P(x, fo(x)) — P(x, fi(x))) de. 


Comparing these two equations, we have 


[pa=- ff Faas. 


Definition 2.6.4. The compact set K is said to be a region of type II (Fig. 2.10) if it 
can be analytically described as 


K={(x,y) : eS y<dsgily) SxS g20)}, 
where g1,g2 : [c,d] — R are piecewise C! functions, g1 < go. 
The positively oriented boundary of K is the path union 
y =(-y1)Uy2Uy3U (—ya), 


where 


vi: [c,d] > R*, yi(t) := (g1(0),2); 
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y2: [g1(c),g2(c)] > R’ , y2(t) := (t,0); 
y3: [c,d] > R’ , y3(t) := (g2(t), 1); 
ya: [g1(d),82(d)] +R’, ya(t) = (td). 


We have the following analogue of Lemma 2.6.1. 


Lemma 2.6.2. Let K be a compact set that is a region of type II and let Q 


be a continuous function on K admitting continuous partial derivative == on a 


Ox 
neighborhood of K. Then 
| Qdy = // 20 a(x.y), 
y K Ox 


Theorem 2.6.3. Let K be a region of type I or a region of type II and let o = 
Pdx + Qdy be a 1-form of class C! on some open rectangle containing K. Then 


[ Paxt Ody = /[. & = ) (x,y). 


Proof. We choose a, b, c, and d such that K is contained in the rectangle R = [a,b] x 
[c,d] and we assume that the 1-form @ is defined and is of class C! on the open 
rectangle T containing R. We will present the proof in the case that K is a region of 
type I. In the case that K is a region of type II, a similar argument does the job. 

We have already proved that 


Fics -ff Fals9), 


and so we need only to obtain 


: ody= ff. 22 (x,y) 


Notice that we cannot apply the previous lemma, since K is not necessarily a 
region of type II. We proceed as follows. 

For (x,y) € T, we define V(x,y) := J? O(x,t)dt. The resultant function V has the 
property that 


dV (x,y) = F (x,y) dx+ Q(x,y) dy, 


where 
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The expression for F is obtained after applying Proposition 2.5.1 (see also, 
Apostol [1, Theorem 10.39]). Since by Theorem 2.5.1, 


[ev=o, 
y 


[oy) ay=— f F(x) dx. 


Moreover, K is a region of type I, and on a neighborhood of K, 


we have 


OF O 
By = 2x) 


because for each fixed x the function y+ F (x,y) is a primitive of y KH (x,y). 
An application of Lemma 2.6.1 to F (x,y) dx gives 


— | F(x,y) dx= aa d(x,y). 
Y k Oy 
[ows ar= ff Pe) aes) 


ee 


Finally, 


and 


Definition 2.6.5. A compact set K is said to be a simple region if K is a region of 
type I and also a region of type II. 


The hypothesis for Green’s theorem on simple regions can be relaxed somewhat, 
since it is enough that the 1-form be defined on a neighborhood of K. Before 
providing the proof, let us establish a notational convention that is valid by the 
following fact (see Proposition 2.7.2). Suppose K is a simple region and y, : [a,b] > 
R?, yo : [c,d] + R? are two simple, closed, and piecewise smooth paths with 


yi([a,b]) = y2([e,d]) = 0K 


and such that y; and y2 induce the same orientation on the boundary 0K. Then 
according to Proposition 2.7.2, 
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aes 
YI y2 


Consequently, it makes sense to write 


[° 
OK 


if we interpret the integration as being done along any simple, (Definition 2.7.1) 
closed, and piecewise C! path that gives a parameterization of 0K such that the 
region K always lies to the left. 


Theorem 2.6.4. Let K C R? be a simple region and let @ = Pdx + Qdy be a 1-form 
of class C' on an open neighborhood of K. Then 


feo Lhe Se- 3) a>» 


Proof. Since K is a region of type I, we have 


oP 
Pdx=— || =a 
OK Il oy (x,y), 


and since it is also a region of type II, we obtain 


It is enough to sum these two identities. 


Green’s Formula® allows us to give a direct proof of the sufficiency condition for 
a vector field to be conservative (Theorem 2.5.6) on an open and starlike set in the 
plane. 


Theorem 2.6.5 (Poincaré’s lemma). Let F = (P,Q) be a vector field of class C! 
on the open and starlike set U € R* and suppose that 


dQ oP 
Ox (9) = ay 
for every (x,y) € U. Then F is conservative. 


Proof. Let @ = Pdx + Qdy be the 1-form associated with the vector field F’. It is 
enough to prove that 


>Green’s theorem is essentially a number of different results, which hold in various domains with 
different hypotheses, that establish a common integral identity. We shall refer to that integral 
identity as Green’s formula. 
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[exo 
Y 


whenever y is the boundary of some triangle K contained in U. Since K is a simple 
region, it follows from Green’s theorem that 


fo= ff (2-F) ae=-0 


A general version of Poincaré’s lemma on R” will be obtained in Chap.6 
(see Sect. 6.6) after we have completed our study of differential forms. 
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2.7 Appendix: Comments on Parameterization 


If we ask a student to evaluate the integral of a vector field along the unit circle 
oriented counterclockwise, and we don’t specify a parameterization of the circle, 
the student will probably use the “natural” parameterization y : [0,27] > R? given 
by y(t) = (cos(t), sin(r)). However, this is not the only parameterization available, 
and it is quite natural to ask how this freedom in the choice of parameterization 
might affect the solution to the problem posed. That is, suppose that we have another 
path w whose trajectory is also the unit circle and with the property that we move 
along the circle counterclockwise, but without any other obvious relation to the 
original path y. Can we be sure that 


[r=[P 


In this section, given from the point of view of vector analysis, we give a rigorous 
answer to this question (Proposition 2.7.2), thereby showing why so much freedom 
is typically allowed in parameterizing a curve. 


Lemma 2.7.1. Let g: [c,d] > R" and y : [a,b] + R" be two injective paths of class 
C! such that 


y([a,]) c e([e,d]). 
Let us assume that there is 1 <k <nwith @;(s) £0 for all s € [c,d]. Then 


yg! oy: a,b] — [c,d] 


is a function of class C!. 


Proof. Since g is C!, the intermediate value theorem implies that g(s) > 0 for all 
s € |c,d] or @;(s) <0 for all s € [c,d]. Without loss of generality we will assume the 
former. Since @; can be extended to a function of class C! on the whole real line and 
g(s) > 0 for all s € [c,d], we have that @, is a strictly increasing bijection between 
[c,d] and [e, f] := @([c,d]) and also that its inverse h := @, ' is a function of class 
C! on [e, f]. Hence is bijective onto its image. Let 


mR" +R 


denote the projection onto the kth coordinate. From the fact that the mapping @, 0 
g | associates to each point in the range of g its kth coordinate and y([a,b]) C 


g(|c,d]) we can deduce Qoo g-!o y = mo y. That is, 


pg ‘oy=homoy. 


Now the conclusion follows by the chain rule. 
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Proposition 2.7.1. Let g : [c,d] > R” and y : [a,b] — R" be two injective smooth 
paths. If y({a,b]) = g([c,d]) and both paths define the same “orientation” (that is, 
y(s) = y(t) implies that g'(s) is a positive multiple of y'(t)), then @ and y are 
equivalent paths. 


Proof. The mapping 9 : [c,d] > 9([c,d]) is a homeomorphism because it is a 
continuous bijection between two compact sets. Hence, the mapping 


1 


0:=9 oy: [a,b] = [c,d] 


is a continuous bijection and go 8 = y. We have to prove that @ is a mapping of 
class C! and 6/(t) > 0 for all t € [a,b]. To do this, we fix f9 € (a,b) and we observe 
that y’(0(to)) 40. Since g’o @ is a continuous function, we deduce that there exist 
1<k<nanda<a<tg < B <b such that 


M%(8(t)) #0 


for every t € [a, B]. We define 


[En] = 0([o,B]). 


Then the restriction of y to [a, B] has the same trajectory as the restriction of g 
to [En]. According to the previous lemma, 


8: [a,B] > [¢,n] 


is a function of class C!. Consequently, 


for every t € [a@, B]. Since, by hypothesis, y'(r) is a positive multiple of g’(@(t)), 
we deduce that @’(t) > 0 for every t € [a, B]. In particular, @ is of class C! on a 
neighborhood of fo and 0’ (t9) > 0. 

In the case fo = a we find a < B < b such that 


M(8(t)) #0 


for all t € [a, B]. We now proceed as before but with o = a in order to finally deduce 
that @ is of class C! on [a, B] and 6’ > 0 at every point of [a, 8]. A similar argument 
covers the case fy = b. 


Definition 2.7.1. A closed path g : [c,d] > R" is said to be simple if g is piecewise 
C! and Pic @) is injective. 
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Lemma 2.7.2. Let g : [c,d] > R" be a simple path. Then 


g : (c,d) + o((c,d)) 
is a homeomorphism. 


Proof. Let {tn} be a sequence in (c,d) such that 
lim (tn) = 9(to) 
n—oo 
for some to € (c,d). In order to conclude that {f, } converges to fo, it is enough to 
prove that each convergent subsequence of {t,} is convergent to fg. Let us assume 
that {7,;} is an increasing sequence of natural numbers and that 
limit, =: 
I-00 
Since & € [c,d] and g is continuous, we obtain 


(S) = lim g(tn) = 9 (to). 


From the injectivity of P| 4) and P| ( a We deduce € = to. Consequently, {t,} 
converges to fg and 


g ':e((c,d)) > (c,d) 


is continuous. 


In saying that a path y : [a,b] + R” is piecewise smooth, we mean that there is a 
partition 


{a=t9 <t) <-+- <4 =D}, 


such that there exists y’(r) A 0 for every t At; and y admits nonzero one-sided 
derivatives at each point fj. 

Let us now assume that y : [a,b] > R” and g: [c,d] — R” are two simple paths, 
which are piecewise smooth and satisfy y([a,b]) = g({c,d]). We say that the two 
paths induce the same orientation if whenever y(t) = g(s) for t and s such that y 
is differentiable at ¢ and g is differentiable at s, then y’(r) is a positive multiple of 
g'(s). 

Proposition 2.7.2. Let y : [a,b] + R" and 9: [c,d] + R" two simple paths that are 
piecewise smooth and satisfy y ({a,b]) = g([c,d]) C U, where U C R" is open. If the 
two paths induce the same orientation, then for every differential form w of degree 
1 and class C! on U, we have 
fone 
y 9 
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Proof. Let us first assume that y and @ are two piecewise smooth paths with the 
same initial point (and also the same final point, since they are closed paths). We 
introduce partitions of the intervals [a,b] and [c,d] as follows. In the optimal case 
that y and g are smooth on their respective domains, we consider arbitrary partitions 
{a=ao <a) < az =b} and {c =co < c1 < co = d} with the property that y(a)) = 
y(c1). In the general case that either g or y is not smooth, let Q be a nonempty 
finite set containing all the points of the form y(t), where t € (a,b) is such that y 
is not differentiable at t, and also all the points of the form g(s), where s € (c,d) 
for which g is not differentiable at s. Then Q consists of m— 1 elements for some 
m > 2. We can find partitions 


{a=a) <a <+++<dn=b}, {c=c9<c1 <-++<cCm =d} 
of the intervals [a,b] and [c,d] with the property that 


Yai csGna)) = OUbncnytaa}) = Q. 


Observe that our partitions have at least three points and that 


Y|faj_1,0)] and sal 


eae 
are injective and smooth paths. We now put 
ij:=(@j-1,¢;), andhence J; = [a;-1,a;). 


By Lemma 2.7.2, y(J;) is an open and connected set in y ((a,b)) = g((c,d)), 
and hence, after applying again Lemma 2.7.2, 


Jj :=9 '(y(Ij)) 


is an open (and proper) subinterval of (c,d). It is obvious that y(J;) = g(Jj). 
Moreover, y (/;) = g(J;). In fact, if t = limy5.0fy for t, € J), then 


y(t) = lim g(sn) 


n—yoo 


for some sequence {s,} in J;. If {5,,} is a subsequence convergent to s € J;, then 
y(t) = v(s) € p(Jj). This proves that y (Z;) C g(J;). A similar argument gives the 
reverse inclusion. Since 


yi and 97, 
are smooth and injective, we can apply Proposition 2.7.1 to conclude that these are 


equivalent paths. The sets {71,J2,...,Jm—1} are mutually disjoint (or have at most 
one point in common) and form a covering of [c,d], so we can finally conclude that 


2.7 Appendix: Comments on Parameterization 67 


m m 
fe=- Lf e-Y/ 
Y j=l’? j=l 


PI; 


= [a 


We now analyze the case that @ and y do not have the same initial (and final) 
point, that is, p(c) 4 y(a). We take a < to < b such that y (to) = g(c) and we define 


Fj 


A = Vito] YY \[a,t0]> 


which is a simple and piecewise smooth closed path. Moreover, the trace of A 
coincides with 


y ({a,b]) = e((c,d]), 


A and g have the same initial (and final) point, and the two paths A and @ induce 
the same orientation. Hence 
heels. 
A 9 


Finally, we obtain 


and the proposition is proved. 


Remark 2.7.1. Physically, one might wish to consider two particles moving along 
the same closed trajectory with the same direction of movement but whose initial 
(and hence final) points differ. In this case, the two paths y and g are not equivalent. 
In fact, it follows from Definition 2.4.1 that two equivalent paths have the same 
initial (and final) point. For example, the paths y: [0,27] + R?, y(t) = (cost, sinr), 
and @ : [z,37] > R?, p(s) = (coss,sins), are not equivalent. Another example of 
two inequivalent paths that satisfy the hypothesis of Proposition 2.7.2 are y and 
B : [x,32] + R*, B(s) = (cos(s+ 4), sin(s+ 4)). 
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2.8 Exercises 


Exercise 2.8.1. Evaluate the length of the path 


y: 0 4 +R’, y(t) = (e'cos(t),e! sin(r)). 


Exercise 2.8.2. Obtain a parameterization, counterclockwise, of the ellipse 


(2) +(2) =1 (a,b > 0). 


Exercise 2.8.3. Integrate the vector field 


F (x,y) = (y”, —2xy) 


along the triangle with vertices (0,0), (1,0), (0,1), oriented counterclockwise. 


Exercise 2.8.4. (1) Find a path y whose trajectory is the intersection of the 
cylinder x? + y* = 1 with the plane x + y+z= 1 and with the additional 
properties that the initial (and final) point is (0,—1,2) and the projection onto 
the xy-plane is oriented counterclockwise. 

(2) Evaluate 


[ovar + yedy — xdz. 
¥ 


Exercise 2.8.5. Let y be a simple path whose trajectory is the intersection of the 
coordinate planes with the portion of the unit sphere in the first octant, oriented 
according to the sequence 
(1,0,0), (0,1,0), (0,0,1), (1,0,0). 
Evaluate 


[eartxdy+yde 
y 


Exercise 2.8.6. Find a path whose trajectory is the intersection of the upper 
hemisphere of the sphere with radius 2a, 


P4+y42 =4e?, 


with the cylinder 
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Exercise 2.8.7. Determine whether the vector field 
F:R? >R’, F(x,y) = (x*y, x) ‘ 


1s conservative. 


Exercise 2.8.8. Find a potential for the vector field 
F:R?>R’, F(x,y)= (2xy, xy’) ; 
Exercise 2.8.9. For the vector field 
F:R?>R?, F(x,y,z) = (2xy, rae, 2zy) , 


(1) show that V x F = 0; 
(2) find a potential for F. 


Exercise 2.8.10. (1) Show that the vector field 
F(x,y) = (e*(sin(x+y) +cos(x+y))+1, e*cos(x+y)) 


is conservative on R? and find a potential. 
(2) Evaluate the line integral 
y 


y :[0,2] > R’; y(t) = (sin(e™),cos9(t)) 


where 


Exercise 2.8.11. Evaluate 


[xertydytede, 
y 


where y(t) = (cos*(r), sin? (1) +cos*(t),t),O<t<z. 


Exercise 2.8.12. For the vector field 
F = (fi, fo) :R’\ {(0,0)} 3 R? 
defined by 


f(x,y) = fr(%y) = 


-y x 
e+y2’ + y2’ 
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(1) Show that 


Fy 9) = Shy) 


for all (x,y) € R?\ {(0,0)}. 
(2) Let y be the unit circle oriented counterclockwise. Show that 


[Pa2n. 
Y 


Is this fact a contradiction to Poincaré’s lemma? 
(3) Argue whether this statement is true: for every closed and piecewise C! path 
a : [a,b] + R*\ {(0,0)} such that a(t) > 0 for all t € [a,b], 


[F=o. 
o 


(4) Evaluate Jy F, where 
29 T 14 
i= t t —-~<t<r. 
(t) = (cost), sin?(), —Z<r<¥ 


Exercise 2.8.13. Let y(t) = (cos(t), sin(t)) be given and let us consider the paths 


= Y\_gq] and B= Yj, 27)- 


(1) Are w and B equivalent paths? 
(2) Justify why 


[r=fr 


for any continuous vector field F : U C R? —> R? defined on the unit circle. 


Exercise 2.8.14. Let y be the path whose trajectory is the union of the graph of 
y =x? from (0,0) to (1,1) and the segment from (1,1) to (0,0). Using Green’s 
theorem, evaluate 


i (x? +-y*) dx+ (2xy +2") dy. 
y 
Exercise 2.8.15. Use Green’s theorem to evaluate the line integral 
| (x? +3x7y*) dx + (2x7y +.x*) dy, 
y 


where y is the boundary of the region lying between the graphs of y = 0 and y = 
4— x2, oriented counterclockwise. 
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Exercise 2.8.16. Let K be a region of type I or type II and let y be a path whose 
trajectory is the boundary of K oriented counterclockwise. Then 


1 
area (x)= | s(-yde+xdy) =f -ydr= | vay, 
y y y 


Exercise 2.8.17. Evaluate the area bounded by the cycloid y : [0,27] > R?, 
y (t) = (at — asin(t),a—acos(t)) 


(a > 0) and the x-axis. 


Exercise 2.8.18. Evaluate the area bounded by the two coordinate axes and the path 


y: o 4 +R’, y(t) = (sin4(t),cos*(t)). 
Exercise 2.8.19. Evaluate the area limited by the circles 
Ci:={(x,y) ER? : ?+y =a} 


and 
C2 :={(~,y)€ R? :x+y'= 2ax} (a > 0). 


Chapter 3 
Regular k-Surfaces 


Roughly speaking, a regular surface in R? is a two-dimensional set of points, in the 
sense that it can be locally described by two parameters (the local coordinates) and 
with the property that it is smooth enough (that is, there are no vertices, edges, or 
self-intersections) to guarantee the existence of a tangent plane to the surface at each 
point. 
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3.1 Coordinate Systems: Graphics 


The objects we are interested in are usually referred to in texts on differential 
geometry as k-submanifolds of R”, but several authors call them k-manifolds [9, 10], 
even if the concept of k-manifold is a more general one. Following Do Carmo 
[6, p. 43], we prefer to call such a set a k-dimensional regular surface in R”. 

We need to remind the student of some concepts from general topology. 
A bijective map f : A C R” > BC R” is called a homeomorphism if both f and 
f-!:B— Aare continuous mappings. 

Given a subset A of R”, a set D C A is said to be open in A for the relative topology 
if there exists an open subset U of R” such that D= ANU. Analogously, a subset E 
of A is said to be closed in A for the relative topology if there exists a closed subset 
C of R” such that D = ANC. An equivalent reformulation of these definitions is that 
there are open, respectively closed, sets in the topology of the metric space (A,d), 
where d(x,y) = ||x—y||, for x,y € A. 


Definition 3.1.1. Let M Cc R” be a nonempty set and 1 <k <n. Then M is a 
k-dimensional regular surface (briefly, regular k-surface) of class C? (p > 1) if for 
each point x9 € M there exist an open set A C R* and a mapping of class C?, 


g:ACR‘>MCR’, 


such that 
(S1) there exists an open set U in R” such that (A) = MNU, xo € g(A), and 


g: A> 9(A) 


is ahomeomorphism; 
(S2) for each t € A, dg(t) : Rk > R" is injective. 


The pair (A,@) is called a chart or local coordinate system (Fig.3.1). The 
mapping g is a parameterization, and g(A) is a coordinate neighborhood of xo. 
A family {(A;,@;) }icr of coordinate systems with the property that 


M =|Jgi(Ai) 


iel 


is called an atlas of M. 
The condition (S1) is equivalent to the following: 


(S1)': xq € @(A), @ is continuous, and for each open set B C A there is an open 
set V C R” such that 
9(B)=VnM. 


Indeed, let us assume that condition (S1) holds and fix an open set B C A. Since 
gy : A — (A) is a homeomorphism, it follows that p(B) is open in g(A) for the 
relative topology. Hence there is an open subset W C R” such that 
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oe 


Fig. 3.1 A local coordinate system 


9(B) = 9(A)NW =MNV, 


where V = WU is an open set in R”. Conversely, assume that condition (S1)’ 
holds. Given an open subset B C A, take V as in (S1)’. Then 


(9 ') '(B) = @(B) =VN¢IA), 
which implies that 
pg ':9(A)>A 


is a continuous mapping. This together with condition (S1)’ implies condition (S1). 
In general, condition (S1)’ is stronger than simply saying that g~! : g(A) + A is 
a continuous mapping. 
Condition (S2) is equivalent to the fact that the Jacobian matrix g’(r) has rank k 
for every t € A. If we set g = (@),...,@n), where 


9): ACR OR, j=1,...,n, 


it turns out that the jth column of the Jacobian matrix at t € A coincides with the 


vector 
Rn 
20 = (tO... $20). 
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Hence, condition (S2) means that the k vectors in R”, 


0g ,. OM 0g 
{30,520,520}, 


are linearly independent for each t = (t,...,t%) € A. 
In the case that n = 3 and k = 2, we usually denote by (s,t) the two variables of 
g, and then condition (S2) is equivalent to 


for every (s,t) € A. 

The regular 2-surfaces in IR? are known simply as regular surfaces. The regular 
1-surfaces in R? or R? are known as regular curves. Recall that an important concept 
in our study of curves (Chap. 2) was the notion of a path, that is, a vector-valued 
mapping defined on an interval of the real line. However, a regular surface in R? is 
defined as a set of points rather than a mapping. This point of view leads to a better 
understanding of orientation, a concept to be studied in Chap. 5. 

It is worth mentioning that Definition 3.1.1 is one of three equivalent statements 
given by Cartan [7, Proposition 4.7.1]. 

We need to recall one of the cornerstones of differential calculus in several 
variables, namely the inverse function theorem. A proof can be found in most texts 
dealing with analysis in several variables, for example [15, 9.24 Theorem, p. 221] 
or [9, p. 111]. 


Theorem 3.1.1 (Inverse function theorem). Let f:G CR” —> R” be a function 
of class C? on the open set G such that the linear mapping df(a) is invertible for 
some a € G. Letb =f(a). Then 


1. There exist open sets U and V in R" such thata € U, b € V, f(U) = V and the 
restriction of f to U is bijective on V. 
2. If we denote the inverse of f: U —+ V by g:V —+U, then g is of class CP in V. 


Example 3.1.1. The regular n-surfaces of class C? in IR” are the open subsets of R”. 


In fact, let us assume that M C R” is a regular n-surface of class C!. According to 
Definition 3.1.1, for each point x9 € M there exist an open set A C R” and a mapping 


g:ACR'’>R’ 


of class C! on A such that 
X09 € g(A) CM (3.1) 
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Fig. 3.2 Bernoulli 
lemniscate 


and dg(t) : R" > R” is injective for all t € A. It follows from the inverse function 
theorem that for each t € A, there exist two open sets W, C A and Z, C R” such that 
te W, andg: W; — Z, is a bijection. Hence 


g(A) = U Z; 


tcA 


is an open subset of IR”. From condition (3.1), M is the union of a family of open 
sets and thus M is open. On the other hand, every open set M is a regular n-surface 
of class C*: we have only to consider (A,@), where A := M and g: A — M is the 
identity mapping, g(x) =x,x EA. 


Example 3.1.2. Let M be a regular k-surface of class C? in R” and let U be an open 
set in R” such that MNU #4 @. Then MNU is a regular k-surface of class C? in R”. 


Let x9 € MNU and let (A,@) be a coordinate system of M such that xo € g(A). 
We define B := g~'!(MNU), which is an open subset of A. If w is the restriction 
mapping of ¢g to the set B, then (B, y) is a coordinate system of MNU and xo € 


(B). 
Example 3.1.3. The Bernoulli lemniscate is not a regular curve (Fig. 3.2). 


The equation of the lemniscate in polar coordinates is 
p> = 2cos(20), 
and it is given by 
M :={(x,y)€R? : 0? +y’)? =2(° -y*)}. 


If U is a ball centered at the origin of radius 0 <r < J/2, then UMM is not 
homeomorphic to any open interval of the real line, since 


(UNM) \ {(0,0)} 
has four connected components. Consequently, there is no coordinate neighborhood 


of the origin satisfying the conditions of Definition 3.1.1. (The reader might like to 
compare Example 3.3.1.) 


3.1 Coordinate Systems: Graphics 79 


Fig. 3.3. The graph of a 
function 


Example 3.1.4. Let g:A C R* + R"* be a mapping of class C? on the open set A. 
Then the graph of g, 


Gp :={(g()) : te A} CRExR™* eR’, 
is a regular k-surface of class C? with the coordinate system (A,@), g(t) = (t,g(t)). 
In fact, we consider the mapping 
g:AcR*>R’ 


given by 
g(t) := (t.g(0). 


(1) Then @g is injective, and if B C A is an open set, then (Fig. 3.3) 


9(B) ={(tg@)) : te A}N(BxR"*) =G,nU, 


where U = B x R’~* is an open subset of R”. 
(2) The submatrix of 


1 0 0.. 0 
0 1 0.. 0 
g'(t) _ 0 00 1 
3 ] 
3, @) Sicplige avcanae canara i (e) 
Pee aici - 
a us (t) A ee 7 k (t) 


formed by the first k rows is precisely the identity matrix in R*. Consequently, g’ (t) 
has rank k for eacht € A. 
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Fig. 3.4 The unit sphere 


One of our aims is to show that regular k-surfaces of class C? in R” are locally 
nothing more than the graphs of C? mappings. In other words, locally, Example 
3.1.4 represents all possible regular k-surfaces in IR”. The next example shows more 
clearly what is meant by being a graph locally. 


Example 3.1.5. The unit sphere (Fig. 3.4) in R3, 
S:={(z,y,z) ER’ : P+ +2 =1}, 
is a regular surface of class C™. 


Consider A := {(s,t) € R? : s?+2? < 1} and let g: A — R be the mapping of 
class C™ given by 
g(s,t) = /1—(s? +27). 


By Example 3.1.4, (A, 1), 


g1(s,t) = (s,t,g(s,t)), 


is a coordinate system of S. The set g;(A) is the open hemisphere above the xy- 
plane. We plan to cover all the sphere with similar parameterizations. To this end, 
we take 


2(s,t) = (s,¢, =e(5;4)). 
Then g1 (A) U@o(A) covers all the sphere except the equator 


{(x,y,Z) € R? : ee a z=O0}. 


In order to cover the sphere, we have to consider also the following parameteri- 
zations (all of them defined on A) (See Fig. 3.5): 


93(s,t) = (s,g(s,t),¢), g4(s,t) = (s, —g(s,t),t), 
95(s,t) = (g(s,t),5,£), 96(5,t) = (—g(s,t),s,2). 
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Fig. 3.5 Some charts of the y\(A) + e3 
sphere 


gal 


$2(A) — e3 


We refer also to Example 3.3.2, where spherical coordinates are used to define a 
coordinate system that covers the complete sphere except a semicircle. As already 
mentioned, we will prove in Proposition 3.1.1 that every regular surface is, locally 
and up to a permutation of coordinates, the graph of a function of class C!. However, 
it is generally not obvious how the surface may be locally represented as a graph. 
On the other hand, the surface often consists of the set of points where a certain 
function vanishes (see Sect. 3.2). In such cases, the local representation as a graph 
is a consequence of the implicit function theorem that we will state in next section. 


Proposition 3.1.1. Let M be a regular k-surface of class C?. For eachxo € M there 
exist an open neighborhood U of xo, an open set Z C R*, and a mapping of class 
C?, g:Z— R™*, such that (up to a permutation of coordinates) 


MNU =G, 


and the pair (Z, (Idz,g)) is a coordinate system of M. 


Proof. By hypothesis, there is a coordinate system (A,@) of M such that x9 = 9 (to) 
for some fp € A. We put g = (1, @2,---, Qn). Since ’(t)) has rank k, we can select 
k indices i, ,i2,...,i, such that 


7) (Qi, Pins +++ Pi,) 
ra) (t1,fo,--- 5th) 


(to) #0. 


(We refer to the comments prior to Theorem 6.4.1 for an explanation of this 
notation.) For clarity of exposition we can assume, following a permutation of 
coordinates, that 


i} = 1,2 =2,..., =k. 
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Fig. 3.6 Illustration of the (02) goes 
proof of Proposition 3.1.1 3 


We apply the inverse function theorem to the function 


@ := (P1,---,Q) 


to infer the existence of an open neighborhood B of to with the property that Z := 
@(B) is an open subset of R* and @ : B - Z is a bijection with inverse 


h:Z->B 


of class C? (Fig. 3.6). Finally, we consider 
g:ZCREOR™, 246 (Mey (A(Z)),--- On(h(z))). 
Then, for each z = (z1,22,.--,Z%) € Z, we have 
Poh(z) = (1 Oh(Z),..-, Pk WZ), Peri (AZ), ---, Pn(h(z))) 


= (Z1,--+,Zk8(Z)) = (z,8(z))- 


In particular, the graph of g coincides with the set goh(Z) = g(B). Moreover, 
by (S1)’ there exists an open set U in R” such that 


MNU =@(B) =Gy. 
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We observe that the identity g oh = (Idz,g) obtained in the previous proof means 
that 


9 = (Idz,g) oh! = (Idz,g) 09, 


when @ is restricted to B. 
Let w : R" > R*, x + (x1,...,x,), denote the projection onto the first k 
coordinates. From the identity (3.2) it follows that 


g '(x)=@ |(Idz,g)'(x) =h(x1,...,x~) =hon(x) (3.2) 


forx € MNU. That is, gp~! = hom, when restricted to MNU. 
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3.2 Level Surfaces 


The level sets of a function f : U C R” — R are defined, for every real number c, by 


plc) ={xeU: f(x) =c}. 

The aim of this section is to analyze under what conditions the level sets of 
a function of two variables are regular curves in the plane and the level sets of 
a function of three variables are regular surfaces in R? in the sense of Definition 
3.1.1. We remark that several texts, for example Fleming [10], define a regular 
k-surface in R” (or k-manifold in the notation of [10]) to be a set of points satisfying 
the hypothesis of Proposition 3.2.1. 

To prove that proposition, we need the implicit function theorem, which again 
can be found in most textbooks on multivariable calculus, but the version we recall 
here is the one stated by Fleming [10, 4.6, pp. 148-149], since it perfectly suits 
our requirements. We employ the usual identification of R” x R? with R"*?, and 
if L : R"*? —+ R? is a linear mapping, we define linear mappings L) : R” —> R? 
by L) (h) := L(h,0) and Lz : R? —> R? by Lo(k) := L(0,k). Forf : GC R't? —> 
R? a function of class C7 on the open set G and each (x,y) in G, we denote by 


Jf(xy) = Goeth xy) the determinant of the p x p matrix obtained by taking the 


last p columns of the matrix of the linear mapping df(x,y). 


Theorem 3.2.1 (Implicit function theorem). Let f: G C R"*? —> R? be a 
mapping of class C4 on the open set G. Let (a,b) in G be such that f(a,b) = 0 and 
Jf(a,b) 4 0. Then there exist two open sets U C R"*? and A C R", with (a,b) € U 
anda € A, that satisfy the following conditions: 


1. Sf(xy) £0 for every (x,y) € U. 
2. For each x € A there exists a unique y € R? such that (x,y) € U and f(x,y) = 9. 
In other words, there is a well-defined mapping g : A —>+ RP? such that 


{(x,y) € U : f(xy) = 0} = {(x,g(x)) :x € A}. 
3. The mapping g is of class C4 on A, and letting L = df(x,g(x)), we have 
dg(x) = —Ly' oly 
forallx €A. 


Proposition 3.2.1. Let 1<k<nandM CR",M#@, be given. Assume that for 
each xo € M there exists a function of class C? on the open set U, 


@:UCR"'>R™, 


such that Xq € U and the following conditions are satisfied: 


(1) MoU=@"'(0), 
(2) the rank of ®'(x) isn—k for everyx Ee MQU. 


Then M is a regular k-surface of class C?. 
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Proof. Let xo = (x9,...,x2) € M and ® = (®,...,®,_,) be as in the hypothesis. 
After a permutation of the coordinates if necessary, we can assume that 


(1,2... Ppt) 


O(Xke1y+++>Xn) mo) ge 0 
By the implicit function theorem, there exist an open set A C R* with 
to := (x9,...,22) EA, 
an open set V C R", V CU, such that x9 € V, and a mapping 
fACK* +R * 
of class C? such that g(to) = (xg,,,---,x2) and 
{xeV : &(x) =0} = {(t.g(0)) : te A}. 
That is, MMV = Gz. Now we define g : A + M by 
o(t) = (ta). 


Then MNV = 9(A). Since (A, @) is a coordinate system (see Example 3.1.4), we 
conclude that M is a regular k-surface. 


The previous result means that under certain conditions, the intersection of an 
open set with a level curve is a regular 1-surface and the intersection of an open set 
of R? with a level surface is a regular 2-surface. The next examples will clarify this 
statement. 


Example 3.2.1. Let f :U C R* > R be a function of class C? on the open set U 
and let c be a real number such that 


={(z,y) EU : f(x,y) =e} 


is nonempty and VW f(x,y) 4 (0,0) for all (x,y) ¢ I. Then I is a regular curve 
(regular surface of dimension 1) of class C?. We refer to I’ as a level curve of the 
function f. To see this, it is enough to apply Proposition 3.2.1 with ©: U > R, 


(x,y) = f(x,y) —¢. 


The level curve is the projection onto the xy-plane of the intersection of the 
graph of f with the horizontal plane z = c. The level curves of a function of two 
variables provide information about the graph of the function just as contours on a 
map indicate the topography of a landscape (Fig. 3.7). 


3.2 Level Surfaces 87 


pie 7 


f(x,y) = -0.25 
f(x,y) = 0.5 


Fig. 3.7 Level curves 


Example 3.2.2. The level surface 


S:= {(x,y,z) €U : f (x,y,z) =c} 


of the function f : U C R* > R of class C? on the open set U is a regular surface of 
class C? provided that Vf (x,y,z) 4 (0,0,0) for all (x,y,z) € S. Again, it suffices to 
apply Proposition 3.2.1 to B(x, y,z) = f(x,y,z) —c. 


Example 3.2.3. For every a > 0, the cone 


r+y =az’ 


with the vertex (0,0,0) removed is a regular surface of class C™. 


Let U := R? \ {(0,0,0)} and consider the function 


®:U->R, 


of class C™, defined by 


@(x,9,2) =x +y¥ —ar. 


Then the cone without the vertex can be described as (Fig. 3.8) 
S:= {(x,y,z) EU : B(x, y,z) =O}. 


Since 
V P(x, y,z) = (2x, 2y, —2az) # (0,0,0), 
whenever (x,y,z) € U, it follows from Example 3.2.2 that S is a regular surface. 


Example 3.2.4. The sphere 


S" = {(x1,...,4) ER" ag tt + = 1} 


88 3 Regular k-Surfaces 


Fig. 3.8 The cone of Zz 
Example 3.2.3 


is a regular (n — 1)-surface of class C” in R”, n > 2. 


Indeed, define ® : R” > R by 


Then S’-'! = @-!(0) and @'(x) = (2x1,...,2xn) has rank 1 for every x € 
R" \ {0}. 
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3.3 Change of Parameters 


According to Definition 3.1.1, every point of a regular k-surface of class C? in R” 
belongs to a coordinate neighborhood, and each point of such a neighborhood is 
uniquely determined by k parameters (its local coordinates). However, a point can 
belong to two different coordinate neighborhoods, and we want to prove that certain 
properties of the surface, expressed in terms of the local coordinates, do not depend 
on the chosen parameterization. To this end, we show in this section that when 
a point x belongs to two coordinate neighborhoods with parameters (f1,f2,...,tx), 
(u1,U2,.--,Ux), it is possible to pass from one of these local coordinates to the other 
by means of a transformation of class C?. The next lemma will be essential to this 
process. 


Lemma 3.3.1. Let M be a regular k-surface of class C? in R", (A,@) a coordinate 
system of M, and a: V CR” — M amapping defined on the open set V. If a(ug) € 
9(A) and a is differentiable at ug € V (respectively a is of class C4 on V), then 


g loa 


is differentiable at ug (respectively it is of class C’ on its domain of definition, where 
r= min(p,q)) (Fig. 3.9). 


Proof. We provide the proof only for the case that w is of class C? on V. We take 
to € A such that 


(uo) = p(to). 


We now set 
Q= (Pi, +--+ Pk, Pkzls-++; Qn): 


Fig. 3.9 Illustration of Lemma 3.3.1 
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Since (A,g) is a coordinate system of M, condition (S2) of Definition 3.1.1 
implies that the matrix g/(to) has k linearly independent rows. For simplicity we 
assume that these are the first k rows. This means that 


O(Q1,---; Px) (to) 


0, 
O(t,..- th) 


and consequently 
P = (P1,---,k) 


has a local inverse of class C? in a neighborhood of to. According to (3.2), there 
exist an open neighborhood B of to, B C A, an open set Z C R*, and a bijection 
h: ZB of class C? such that g~'!(x) =hom(x) for every x € g(B). We take 
W :=a'((B)), which is an open set in R”, since W = a '(U), where U is an 
open set in R” such that g(B) =U MM (Definition 3.1.1) and & is continuous. Then 
for every u € W, 


yg! oa(u)=hox(a(u)), 


which is obviously of class C’. Since ug € W, this finishes the proof. 
The first application of this result is the following important theorem. 


Theorem 3.3.1. Let (A;,@1), (A2,@2) be two coordinate systems of a regular k- 
surface M in R” of class C? such that 


D:= 91(A1)@2(A2) 4 2. 
Then 
97'091:9,'(D) CR‘ > @7'(D) CRS 


and 


9,092: 9)'(D) CR‘ g_'(D) CRS 
are functions of class C?, each of which is an inverse of the other (Fig. 3.10). 


Proof. It follows from Lemma 3.3.1, with g = g2 and a = @,, that Q>" og, isa 
function of class C? on its domain of definition, which is precisely 9. (D). 


An understanding of the importance of the previous theorem has been fundamen- 
tal in the development of differential geometry. In discussing the notion of a regular 
surface in R*, Do Carmo [6, p. 33] says the following: 


The most serious problem with the above definition is its dependence on R?. Indeed the 
natural idea of an abstract surface is that of an object, that is, in a certain sense, two- 
dimensional, and to which we can apply, locally, the Differential Calculus in R?. Such 
an idea of an abstract surface (i.e. with no reference to an ambient space) has been foreseen 
since Gauss. It took, however, about a century for the definition to reach the definitive form 
that we present below. One of the reasons for this delay was that, even for surfaces in R?, 
the fundamental role of the change of parameters was not clearly understood. 
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Fig. 3.10 Illustration of Theorem 3.3.1 


Below we present the definition of an abstract surface, also known in geometry 
as a differentiable manifold, not necessarily contained in R” or endowed with a 
topology. This general concept will not be used in the sequel. 


Definition 3.3.1. A k-dimensional differentiable manifold of class C? is a set M 
together with a family of injective mappings 


fiagcr aM 
such that: 
(1) Each Ag is an open set and ) f(A) =M. 

a 


(2) For each pair a, B with 
U := fa(Aa)O fp(Ag) 4 2, 


the sets f,!(U) and tp '(U) are open sets in R* and 


fa °f6 
is a function of class C?. 


The inclusion of the change of parameters property in the definition above allows 
one to develop a differential calculus for abstract surfaces, and while that is not the 
direction that we focus on in this book, we do include the relevant definition of 
differentiable function. 
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Definition 3.3.2. Let M be a k-dimensional differentiable manifold of class C?. A 
function f : M — R is said to be differentiable, continuous, or C’ (1 < r < c¢) if for 
each a the mapping 


fo A,cr =k 
is differentiable, continuous, or C” respectively. 


Let M be a regular k-surface in R”. The implication of our next result is that it is 
not necessary to prove that g : A —> g(A) is a homeomorphism in order to show that 
a given mapping g is a parameterization of M. More precisely, once we know that M 
is a regular k-surface, then condition (S1) in Definition 3.1.1 can be replaced by the 
injectivity of g. This makes it easier to conclude that g is a parameterization of M, 
which is an important fact, given that in practical examples, proof that g : A — @(A) 
is ahomeomorphism can be rather difficult or tedious. 


Corollary 3.3.1. Let M be a regular k-surface of class C? in R", A C R* an open 
set, and 


g:ACR‘>MCR" 


an injective mapping of class C? such that g'(t) has rank k for every t€ A (i.e., 
condition (S2) for a regular k-surface is satisfied). Then (A,@) is a coordinate 
system of M. 


Proof. We fix to € A and put xo := @(fo). We may choose a coordinate system (B, w) 
of M such that xy € W(B). By Theorem 3.3.1, the mapping 


f:=w log:WcR oR 
is defined on an open neighborhood W of to and is of class C?. Moreover, since 


9'(to) = W'(F (to) of to), 


and (ty) has rank k, the rank of f’ (tq) is greater than or equal to k. That is, the rank 
of f’ (tg) is also equal to k, or equivalently, the Jacobian of the mapping f at the point 
to is nonzero. By the inverse function theorem, there exists an open neighborhood 
Wo of to, Wo C W, such that f(Wo) is an open set and 


f : Wo +f (Wo) 
is a homeomorphism. Consequently, after applying property (S1) of Definition 


3.1.1 to the coordinate system (B,y), it follows that giyw, = W of|y, satisfies 
property (S1)’ too, and hence (A, @) is a coordinate system. 


The next example shows that we cannot remove the hypothesis that M is a regular 
k-surface from Corollary 3.3.1. 
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(Un M) \ {(0,0)} 


Fig. 3.11 (a) The curve of Example 3.3.1; (b) detail of that curve around the origin 


Example 3.3.1. Let us consider the mapping 


Q: (-1.5) +R 


defined by 


for—1 < t¢t < Oand 


elt) = (cos S82") 


forO <t< oe Then g in injective, of class C! on (-1, )s and in addition, for 
every ¢ € (—1, 9), 


g(t) £0. 


m=o(-1,5) 


is not a regular curve in R? (Fig. 3.11). 


However, 


To see this, suppose there exists a coordinate system (A,y) with (0,0) € y(A). 
Let U be an open ball centered at (0,0) such that UNM Cc y(A). Since y :A— y(A) 
is a homeomorphism and UMM is a connected set, it follows that y~!(UMM) = 
(a,b) and that y : (a,b) + UMM is a homeomorphism. We put to = y~!(0,0) € 
(a,b). Then also y : (a,f9) U (to,b) — (UMM) \ {(0,0)} is a homeomorphism. This 
is a contradiction, since (UMM) \ {(0,0)} has three connected components. 

This example is not a contradiction to Corollary 3.3.1, because in order to apply 
that corollary to conclude that ((—1,4),@) is a coordinate system, one must know 
a priori that M is a regular curve. Moreover, the previous example emphasizes the 
importance of condition (S1) in Definition 3.1.1. 
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Fig. 3.12 Spherical 
coordinates Z 


~ 
XN 


Es. P=(xy,z) 


Next we parameterize the sphere of radius R centered at the origin in terms 
of the geographical coordinates colatitude (the complement of the latitude) s and 
longitude t. Recall that the Cartesian coordinates of a point on this sphere are given 
by 

x=Rsinscost, y=Rsinssint, z=Rcoss. 


Example 3.3.2 (Spherical coordinates). Let S be the sphere with radius R centered 
at the origin in R? (Fig. 3.12), 
A:={(s,t) ER? :0<s<x,0<t<2n}, 
and let us consider 
y(s,t) :=R(sinscost, sinssint, coss). 


Then (A, @) is a coordinate system of the sphere S. 


We show that g’(s,t) has rank 2 for every (s,t) € A. To this end, we determine that 


O(x,y) 


= R i 
Diet) cosssins, 
0 
0,2) = R’ sin’ scost, 
0(s,t) 
O(x,z 


= R’ sin’ ssint. 


0(s,t) 
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The three determinants do not vanish simultaneously, since for0 <s <7, 


cos’ ssin? s+ sin’ scos”t +sin* ssin?t = sin’ s > 0. 
It is rather intuitive that g is injective and (A) covers all the sphere S except the 


semicircle 
{(%,9,2z) ES : y= 0; x> 0}. 
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3.4 Tangent and Normal Vectors 


By a tangent vector to a surface we mean a tangent vector to a curve contained in 
that surface. It may seem obvious that the set of all tangent vectors to a regular k- 
surface at a given point is a k-dimensional vector subspace, but this statement is not 
so easy to prove. The main objectives of this section are to present a proof of this 
fact and to study the tangent plane at a given point of a regular surface in R?. 


Definition 3.4.1. Let M be a regular k-surface of class C? in R”. We say that h € R” 
is a tangent vector (Fig. 3.13) to M at xp € M if there is a function 


a:(—6,6) >M, 
differentiable at f = 0, such that 
a(0) =xo and a’ (0) =h. 


The set of all tangent vectors to M at xo is called the tangent space to the surface 
at xo and is denoted by 7,,M. The set x9 + Ty)M is called the tangent plane. 
This distinction is not always made clear, and the reader will observe that what 
is usually drawn in books as the tangent space 7,,M is actually the translation of the 
tangent space to the point xo, i.e., the tangent plane xo + T,)M. 


Theorem 3.4.1. T.,M is a k-dimensional vector subspace of R". Moreover, if (A, 9) 
is a coordinate system of M and xo = (to), then a basis of TM is given by 


Proof. We will show that T,,M = dg(to)(R*). To do this, we first take v € R* 
and prove that dg(to)(v) € T,,M. Choose 6 > 0 small enough that to + sv € A 
whenever |s| < 6 and let us consider 


a:(—6,6)>M 


a'(0) =h . 4 


Fig. 3.13 (a) Tangent vector to a surface; (b) tangent plane 
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defined by 

a(s) := p(to +s). 
Then 

«(0) = g(t) = x0 


and «’(() is the directional derivative of g at the point fo in the direction v. That is, 
a'(0) = Dyg(to) = de (to) (v), 


which proves that 
dey (to)(v) € Ty. M. 


Let us now assume that h € T,,M and let us proceed to prove that there exists 
v € Ré such that 
h = dg(to)(v). 


By Definition 3.4.1 of the tangent vector, there is a differentiable function 
a:(—6,6)>M 


with 
a (0) =x and w' (0) =h. 


Since (A, @) is a coordinate system, there is an open set U in R” such that 
g(A) =UNM. 


Then 
T:=a7!(g(A)) =a7!(UNM) =a7!(U) 


is an open neighborhood of 0. By Lemma 3.3.1, 
B:=Q9 !ow:ICROR 
is differentiable at t = 0. Moreover, 
B(0)=t) and a= go8 


on J and hence 
h = a (0) = dg(to)(B’(0)). 


We finally obtain that 
h € de(t)(R‘). 
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From the identity 
TeyM = do (to)(R*) 


we deduce that 7M is a vector subspace. Moreover, since 
dg(to) : R‘ > R” 
is injective, we conclude that a basis of 7M is given by the vectors 


dg (to)(e;) = stu) 


where 1 <j <k. 


This result explains why in Definition 3.1.1 we impose the requirement that the 
differential of g be injective; i.e. the rank of @’ is k at every point. This condition 
guarantees that the tangent space at each point of the surface is a k-dimensional 
vector space. 

In the particular case n = 3, k = 2, that is, if S is a regular surface in IR? and 


g:ACR?>R 


defines a coordinate system (A,g) of S, then a basis of the tangent space to the 
surface at a point (x0, yo, Z0) = 9(so,to) of S is given by the vectors 


fa) fa) 
{ 20.10) $2 (s0.)}. 


Consequently, the cross product 


0 0 
F (s05t0) x (50340) 


is a normal vector to this tangent space (Fig. 3.14). 

This fact will be crucial later in understanding why, from the point of view of 
vector calculus, orientation is thought of in terms of normal vectors, while in vector 
analysis we define orientation in terms of tangent spaces. See Chap. 5. 


Example 3.4.1 (Tangent plane to the cone x? + y* = 227 at the point (1,1,1)). We 
already proved in Example 3.2.3 that 


S:= {(x,y,z) £ (0,0,0) : x27 +y? =2z7} 


is a regular surface of class C”. We now choose a coordinate system for this cone. 
We take 


g:ACR’ oR’; 9(p,9):= (pcos0,psino, 4), 
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Fig. 3.14 Normal vector 


where 
A:={(p,8) :p >0,0<0< 27}. 
Then 
5510.0) = (c0so.sine, =) 
and 


79 (P:8) = (—psin@,p cos 6,0). 


Observe that 


be dg el e2 3 
ap Pie) * age) = cos@  sin@ B 


—psin@ pcosé 0 


= (- 5,000, - sinop ) ; 
which is clearly nonzero. Consequently, the vectors 
xO) 0g 


are linearly independent for every (p, 0). 
It is not difficult to show that g is injective and hence (A,@) is a coordinate 


system of the surface (see Corollary 3.3.1). Since (1, 1,1) = o(V 2, %), we deduce 
that a normal vector to the tangent plane is 


a (V4) B(VR4) =a 
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Finally, the equation of the tangent plane is 


(1 1,-1,2),(x—1,y—1,z 1))=0, 


x+y—2z=0. 


or equivalently, 


Definition 3.4.2. Let M be a regular k-surface in R”. The normal space to the 
surface at x9 € M is the orthogonal subspace to the tangent space 7,,M, and we 
denote it by N,,. That is, 


Ney ={h € R" : (hiv) =0 forally € TM}. 


The set x9 + Nx, is called the normal plane at xo. 


Proposition 3.4.1. Let 1 < k <n be given and let M = ®~'(0) be the regular k- 
surface where 


@:UCR'’>R"*, 6 =(,,,...,8,_,), 


is a function of class C! on the open set U such that the rank of @'(x) is n—k for 
every x € M = ©~'(0). Then for each xo € M, the vectors 


{V Pi (x0), V P2(xX0),---; VW Pn—n(X0)} 


form a basis of the normal space to M at xo. 


Proof. It follows from Proposition 3.2.1 that M is a regular k-surface of class C! in 
R". Ifa : (—6,6) > M is differentiable at t = 0 and «(0) = xo, then 


D; ° a(t) =0 
for all t € (—6,6). Hence 
(®;0a)/(0) =0. 
According to the chain rule, 
(VW ®j(x0),«'(0)) =0, 


for j = 1,...,n—k. That is, every vector W®j(xo) is in the normal space to the 
surface at x9. Since the rank of ®’(x9) is n—k, these n — k vectors are linearly 
independent and the dimension of the normal space is precisely n — k, giving the 
conclusion. 
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Fig. 3.15 A basis of the 
normal space to the circle 


In Fig.3.15, W@,(P) is a normal vector at P to the sphere with equation 
®, (x,y,z) =0, while YV ®2(P) is a normal vector to the plane ® (x, y,z) = 0. A basis 
of the normal space at P to the circle obtained by intersecting the plane with the 
sphere is given by the two vectors 


{V Pi (P), V P2(P)}. 


Example 3.4.2 (Tangent hyperplane to a graph). Let g: A C R™! +R be a 
function of class C! on an open set A and 


g:A—R"; oft) = (4,80) 


a parameterization of the graph of g (see Example 3.1.4). Since the graph of g 
coincides with ®~! (0), for 


@(x1,.--,Xn) = B(X1,---,Xn-1) —Xn 


and x = (x1,...,%,) € AxR, it turns out that the normal space to G, at the point 
x0 = (to, g(to)) = (x9,...,x®) is the linear span of the vector 


a 5 
V(x) = (SE tt) age ()-1) 


Finally, the equation of the tangent hyperplane to the graph of g at the point xq is 


Example 3.4.3 (Normal vector to a level surface). Let f :U CR? + R bea function 
of class C! on an open set U such that for all (x,y,z) € S, 


Vi(xY,z) # (0,0,0), 


where S represents the level surface 


S:={(x,y,z) EU : f(x,y,z) =c} FOG. 
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From Example 3.2.2, S is a regular surface of class C ! Moreover, the vector 


VS (x0,¥0,¥0) 


is normal to the surface at the point (xo,yo,Zo). In fact, it suffices to apply 
Proposition 3.4.1 with ® := f —c. The set {Vf (x0, yo, Yo) } is a basis of the normal 
space. 


The last result of this chapter shows the equivalence between the different 
definitions of regular k-surface (or k-submanifold of R”) appearing in the literature. 
Condition (2) coincides with condition (ID) in the Proposition/Definition of Cartan 
[7, Proposition 4.7.1], while condition (3) coincides with the definition of differen- 
tiable manifold in R” given by Fleming [10, 4.7 manifolds, p. 153]. We note that 
Edwards [9, II.5, p. 10] uses condition (2) as his definition, and Spivak [17, Chapter 
5, p. 101] defines differentiable manifold as we have defined regular k-surface. 


Theorem 3.4.2. Let M C R" be a nonempty set and 1 <k <n. The following 
conditions are equivalent: 


1. M is a k-dimensional regular surface in R" of class C?. 

2. For every xo € M there exist an open neighborhood U of xo, an open set ZC R*, 
and a mapping of class C?, g:Z— R®-*, such that (up to permutation of the 
coordinates) MQU coincides with Gg, the graph of g. 

3. For every xo € M there is a function of class C?, 


®:UCR">R™, 


such that xy € U, MNU = ©~'(0), and the rank of ®'(x) is n—k for allx € 
MNU. 


Proof. Some of the necessary implications have already been proved. For example, 
(1) implies (2) is proven in Proposition 3.1.1, while (2) implies (1) holds by Example 
3.1.4. (3) implies (2) is contained in the proof of Proposition 3.2.1. We need only 
show that (2) implies (3). To do this, we represent the points x € IR” as 
x= (x a"), 
where x’ € R*, x” € IR”-*. Now we define an open set 
U:=ZxR™ 


in R” and a function 


®:UCR'SR"™*, G(x) :=x"—g(x’). 


104 3 Regular k-Surfaces 


Then @ is a function of class C? on U and 
@~'(0)=G,=MNU. 


Moreover, 


—V21(x’) Lax 0 
Wj ag 6 eas ads ; 


and so the rank of ®’(x) is n—k for every x € U. 
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3.5 Exercises 


Exercise 3.5.1. (1) Show that the cylinder 
S:={(x,9,2) ER’: +y =a} 


is a regular surface. 
(2) What about the portion of the cylinder 


{(@,y,z) €S:0<z< 1}? 


Exercise 3.5.2. Show that the cone 
S:={(x,y,z) eR :r+y=Z, z>0} 
is not a regular surface, but S \ {(0,0,0)}, the cone without the vertex, is. 


Exercise 3.5.3. Determine whether the intersection of the cone 


eyya? 
with the plane 
x+y+z=1 


is a regular curve. 


Exercise 3.5.4. Let 
y : [a,b] + U CRx (0, +00) 


be a path such that y([a,b]) is a level curve . Show that the set obtained by rotating 
y ([a, b]) around the x-axis is a level surface. 


Exercise 3.5.5. Find a parameterization of the cylinder x* + y* = a” 


hood of (a,0,0). 


in a neighbor- 


Exercise 3.5.6. Let g : R* —> R* be the mapping 
y(s,t) :=(s+t, s—t, 4st). 
Show that (R?, ¢) is a coordinate system of the regular surface with equation 
gex—y’. 


Exercise 3.5.7. Explain how to obtain a coordinate system of the ellipsoid 


(3) +) +@) = 


from a coordinate system of the unit sphere. 
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Exercise 3.5.8. LetO<r<R. 
(1) Show that the torus obtained by rotation of the circle 


P+(y-RP =? 


about the x-axis is a regular surface. 
(2) Find a coordinate system. 


Exercise 3.5.9. Find the tangent plane to the paraboloid z = x? + y* at the point 
111 

(3, 2? x): 

Exercise 3.5.10. Find a tangent vector at (0,0,0) to the curve determined by the 


equations 
z=3x74+5 y, vty =4x. 


Chapter 4 
Flux of a Vector Field 


In this chapter we concentrate on aspects of vector calculus. A common physical 
application of this theory is the fluid flow problem of calculating the amount of fluid 
passing through a permeable surface. The abstract generalization of this leads us 
to the flux of a vector field through a regular 2-surface in R>. More precisely, let 
the vector field F in R? represent the velocity vector field of a fluid. We immerse a 
permeable surface S in that fluid, and we are interested in the amount of fluid flow 
across the surface S per unit time. This is the flux integral of the vector field F across 
the surface S. 
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4.1 Area of a Parallelepiped 


One of the goals in this chapter is to evaluate the k-dimensional area of a subset of 
a k-dimensional regular surface. The first situation to consider is that of a subset A 
of a k-dimensional subspace V C R”. In this case we proceed as follows. First we 
choose a linear mapping 

w:V>R 


preserving the inner product: it suffices to select an orthonormal basis of V and 
consider a linear mapping transforming such a basis into the canonical basis of R*. 
Then W is an isometry, that is, it preserves distances, and it seems reasonable to 
define the k-dimensional area of A as the k-dimensional Lebesgue measure of YW (A) 
(Fig. 4.1). 

Next we proceed to develop this idea in the particular case that A = P is the 
parallelepiped spanned by k vectors in R”. We proceed essentially as in Edwards [9, 
p. 324], which we recommend for further details and related topics, in particular for 
a general Pythagorean theorem [9, Theorem 3.11, p. 329]. 

Calculation of the area of a subset of a k-dimensional regular surface will be dealt 
with in Sect. 4.2. 


Definition 4.1.1. Let {a),...,a,} be k vectors in R” (1 < k <n). By the 
k-dimensional parallelepiped spanned by aj, ...,ax, we mean the compact set 


P= {Sta tHE ori} 
i=1 


A parallelepiped spanned by two vectors in R* or R? is called a parallelogram. 
Let V C R” bea k-dimensional subspace of R” containing the vectors {a,,...,a,} 


and let 


v:voR 


Fig. 4.1 Isometry used to 
define the k-dimensional area 
of A 
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be a linear mapping preserving the inner product, i.e., 


for every u,v EV. 


Definition 4.1.2. The k-dimensional area (or simply k-area) of the parallelepiped 
Pis 


k- P)i= t) dt= dt. 
areal?) = | awny(t) t= 


If the vectors {a),...,a,} are linearly dependent, then W(P) is a compact set 
contained in a hyperplane of R*; hence its k-dimensional Lebesgue measure is zero. 
The interesting case occurs when the vectors {a),...,a,} are linearly independent 
(and consequently, V coincides with the linear span of these vectors). The following 
theorem shows how to compute the area in this case, and actually shows that the 
concept of k-area does not depend on the mapping W preserving the dot product. 


Theorem 4.1.1. Let P be the parallelepiped spanned by the linearly independent 
vectors {aj,...,ax}. Then 


k-area(P) = \/det((ai,a;)) - v/act(B™ oB), 


where B is the n x k matrix whose column vectors are [a,,...,Ax|- 


Proof. Let V be the k-dimensional vector subspace spanned by {ay,...,a,} and let 
Ww :V — R* be a linear isomorphism preserving the inner product. Consider the 
linear mapping 


L:R* >R* 

defined by 

L(e;) := W(aj), 1<i<k. 
Then 

k 
¥(P)={ Yuva) + 4-€ o.t}} =£(0,1) 

i=l 

because L(t,...,t,) = DK, t;¥ (aj). Since L is a linear isomorphism, we can apply 


the change of variables theorem (Theorems 6.5.1 and 6.5.2) to conclude that 


k-area(P) -| dt = | a= | |\detL| dt = |detL|. 
v(P) L((0,1}*) [0,1] 
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Finally, let A be the matrix of L with respect to the canonical basis. Then A = 
[W(a,),...,W(ax)], and denoting by A! the transposed matrix, we obtain 


\det L| = |det A| = ,/det (AT oA) 
= [det ((w (ai), ¥ (a;))) 


= ,/det ((aj,a;)), 


as claimed. 


Theorem 4.1.1 implies that the definition of k-dimensional area of a paral- 
lelepiped (Definition 4.1.2) is independent of the choice of the linear mapping W. 


Example 4.1.1 (Parallelogram spanned by two vectors in R3). Let 
a = (a},d2,a3) and b = (b,b,b3) 


be two vectors in R?. Recall (see Definition 1.1.4) that the cross product of the two 
vectors is defined by means of the formal expression 


1 2 @3 
axb:=|a, az a3)\. 
by bg bg 
That is, 
axb-=(|2% = a\ a3 . ay a2) \ 
b> bs by b3| | by bo 


As already mentioned after Definition 1.1.4, one can see that 
|| ax b |/?=|] a ||? «|| B ||? -|(a,5)/?, 


and thus deduce from Theorem 4.1.1 that the 2-dimensional area of the parallelo- 
gram spanned by a and bis 


(a,a) (a,b) | _ 
4 | =a |. 
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4.2 Area of a Regular Surface 


When investigating the concept of area for k-dimensional regular surfaces one might 
expect to take an approach analogous to that of path length, with suitable inscribed 
parallelepipeds taking the role of inscribed polygonal lines. However, such an 
approach has some very counterintuitive consequences. A very instructive example 
can be found on page 119 (and on the cover) of the book of Spivak [17], where it 
is shown that in contrast to the usual procedure in topography, it is not a good idea 
to triangulate a terrain in order to approximate its area. We must therefore employ a 
slightly different method. The basic idea consists in generalizing the formula given 
in Theorem 2.1.3 after replacing the length of the vector tangent to the curve by 
the area of the k-dimensional parallelepiped spanned by an appropriate basis of the 
tangent space to the surface. 

To obtain a better intuition of this viewpoint we first analyze the particular case 
of a regular 2-surface in R? and restrict our attention to the situation in which the 
surface is defined only by a coordinate system (A, @), that is, S = g(A). Moreover, 
we assume that 


K := [a,b] x [c,d] 
is contained in A. 
Let 
ad=s9 <8, <9 <th=b 


be a partition of the interval [a,b] into subintervals of length h and 
C=to<t<---<t=d 


a partition of the interval [c,d] into subintervals of length k. We put J, ; := [s;,5;+1] x 
[t;,tj+41], and so 
m—11-1 
9(K)= U Ue). 


i=0 j=0 


The portion of the surface g(Jj,;) can be approximated by the parallelepiped 
spanned by the vectors 


(suitably translated so that the point @(s;,tj) is one of its vertices). As proven in 
Sect. 4.1, the area of that parallelepiped is given by 


0g xO) 
hk. [eo x 9, (sti) 
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Fig. 4.2, Approximation of a small piece of a surface with a parallelogram in the tangent plane 


Therefore, a good approximation to the area of g(K) should be (Fig. 4.2) 


m—11-1 


a 
y > hk: IF (s;,t;) x > (sits) 


i=0 j=0 


(4.1) 


We evaluate the limit of the above expression as / and k tend to zero. 
Lemma 4.2.1. Let K := [a,b] x [c,d], 
a=so<sj<-:+<tn=b 
a partition of |a,b] into subintervals of length h, and 
c=t9<t<-+<q=d 
a partition of [c,d] into subintervals of length k. If F : K + R is a continuous 


function, then 


m—11-1 
lim hk- F(s;,t;) = | F(s,t) d(s,t). 
(h,k)—> 40) 2 z K een) 
Proof. Define Fi; := [s;, 5:41] x [tj,tj41]. Then 
m—11—1 
| F(s,t) d(s,t)= ¥, | F(s,t) d(s,t) 
K i=0 j=0° 74 
and 


hk-F(sisti) = f F(5i,t;) d(s,r). 
Tj 
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Hence 
m—1I-1 


2, 2 Reh) — ff Foo.1) a (s,t) 


i=0 j=0 


is less than or equal to 


‘ 3 1 


Ey, \F (s;,t;) — F(s,t)| d(s,t). (4.2) 
i= 2 0 


By the Heine—Cantor theorem, F is uniformly continuous on K, which means 
that for every € > 0 there exist hy > 0 and ky > 0 such that 


i E 
|F (5,2) —F(s,t)| < G=ad=8" 


whenever 
|§—s|<ho and |f—t| < ko. 


Therefore, if 0<h< ho and0 <k < ko, then 


€ 
|F (si,tj) — F(s,t)| < @-—ald=o) 


for every (s,t) € J;,;, and the expression (4.2) is less than or equal to 


m—11-1 
by 2 panda sth d(s,t). 
i=0 j= 0 ( d—c) 
From 

m—11-1 m—11-1 

yy [fa =X Deo -lsns 9) = 6-ala—o) 

i=0 j=0 i=0 j=0 

we conclude that 


m—11—1 


2, 2 eee) - ff F604 (s,t) 


i=0 j=0 


By Lemma 4.2.1, the limit, as / and k go to zero, of the expression (4.1) is the 
integral 
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We are ready to introduce the concept of area of a regular surface. Again we refer 
to [9] for further details. 


Definition 4.2.1. Let (A,g) be a coordinate system of a regular 2-surface S in R? 
and let K be a compact subset of A. The area of (K,q@) is defined by 


area(K,@) := Va 


Next, suppose (A,@) is a coordinate system of a k-dimensional regular surface. 
It is natural to proceed as in Definition 4.2.1 but integrating instead the area of the 
k-dimensional parallelepiped spanned by the vectors 


{s20,...52e}, 


Since {3 (E)y 305 ae (t)} are the column vectors of the Jacobian matrix g’(f), it 


follows from Theorem 4.1.1 that the area of this k-parallelepiped is 


aet(oT() o9'(8). 


0g 0 
Zs (ot) x 3, bh) d(s,t). 


This leads to the following. 


Definition 4.2.2. Let (A,g) be a coordinate system of a k-dimensional regular 
surface M and let K C A be a Lebesgue measurable subset. By the area (actually 
k-area) of (K,g) we mean 


area(K,g) := i: det(g’" (t) og! (t))dt, 


where yg’! (t) denotes the transposed matrix of g’(t). 


In cases in which the positive and continuous function f(t) := \/det(g’" (£) o g(t) 
is not integrable on K, we take area(K,@) = +>°. 

The quantity area(K,q@) is well defined, because if (U, y) is another coordinate 
system of M and B C U is a measurable subset such that g(K) = y(B), then 


area(K,g) = area(B,y). 


A proof of this fact will be provided in Chap.7. The main reason for this 
postponement is that a direct proof using the change of variables theorem is rather 
tedious, while a more satisfying proof can be given once elementary properties of 
differential forms (Chap. 6) and the theory of integration of forms (Chap.7) have 
been developed. 


Example 4.2.1. Let g : R + R” be a linear mapping preserving the dot product. 
Then V = g(R*) is a k-dimensional vector subspace of R” and (R“,g) is a 
coordinate system of V. If K is a measurable subset of IR‘, then 
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area(K,g) = m XK(t) dt. 


In fact, since g is a linear mapping, we have that g/(t) is the matrix of g with 
respect to the canonical basis for every t € R*. From the fact that g preserves dot 
products we deduce that 


oe (tot) = ((9(ei),9(e;))) i; 
_ ((e:,€;));; 


is the identity matrix. Therefore 
area(K,9) = | y/det(oT()o9'())at 
K 


= Ak(t) dt. 
Rk 


Next we discuss how to evaluate the area of a k-dimensional regular surface that 
is not covered by a unique coordinate neighborhood. The reader may wish to recall 
the notion of atlas given after Definition 3.1.1. 


Lemma 4.2.2. Let M be a regular k-surface in R" with a finite atlas 


{(Aj,9j) }=1- 
Then there is a partition of M into subsets {Bj} with the property that Bj = 
 j(Kj;), where Kj is a measurable subset of Aj. 


Proof. According to Definition 3.1.1, for every j = 1,...,m there is an open set U; 
in R” such that g;(Aj) =U; OM. Define B; := g1(A1), and for each j = 2,...m, 


B= oA) \( U oi) 


l<i<j 


=MNU;N (mr U u) . 


l<i<j 
Some of the sets B; may be empty, but the nonempty sets of the family {B; : 


j=1,...,m} constitute a partition of M, and since B; C gj(Aj;), we can put Bj = 
y j(K;), where K, = Aj, and for every j 1 such that Bj £9, 


Kp, (vin (er U u)). 
l<i<j 
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Finally, observe that K; is a measurable subset of Aj, since it is the intersection of 
an open set and a closed set. 


Definition 4.2.3. Let M be a regular k-surface in R” that admits a finite partition 
into subsets Bj, 1 <j <_m, such that B; = g;(K;), where (A;j,@;) is a coordinate 
system of M and K; is a measurable subset of A;. The k-dimensional area of M is 
defined by 
m 
area(M) := >. area(Kj,pj). 
j=l 

Here we follow the convention a + co = co + co = oo, 

This definition of area (Definition 4.2.3) is independent of both the concrete atlas 
and the selected partition. Again, we postpone a proof of this fact to Chap. 7. 

Let us say some words of justification about the name “k-area” that we have 
associated to a regular k-surface M in R”. Another natural name could be k-volume 
of M in R”. But what we have in mind is the generalization of the concept of area 
of a surface in R?, and we have already used the word k-surface in R” to generalize 
that classical concept of surface. Hence, we feel that the word k-area is the best to 
generalize the concept of usual area. Moreover, speaking in an informal way, the 
word “volume” conveys intuitively the idea of the “measure” of sets with nonempty 
interior in R?. But in our case, except in the trivial case k = n, our k-surfaces have 
empty interior in R”. The reader must be also aware that the concept of 1-area of a 
1-surface in R” is the generalization of the length of a set in R. 


Example 4.2.2 (Area of the sphere with radius r in R3). Let S be the sphere with 
radius r, 
U :={(s,t) :0<s<m,0<t< 2m} 


and let us consider 
y(s,t) := (rsinscost, rsinssint, rcoss). 

As we proved in Example 3.3.2, (U,@) is a coordinate system of S. Also, S is the 
union of g(U), the two poles of the sphere and a meridian. Since the meridian can 
be obtained as W(B) where (A, W) is a coordinate system of S and B is a null subset 
of A (see Exercise 4.4.2 for fuller details), the previous definitions give 


area sphere = area(U, 9). 


From 


we obtain 


1 20 
area sphere = [ ( r sins ar) ds = 4nr’. 
0 0 


4.2. Area of a Regular Surface 


Example 4.2.3. Let g: A C R* — R be a mapping of class C! on the open set A. 
Then S := Gg is a regular surface in IR?. We plan to express the area of S$ in terms of 


the function g. We already know that 
g:ACR?R, (5,1) (s,t,8(s,0)), 


is a parameterization of S and that 


Hence 


[feo (s,t) x Bis.) 


We conclude that 


area(S) = ff i (2.0) 4 (Sc. n) d(s,t). 
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4.3 Flux of a Vector Field 


Suppose that a surface S, contained in a plane of R?, is submerged in a fluid having 
constant velocity field Fo. We fix a unit normal vector N to the plane and are 
interested in the amount of fluid crossing the surface per unit time in the direction 
given by the vector N. 

We begin with an analysis of the simplest case, which occurs when the fluid is 
moving in the direction given by N, that is, Fo =|| Fo || -N. We imagine the fluid 
as a solid block that in time tf moves a distance || Fo || -¢ in the direction given by 
N. Hence, the amount of fluid crossing S in time ¢ coincides with the volume of the 
moved block, precisely || Fo || -t-area(S). Thus the amount of fluid crossing S per 
unit time is 

| Fo || area(S). 


Similarly, if Fo = — || Fo || -N, we get — || Fo || -area(S), where the minus sign 
indicates that the fluid is moving in the opposite direction to that given by N. 
For arbitrary Fo we decompose it as 


Fo = (Fo , N)-N + Go, 
where Gg is a vector parallel to the plane containing the surface S. It is rather clear 
that the movement in a direction parallel to the surface does not contribute to the 


total amount of fluid crossing the surface, which is (Fig. 4.3) 


(Fo , N) -area(S). 


Fig. 4.3, Amount of fluid crossing the surface per unit time 
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Suppose now that F is an arbitrary continuous vector field representing the 
velocity field of a fluid, and let us consider a regular surface S submerged in that 
fluid. To begin with, we restrict our attention to the case that the surface S is 
covered by a unique coordinate system (A,q), that is, S = g(A). We also assume 
that K := [a,b] x [c,d] is contained in A. Consider the unit normal vector to S at the 


point g(s,t): 


Let 
aA=S8) <8, <+**<Sm=b 


be a partition of [a,b] into subintervals of length / and let 
C=t)<t<-:-<t=d 


be a partition of [c,d] into subintervals of length k. Put Ji; := [si, si41] x [t;,tj+1], so 
that 
m—11-1 


o(K)= U Ue). 


i=0 j=0 


The portion of the surface g(Jj,;) can be approximated by the parallelepiped 
spanned by the vectors 


Ln ge lee 
{4 2suti) ke Lions} 


(translated so that the point p(s;,t;) is one of its vertices). As we proved in Example 
4.1.1, the area of that parallelepiped is 


Moreover, if # and k are small enough, we can assume that F is constant on 
y(i,;) and the amount of fluid crossing g(Jj,;) in the direction of vector N(s;,t;) is 
approximately 


(F(9(Sit;)) , N(sist;)) Ak [Secu x 28 (5, 


From Lemma 4.2.1, the limit as h and k go to zero of 


m—11-1 F) F) 
DY (F(e(sist;)) » N (siti) Ak: [Zon x + (sist) 
i=0 j=0 : 
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is given by the integral 


[feo m-|Bonx Zon 


This discussion justifies the next definition. 


d(s,t). 


Definition 4.3.1. Let (A,@) be a coordinate system of a regular surface S := g(A) 
in R3, F acontinuous vector field defined on S, and 


The flux of the vector field F across the surface S in the direction of the unit 
normal vector N is defined by 


Flux := i (F(9(s,t)) , Mie.) [Econ x “(5.2 


when this integral exists (in the sense of Lebesgue). 


We observe that if F = (f1,fo,f3) and g(s,t) = (x,y,z), then the flux can be 


written thus: 
Fiox = f/f (F( Pi Pics ale) 
S,t pu s Ot S, 5, 
= dx 9 9] d(s,t). 
Wh) 8 #& 


When M is a compact set contained in the regular surface S, the set K := g~'!(M) 
is compact (by property (S1) in Definition 3.1.1) and then we define 


Fluxy =f, 1 Fol (s,t)) Bisnyx Fs) d(s,t), 


which always exists. This situation is frequently the case in applications. 

In Chap.7 we will show that Definition 4.3.1 is independent of the chosen 
parameterization but it does depend on the field of unit normal vectors N. We will 
also discuss the case in which the surface cannot be covered by a unique coordinate 
neighborhood. 
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4.4 Exercises 


Exercise 4.4.1. Find the area of the triangle in R? with vertices 
P, =2e3 , Po =e; —e2 +263, P3 =e; +363. 


For the next exercise, one needs the following fact concerning the Lebesgue integral. 
If N is a null subset of R", then any function h: N — R is Lebesgue integrable and 
its Lebesgue integral on that set is 0, i.e., 


[n=o. 
N 


This statement may sound surprising, but it is an immediate consequence of the 
fact that if f and g : IR” — R are two functions that coincide almost everywhere (that 
is, there exists N; null such that f(x) = g(x) for all x € R”\ N), then f is Lebesgue 
integrable if and only if g is Lebesgue integrable, and in that case, 


| f=] 8. 
HL R" 


Indeed, the function hyy vanishes outside the null set N and hence coincides 
almost everywhere with the constant function 0 (which is Lebesgue integrable). 
Thus hyy is Lebesgue integrable on R” and its integral is equal to 0: 


frel nn = | 0=0. 
N R" R" 


Exercise 4.4.2. Let M be a regular surface of class C! in R? and suppose that (W, 9) 
is a coordinate system of M, 


g:WCR>MCR’, 


with the property that M \ g@(W) can be decomposed as the union of a finite family of 
subsets of M each of which is the image of a null set through some parameterization 
of M. Then 

area M = area (W,@). 


Exercise 4.4.3. Let y = (n, %) : (a,b) — R? be a parameterization of a regular 
curve of class C!, with % = 0. Evaluate the area of the surface of revolution formed 
by rotating y(|a,b[) around the x-axis. 


Exercise 4.4.4. Find the area of the part of the plane 


x y Zz 
Si Fi 7 
rae aa 


(a,b,c are positive constants) that lies in the first octant. 
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Exercise 4.4.5. Evaluate the area of the part of the cone x* + y* = z* that lies above 
the plane z = 0 and inside the sphere x* + y* + z* = 4ax with a > 0. 


Exercise 4.4.6. Find the area of the part of the cylinder x? + y* = 1 bounded by the 
planes x+y+z=Oandx+y+z=1. 


Exercise 4.4.7. Determine the flux of the vector field 


F (x,y,z) = (x, y,2z) 


across the part of the sphere 
xe y +27=1 


that lies in the first octant. 


Exercise 4.4.8. Let M be the part of the paraboloid 
x+y? +z2=4R 
that lies inside the cylinder 


(y—R)? +27 = R’. 


(1) Find a coordinate system of M such that the associated vector field N of unit 
normal vectors points upward. 
(2) Evaluate the flux of the vector field 
F (x,y,z) = (x,0,0) 


across M in the direction of N. 


Chapter 5 
Orientation of a Surface 


We know from Chap. 4 that in order to evaluate the flux of a vector field across a 
regular surface S, we need to choose a unit normal vector at each point of S in such 
a way that the resulting vector field is continuous. For instance, if we submerge a 
permeable sphere into a fluid and we select the field of unit normal outward vectors 
on the sphere, then the flux of the velocity field of the fluid across the sphere gives 
the amount of fluid leaving the sphere per unit time. However, if we select the field 
of unit normal inward vectors on the sphere, then the flux of the velocity field of 
the fluid across the sphere gives the amount of fluid entering the sphere per unit 
time (which is the negative of the flux obtained in the first case). So, it is a natural 
question to ask which (if not all) regular surfaces admit a continuous field of unit 
normal vectors. The regular surfaces admitting such a continuous vector field are 
called orientable surfaces. Most common surfaces, such as spheres, paraboloids, 
and planes, are orientable. However, there do exist surfaces that are not orientable. 


A. Galbis and M. Maestre, Vector Analysis Versus Vector Calculus, Universitext, 127 
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5.1 Orientation of Vector Spaces 


Before we present a formal definition of orientation for a real vector space, we 
discuss the particular cases of a line and a plane in R?. 

To orient a one-dimensional vector space means to choose a direction in that 
space, and it is obvious that there are two possibilities. 

If our objective is to obtain a version of Green’s formula from which we can 
calculate the work done by a force field on a particle as it moves along a circle 
contained in a plane of R*, then a quick look at Theorem 2.6.2 will convince us of 
the need to interpret what is meant by moving along the circle counterclockwise. 
This is not so obvious; indeed, it rather depends on our point of view. After all, a 
sheet of paper has a (very small) thickness, and all of us would agree whether a circle 
is traversed clockwise or counterclockwise (this is because the circle appears on one 
side of the paper only), however the situation is completely different if we replace a 
sheet of paper by an abstract plane in R*, which has no thickness and so the same 
circle can be viewed from both sides of the plane, leading to different interpretations 
of whether a motion is clockwise or counterclockwise. To fix an orientation of the 
plane means to choose one interpretation over the other. In a sense, this is rather like 
placing a mark to indicate which is the appropriate side of the plane. Mathematically, 
this is done by fixing a basis of the plane (a two-dimensional vector space) and 
identifying this basis, via some linear isomorphism, with the canonical basis of R, 
or equivalently, ordering the basis. 


Definition 5.1.1. Let V be a n-dimensional real vector space. The ordered bases 
{vj}j_, and {w;}"%_, of V are said to have the same orientation, denoted by 
{v iia ~ {w ee , if the unique linear transformation f : V — V that takes v; to 
w; has a positive determinant. 


That is, the change-of-basis matrix has a positive determinant. 

The property of having the same orientation is an equivalence relation, and there 
are two equivalence classes. These classes are the two possible orientations of V. 
If @ is one of the orientations, we will write —@ for the other. 


Definition 5.1.2. An oriented vector space is a pair (V, @), where V is a real vector 
space and @ is one of the two possible orientations. A basis 4 = {v; i= of V is said 
to be positively oriented if A € @. In that case, we usually write @ = [v1,..., vp]. 


It is natural to call the chosen orientation @ the positive orientation and the 
other orientation —@ the negative orientation. Let us emphasize that the notion 
of positively oriented basis depends on the choice of positive orientation @ and is 
not an intrinsic property of the basis. 


Example 5.1.1. The bases {v1,¥2,v3} and {v3,v1,v2} of R? define the same 
orientation. However, {v1,¥2,v3} and {v2,v1,v3} define different orientations. 
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In the first case, the change-of-basis matrix is 


010 
001], 
100 


which has determinant equal to 1. In the second case, the change-of-basis matrix is 


010 
100], 
001 


which has determinant —1. 

Unless we indicate otherwise, IR” is always taken to have the orientation defined 
by the canonical basis, and we will call this orientation the positive orientation 
of R". It follows from Definition 5.1.2 that a basis {v1,v2,...,v,} of R” is positively 
oriented if and only if the matrix with vector columns [v;,v2,..., Vn] has positive 
determinant. 


Proposition 5.1.1. Let 
g: [0,1] > R"’xR"x---xR", @=(@1,--59n) 


be a continuous mapping such that {j(t)}%_, is a basis of R", p(0) = {ej} iy 
(canonical basis), and g(1) = {vj}%_,. Then the basis {v;}"_, is positively 
oriented. 


Proof. Let f(t) denote the determinant of the matrix with vector columns [g)(‘), 
92(t),..-,@n(t)]. Then f is a continuous function on the closed interval [0, 1] that 
does not vanish; hence f(0) and f(1) have the same sign. Since f(0) = 1, we have 


det [v1, v2, ..-; Vn] = f(1) > 0, 


which means that {v iia has the same orientation as the canonical basis of IR” 
(Definition 5.1.1). 


One interpretation of Proposition 5.1.1 is that taking the parameter ft to represent 
time, if we begin with the canonical basis and as time goes on we continuously move 
the basis vectors in such a way that at all times we still have a basis, then all of these 
bases are positively oriented. Let us consider the canonical basis of R* and imagine 
that the index finger of your right hand points in the positive direction of the x-axis 
while the middle finger points toward the positive direction of the y-axis. Then the 
thumb points toward the positive direction of the z-axis. Since a basis (v1,v2,v3) of 
R? is positively oriented when (v1,v2,¥3) € [e1,e2,e3], Proposition 5.1.1 provides 
the following practical rule to determine the orientation of an orthogonal basis of R*: 
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Fig. 5.1 (a) Basis positively a 
oriented; (b) basis negatively V3 
oriented 


Vy V2 


In R?, an orthogonal basis (v1 ,v2,¥3) is positively oriented if the three vectors 
{v1,¥2,3}, in this order, correspond with the directions of the index finger, middle 
finger, and thumb of the right hand. 

This rule can also be expressed as follows: 

If we stand at the origin with our head pointing in the direction of v3 and face in 
the direction of v1, then the vector V2 lies to our left (Fig. 5.1). 

Next, we consider the orientation of a given two-dimensional vector subspace V 
in R>. Since V is generated by two linearly independent vectors, the following result 
will be useful. 


Proposition 5.1.2. Let {v,,v2} be two linearly independent vectors in R>. Then the 
ordered basis {v, X V2,¥1,V2} of R? is positively oriented. 


Proof. With respect to the canonical basis, the matrix of the linear transformation 
f :R*’ —R’ defined by f(e,;) =v; x v2, f(e2) = v1, and f(e3) = v2 has the vector 
columns [v, X ¥2,¥1,¥2]. Since the determinant of a matrix does not change under 
matrix transposition, we get 


det f = det [vy x v2,¥1,¥2| 


Vi xv 
= det al 
v2 


Hence detf coincides with the triple scalar product (Definition 1.1.5) of vectors 
{v) X ¥2,¥1,¥2}. Finally, 


det f = (v1 X ¥2,¥) X V2) 


=| v1 x v2 \|? > 0. 
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Fig. 5.2. Orientation of a 
two-dimensional vector 
subspace 


Proposition 5.1.3. Let V be a two-dimensional vector subspace of R? and let 
By, := {v1,v2} and By := {w1,w2} be two ordered bases of V. The following are 
equivalent: 


(1) The two bases B, and #2 define the same orientation on V. 
(2) There is A > 0 such that v, x vz =A (wy X W2). 


Proof. Both vy; X vz and w, X W2 are orthogonal vectors to V, and so (since V has 
a one-dimensional orthogonal complement) there exists A 4 0 such that v; x vp = 


A(w1 X W2). We denote by 
B= i | 


bo baz 


the change-of-basis matrix from {v1,v2} to {wi,w2}. If A is the change-of-basis 
matrix from {v1 X v2,V1,¥2} to {wi X W2,W1,W2}, then 


A 0 0 
A=} 0 bi di2 | , 
0 bo, br 


and therefore 
deta = A detB. 


Since the two bases {v; X ¥2,¥1,V2} and {w; x w2,W1,W2} define the same (positive) 
orientation in R?, we have that det A > 0 and det B and A have the same sign. We 
deduce from Definition 5.1.1 that the bases 4, and A, define the same orientation 
on V if and only if A > 0. 


We note that an ordered basis # := {v1,v2} of a two-dimensional vector 
subspace of IR? defines a unit normal vector to that subspace: 


= Vi xv 
| vp xv |] 


According to Proposition 5.1.3, two ordered bases of V define the same 
orientation if and only if they define the same unit normal vector N. In other words, 
to specify the orientation of a two-dimensional vector subspace V of R°, it suffices 
to select a normal vector to that subspace (Fig. 5.2). 
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5.2 Orientation of Surfaces 


If we choose an orientation of the tangent space 7,M to a regular surface M C 
R? (i.e., a regular 2-surface) at a point p € M, we are effectively orientating the 
surface in a neighborhood U, of p. If it is possible to choose an orientation of each 
tangent space so that on the intersection of two arbitrary neighborhoods Up and Uy 
the orientations induced by T,M and T,M coincide, then the surface M is said to 
be orientable. In this section we formalize this intuitive idea and we show that the 
orientable regular surfaces are those admitting a continuous vector field consisting 
of unit and normal vectors. 

If xo € M and (A,@) is a coordinate system of a regular k-surface M in R” such 
that 

x0 = (to), 

then on 7,,M we consider the orientation defined by the ordered basis 


We need to find conditions that ensure that the orientation of 7,,M is independent 
of the coordinate system chosen. 


Lemma 5.2.1. Let V and W be n-dimensional real vector spaces, 
L:V-W 
a linear isomorphism, and {uj}'\_), {vj}, two bases of V. Then 
{uj}. ~ Fier and only if {Luj}"_) ~ {Lvj}j-1- 
Proof. Denote by f : V + V and g : W > W the linear isomorphisms defined by 
f(ui) = v;, g(Lu;) = Ly;. Then (L~'! ogoL)(u;) =f(u;) for every 1 <i <n, and 
hence L~! 0 goL=f, from which it follows that 


det f = det (L~'! ogoL) =det(L~') det(g) det(L) 
= (det(L))~! det(g) det(L) 


= det g. 
f 
vy ————  V 
fee] 
8 
Ww — > W 
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Proposition 5.2.1. Let M be a regular k-surface of class CP in R" and let (A,@) 
and (B,w) be two coordinate systems such that D:= g(A)N w(B) 4 ©. Let xo € 
D, to € A, and uo € B be given with xo = o(to) = W(uo). Then the following are 
equivalent: 


(1) The bases 
_ fa or) _ fav ow 
B= {5 a). 520)} and By := 15 (ooo 5 (a) 


of Ty)M have the same orientation. 
(2) J(g- op) (uo) > 0. 
Proof. Put L := dg(to), T := dw (uo), and R := d(g~! 0 w) (uo). Since 


W(u) = (go@ 'op) (u) 


in an open neighborhood of uo and (gy! ° Vv) (uo) = to, we can apply the chain rule 
to get T=LOoR. Also 

By = {Le1, eee Lex}, 
while 


$y ={Tey,...,Te,} = {L(Re1),...,L(Rex)}. 


By Lemma 5.2.1, A, ~ #2 if and only if {e1,...,e,} and {Re,,...,Re,} are two 
bases of R* with the same orientation. This in turn is equivalent to 


J(g~!ow)(up) = det R > 0. 


Definition 5.2.1. Let M be a regular k-surface of class C? in R”. Then M is said to 
be orientable if there exists an atlas {(A;,@;) : i € 7} such that for each x € M there 
is an orientation 0, of T,M with the property that whenever (A,@) is a coordinate 
system in the given atlas and x = g(t), one has 0, = [S2(0), hg 3 ()| (Fig. 5.3). 
Definition 5.2.2. Under the conditions of the previous definition, we say that the 
atlas defines an orientation on M. Moreover, an arbitrary coordinate system (B, ¥) 
of M is said to be compatible with that orientation if for every t € B, the basis 


{LO Seo} 


of the tangent space Ty ,M belongs to the orientation 6y(,) (Fig. 5.4). 


From Proposition 5.2.1 we get the following characterization of orientable 
surfaces. 
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Fig. 5.3. We choose an 
orientation at each tangent 
space 


Fig. 5.4 (a) Compatible coordinate system; (b) incompatible coordinate system 


Theorem 5.2.1. Let M be a regular k-surface of class C? in R". Then M is 
orientable if and only if there exists an atlas {(Aj,gi) : i € I} such that for each 
pair of coordinate systems (A,,@,) and (Az, @2) with 91 (A1)N@2(A2) 4 S we have 
J(g,'0@2) > 0 on its domain of definition. 


Remark 5.2.1. In some texts (for instance Edwards [9]) the orientable surfaces are 
defined as those regular k-surfaces which have an atlas {(A;,g;) : i € 7} such that for 
each pair of coordinate systems (A,,@1) and (Az, @2) with g;(A;) @2(A2) 4 S we 
have J(g, | 0 @2) > 0 on its domain of definition. 


The orientable regular 2-surfaces in R? are precisely those that admit a continu- 
ous vector field of unit normal vectors. To prove this, let us first show that there is a 
simple way to reverse the orientation defined by a coordinate system.! 


'Reverse orientation and opposite orientation are terms used synonymously to indicate the 
orientation with negated sign. 
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Lemma 5.2.2. Let (A,g) be a coordinate system of a regular k-surface M in R" and 
define L : Rk + R* by L(t) = (t,..- ,tk-25tksth-1)- If B= L~'(A) and w = 9 oL, 
then (B,w) is a coordinate system of M, g(A) = W(B), and (B,wW) reverses the 
orientation induced by (A,@). 


Proof. It is clear that (B, W) is a coordinate system of M. Set S := g(A) = W(B). 
For every 
x= 9(t) ES, 


the orientation of 7M given by the coordinate system (A, @) is 
0g ro) 
& = | —(t),...——(t)| . 
= |200,... Li 


We put s = L~!(t). Then the orientation defined by (B, y) on the tangent space 
at the same point x = p(s) is 


_ low ow ow ow 
Vy = Ex eMiR s as s ioe | 


That is, 0, and vy are different orientations of the tangent space. 
The following lemma is not used in this chapter but will be required in Chap. 8. 


Lemma 5.2.3. Let M be an orientable regular k-surface of class C? and let (A,@) 
be a coordinate system with A C R* connected and open. Consider L : Rk + R* 
defined by L(t) = (t1,..- ,tk—25tk,th-1). Then either the coordinate system (A,@) or 
the coordinate system (L~'(A),@0L) is compatible with the orientation. 


Proof. Let {@, : x € M} be the orientation of the regular k-surface. Fix x9 € g(A) 
and choose fy € A with (ty) = xo. Either 


or 


In the second case we would have (by Lemma 5.2.2) 


SO EN) EE EMe))] = Oy 
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and so by switching coordinate system (if necessary) we can assume that we are 
dealing with case (i). We need to show therefore that 


) = 810) 


for allt € A. Given t € A, we know that there is a polygonal arc 


S20... 526 


Bi ESTE 


[uo, Wy] U [uy ,u2]U---U[us—1,us] CA 


with wy = ty and u,; =t. By induction, it suffices to prove 


For this, let 


Bi= {u € [uo,u1] : [Se (w),.- SA) = Goa. 


From up € B we have B 4 &. The set B is open relative to [ug,u;]. Indeed, 
given x = g(u), u © B, there is a coordinate system (G, Ww), compatible with the 
orientation, with p(w) € w(G). By Proposition 5.2.1 we have 


J(w'o@)(u) >0. 


Select r > 0 such that the open ball in R* centered at u and with radius r satisfies 
B(u,r) CA and g(B(u,r)) C W(G). Then J(w~! og)(t) £0 for all t € B(u,r) and 
J(w-!o@)(u) > 0; hence, due to the continuity, J(y~! 0 @)(t) > 0 for every t € 
B(u,r) and we obtain, by Proposition 5.2.1, that 


B(u,r)O (uo,ui| CB. 


The same argument shows that the complement of B in [uo,u;], namely 


{u € [uous 52)... 5200] =~ Op}, 


is also open relative to [uo,u]. Hence B is closed. 

We have proved that B is a nonempty open and closed subset of the connected set 
[uo ,u 1], from which we conclude that B = [uo,u;], and thus the orientation defined 
by the coordinate system (A,q@) in g(u 1) is compatible with the orientation of M. 


Lemma 5.2.4. Let f,g : A C R? > R" \ {0} be continuous on the open set A and 
let h: A CR? >R be such that f(x) = h(x)g(x) for every x in A. Then h is also 
continuous on A. 
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Proof. For any xo € A there exists j € {1,...,n} such that gj(xo) A 0, and by 
continuity, there then exists r > 0 with g;(x) 4 0 for all x € B(xo,r). It follows that 


h(x) = i) for all x € B(xo,r), 


g(x 


which shows that / is continuous on the ball B(xo,r), since it is the quotient of two 
continuous functions. 


Theorem 5.2.2. Let M be a regular 2-surface of class C! in R>. Then M is 
orientable if and only if there is a continuous function F : M — R°? such that F(x) is 
orthogonal to TyM for each x € M and ||F(x)|| = 1 (in particular, {F(x)} is a basis 
of NxM for every x € M). 


Proof. Suppose that M is orientable and let {(A;,g;) : j € J} be the atlas whose 
existence is guaranteed by Theorem 5.2.1. For each j € J we put M; := ;(A;) and 
define F; : Mj — R? as follows. We first consider 


which is a continuous function on A; because @; is of class C! on Aj. Then we take 
F(x) = Gj(g; '(x)) forx € 9j(Aj). 


For x = 9;(s,t), it is obvious that F ;(x) is a unit vector that is orthogonal to the 
tangent space 7,M. Also, since F; = G;0 9)", we conclude that F; : Mj; > R? is 
a continuous function. If j;, j2 € J, then Fj, coincides with F;, on M;, Mj, by 
Proposition 5.1.3. Since the sets {M; : j € J} are open in M and they cover all of 
M, it turns out that there is a unique continuous function 


F:M—>R> 


such that F(x) = F j;(x) whenever x € Mj. 

Suppose now that there is a continuous function F : M — R? such that F(x) is 
orthogonal to 7M and ||F(x)|| = 1 for each x € M. For every x € M we select a 
basis {v;,v2} of the tangent space 7M with 


Vi xv 


FO) = Toma 


(5.1) 


and we consider the orientation 0, := [v1,¥2] of 7M. By Proposition 5.1.3, the 
chosen orientation @, does not depend on the chosen basis of the tangent space 
as long as condition (5.1) holds. Now we fix xo € M and let (A,@) be a coordinate 
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system of M with xo € g(A). Take (s0,f0) € A with x9 = g(s0, fo) and r > 0 such that 
B := B((so,to),r) CA. Finally, we consider the coordinate system (B,g) and put 


Since M(s,t) and F(@(s,t)) are both unit vectors orthogonal to the tangent space to 
M at ¢(s,t), it follows that for every (s,t) € B, 


N(s,t) =A(s,t)F(9(s,t)); 


where 


X(s,t) = +1. 


Lemma 5.2.4 guarantees that the scalar function A is continuous on B. Since the ball 
B is connected, there are only two possibilities. Either 


A(s,t) = 1 forall (s,t) €B (5.2) 


or 
A(s,t) = —1 forall (s,t) € B. (5.3) 


In the first case, (5.2), 
N(s,t) = F(o(s,t)) 


for every (s,t) € B, which means that 


does not define the orientation @,, and we define 
C:={(t,s) :(s,t) €B} 


and 


w(t,s) = @(s,t). 
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Fig. 5.5 Unit normal vectors 
to a surface 


Then by Lemma 5.2.2, (C,w) is a coordinate system of M, xo = W(to, So), and for 
each 


x= W(t,s) =9(s,t) 


the bases 


According to Definition 5.2.1, M is orientable. 


Remark 5.2.2. Let M be a regular surface in R? that is orientable and connected. 
Then an orientation of M is determined by choice of a normal unit vector at any 
single point x9 € M (Fig. 5.5). 


Theorem 5.2.2 motivates the following definition. 


Definition 5.2.3. Let M be a regular surface in R* and let F: M > R? be a 
continuous function such that for every x € M, F(x) is orthogonal to 7M and 
||F(x)|| = 1. By the orientation induced by F in M we mean the orientation with 
the property that for all x € M, the orientation of the tangent space 7;.M is 


0, = [v1 (x),v2(x)] ’ 
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where {vj (x),v2(x)} is a basis of TM such that 


{F(x),¥1(x),¥2(x)} 


is a positively oriented basis of R?. 


This last condition is equivalent to the fact that F(x) is a positive multiple of the 
cross product vj (x) x v2(x). 


Example 5.2.1. The sphere M := {(x,y,z) € R? :x*+y? +22 = R’} is orientable. 


Proof. It suffices to consider the continuous vector field F : M — R? defined by 
F(x,y,Z) = R(x, y,z). It is obvious that F (x,y,z) is normal to the sphere at the 
point (x,y,z). We could also apply Proposition 3.4.1, after considering the function 
(x,y,z) =x? +y* +2 — R? and observing that 


_ _VP(xy,2) 
I| VP(x,y;z) | 
Moreover, if we consider the orientation of the sphere induced by the vector field 


F (see Definition 5.2.3), then the coordinate system (A, g) of M (see Example 3.3.2) 
defined as 


F (x,y,z) 


A:={(s,t) :0<s<a,0<t< 2m} 


and 


y(s,t) := (Rsinscost, Rsinssint, Rcoss) 


is compatible with the orientation of M. For this, it suffices to show that 


0g oo 
(2 x =) (s,t) 


is a positive multiple of F(g(s,t)), and this follows from 


e\ (2) €3 
dg og ; 
= x = ](s,t) =| Rceosscost Rcosssint —Rsins 
os ot Ss : 
—Rsinssint Rsinscost 0 


= (R’ sin’ scost, R? sin’ ssint, R’ sinscoss) 


= R’ sins F(9(s,0)) : 


We will not prove the following result. A proof can be found in Samelson [16]. 


Theorem 5.2.3. Every compact regular 2-surface in R? is orientable. 
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(-a,1) (0,1) (a,1) 


(—a, l-e) 


(—a,0) (0,0) (a,0) 


Fig. 5.6 Forming a Mobius strip 


Fig. 5.7 The Mobius strip is 
not orientable 


Example 5.2.2 is contained in Do Carmo [5, p. 106]. There, one can find a 
detailed description of an atlas of the surface and a rigorous proof that it is not 
orientable. 


Example 5.2.2 (A nonorientable regular surface: the Mobius strip). We consider a 
circle centered at the origin in the xy-plane and a line segment (without endpoints) 
in the yz-plane whose center is located at a point of the circle (Fig. 5.6). We move 
the center of the segment along the circle, and as we do so, we rotate the segment 
about the tangent line to the circle in such a manner that when the center of the 
segment has rotated on the circle by an angle @, then the segment has rotated by an 
angle g The surface thus obtained is called the Mobius strip. It can also be obtained 
from a rectangle [—a,a] x (0,1) in the xy-plane by joining the two vertical sides so 
that the point (a,€) coincides with (—a, | — €). (That is, we join the two ends of the 
rectangle but incorporate a “half twist” in doing so.) 


If the surface is orientable, then there is a continuous field F of unit normal 
vectors to the surface (see Theorem 5.2.2). An analysis of these normal vectors 
along the circle used to generate the Mobius strip allows us to conclude that after a 
complete revolution of the strip, the normal vector F returns to its original position 
as —F, which is a contradiction (Fig. 5.7). 
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To finish, we mention that a coordinate system of the Mobius strip is (A,Q), 
where A = (0,27) x (—1,1) and 


9(s,t) = ((2-rsin (5)) sin(s), (2-rsin (5)) cos(s),f.cos (5)). 


This coordinate system is sufficient to draw the surface (with the help, perhaps, of 
some graphical software), since g(A) covers all the surface except an open segment. 
In [5] it is proved that the Mébius strip admits an atlas with only two coordinate 
systems (A,@) and (B,w) with the property that g(A)M w(B) has two connected 
components. 
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5.3. Exercises 


Exercise 5.3.1. If V is a two-dimensional vector space and 4, = {v1,v2} is a basis 
of V, does the basis 42 = {v; +v2,v1 — v2} have the same orientation as 4)? 


Exercise 5.3.2. The sets 
{e, —e2,e; —e3} and {e; — e3,2e; —e —e3} 


span the same vector subspace V of R?. Determine whether the two bases define the 
same orientation in V. 


Exercise 5.3.3. Determine whether the following coordinate systems of the cylin- 
drical surface 


S:={(x,y,z) €R?; 2 +y? =1,0<z<1} 
define the same orientation in the tangent space to S' at each common point 
(x0,.Y0,20) = 9(S0,f0) = W(uo, Vo) : 


1. g: (0,22) x (0,1) > S, (s,t) = (coss,sins,t), 
2. w:(0,1)x (0,1) 35S, ¥ (u,v) = (uVT=1,v). 


Exercise 5.3.4. Find a parameterization of the paraboloid 
g=1-" =y (C<¢<1) 


compatible with the orientation induced by a field of normal vectors pointing 
inward. 


Exercise 5.3.5. Prove that any level surface M in R? is orientable. 


Chapter 6 
Differential Forms 


6.1 Differential Forms of Degree k 


The expression 


fi fh fh 
dx Oy az 
i We Os. Os d(s,t) 
dx ody dz 
ot ot oat 


obtained in Chap. 4 for calculating the flux of a vector field across a surface defined 
by a unique coordinate system suggests that it may be convenient to identify 
the vector F(x) = (fi (x), f2(x),f3(x)) with the alternating bilinear form on R? 
defined by 


fi(x) falx) fa(x) 
(uv)> ] uy uw wf, 
val v2 V3 


where x = (x,y,z). It is natural then to identify a vector field on an open set U C R? 
with the mapping that to each point x of U associates the bilinear form defined 
above. 

More generally, we will study mappings @ defined on an open set U C R” that 
associate an alternating k-linear form on (IR")* to eachx € U. 


Definition 6.1.1. We denote by A*(R”) the vector space of all alternating k-linear 
forms, that is, the mappings @ : (IR”)* — R that satisfy the following conditions: 


(a) Q(V1,.--,¥j +Wj,---5¥K) = PV ig co Wj PE) HOM 1s Wire 9 PE), 
(b) PV] 504-5 OV jz+--,VE) = OA Vigas gh peregVE)s 
(c) OV sag Vigierg VGgeesghR) — Qi Wigs Vises Pig saeyhR)s 


for every ¥1,...,¥%,w; € R", aj ER, andj € {1,...,k}. 
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Definition 6.1.2. Let 9; := dx;, : R" + R, 1 < j < k, be given and define the 
k-linear mapping 


PAA AQ: (R")K +R 


by 

(P1A 2 A-+-A@k)(¥1,¥2, +++ sk) = det (@;(¥;)) 
for every (v1,...,¥%) € (IR")*. This operation is called the exterior product of 
{Q15 +++, Ox} 


From the properties of determinants we get 
PL AQA---A gy € A*(R"). 
For each k-tuple I= (i),...,i¢), 1 < ij <n, we put 


dxy := dxj, A---Adxi, € A(R"), ey := (€:,,---,€iz) €E (R")*, 


It is natural to ask why we did not allow arbitrary linear forms @),...,@, on R” 
in Definition 6.1.2. The answer is in Corollary 6.2.1. 
For the following proposition, recall that if 7 is a permutation of I = (i1,..., ix) 


and we express 7 as the product of 0 transpositions, i.e., of permutations 
(152) sph seeg fesse Pt (Qj sag fpr gijsssg)s 


then the signature of 7 is the number o. 


Proposition 6.1.1. (1) If f,g € A*(R") and f (ey) = g(e) for any strictly increas- 
ing k-tuple I, then f = g. 

(2) If any index in I is repeated, then dxy = 0. In particular, dxy = 0 whenever 
I= (ij,...,i¢) andk >n. 

(3) Let a be a permutation of 1 = (i,,...,ig). Then 

Axi, A+++ Adxj, = (—1)°dxqyi,) A+++ A dxq(i,); 

where o is the signature of the permutation. 

(4) Let I= (i1,...,ix), J = (j1,---, jx) be given and suppose 1 <i) <in << 
ip <nand\< jy < ja <+++ < jx <n. Then 


dxy(ey) = 1 if ty = fi,---5hk = Je; 
0 otherwise. 


That is, using Kronecker 6 notation, 


dxy(ey) = Ory. 
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Proof. (1) After applying property (c) of Definition 6.1.1 as many times as 
necessary, we deduce that f(e;,,...,¢i,) =g(éi,,---,¢@i,) for all i),..., iz. It then 
follows from properties (a) and (b) that f = g. 

From Definition 6.1.2, dxy is the determinant of a matrix with two identical rows 

and hence it vanishes. 

This is a consequence of the fact that the sign of the determinant of a matrix 

changes if two rows are interchanged. 

(4) If ji < i, then dyx;,(e;,) = 0 for all 7 and dxy(ey) is the determinant of a 
matrix with a zero column. Hence dxy(ey) = 0. If i) < j1, then dx, (e;,) =0 
for all J and dxy(ey) is the determinant of a matrix with a zero row. Hence 
dxy(ey) = 0. Finally, in the case i; = j; we have that the first row in the 
matrix (dx;, (e;,,)) is (1,0,...,0). It follows from the properties of determinants 
that dxy(ey) = dxy (ey), where I’ = (i2,...,i,) and J! = (jo,..., jx). Now an 
induction argument provides the conclusion. 


(2 


wa 


(3 


wm 


Let Y denote the set of strictly increasing k-tuples. 
Proposition 6.1.2. For anyn € N and 1<k <n, the set 
{dxy:1e JY} 
is a basis of A*(R"). 
Proof. Let us assume 


y aydxy = 0. 
Ic Kf 


Then for each strictly increasing k-tuple J we have 
0= ( > ardx1) (ey) =), 
Ic Ff 
which shows that the family {dxy} is linearly independent. On the other hand, given 
f € A*(R"), we consider 
2 .= py f (ex)dat. 
Ic Kf 


Then g € A*(R”) and g(ey) = f(ey) for each strictly increasing k-tuple J, which 
proves that f = g. 


It follows from this that A*(IR") is a vector space whose dimension is () if 
1<k<nandOifk>n. 


Definition 6.1.3. If 1 < j <n, we denote by dx, /--- Adx; A--+A dx, the differential 
(n — 1)-form obtained as the exterior product of the n— 1 differential 1-forms 
{dx1,dx2,...,dxj;-1,dxj41,...,d%n}, in the order in which they appear. Analogously, 
dx} A dx2 \-++A-+++A dx, is the exterior product of {dx2,...,dx,}, and dx; A--- A 
dxn—1 A dx, is the exterior product of {dx,,dxo,...,dx,—1}. 
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Proposition 6.1.3. (1) There is a linear isomorphism from R" to A'(R"), given by 
R" > A(R") , a= (a1,...,dn) 4 ¥, aj-dex;. 
j=l 
(2) There is a linear isomorphism B : IR" + A"—'(IR") defined by 


n 
a= (aj,...,dn) > ¥ (-1)laj- day A-- Adxj A+++ Adkn. 


mm. 
ll 
ay 


The first of the isomorphisms given above was important in the study of line 
integrals, while the second will prove essential when we study the divergence 
theorem. 


Example 6.1.1. Let a = (a,a2,a@3) be a vector in R? and 
@ =a, dyAdz + ay dzAdx + a3 dx Ady € A?(R’). 
Then for each pair of vectors 


u = (u1,U2,U3), Vv =(V1,V2,V3) € R?, 


we have 
U2 Uu u u 
@ (u,v) =a, 2 43 1 43 142 : 
V2 V3 V1 V3 Vi v2 
That is, 
a a2 a3 
@(u,v) = |uy uw u3|= (a, uxy). 

V1 V2 V3 


Observe that if B : IR” > A”~!(IR”) is the isomorphism given in Proposition 6.1.3, 


then for v/ = (vi,...,vn) ER", j=1,...,n—1, we have 
a, a2 an 
1.2 1 vi vA vi 
iv oe 
Bayt sa = me 
n—1 .n—1 n—1 
vi VS ve 


which is a natural generalization of Example 6.1.1. 


6.1 Differential Forms of Degree k 151 


Definition 6.1.4. A differential form of degree k (briefly a differential k-form) on 
R” is a mapping 
@:U CR" A‘(R"). 


By Proposition 6.1.2 we can write 


@ (x) = y Fit sig (H)OK, A+ A dx, 


1<i) <++<ip<n 


In shortened form, 


w(x)= ) filx)dar, 
Ic f 


where each fj : U C R” > R is a unique mapping. A mapping @ is said to be 
continuous if each fj, ....,i, (x) is continuous. If U is an open subset of R” and each 
function fj, ,...,;, is differentiable (respectively of class C”) on U, then @ is said to be 
differentiable (respectively of class C?) on U. 


It follows from Proposition 6.1.3 that there exists a bijection between vector fields 
in U and 1-forms, as well as a bijection between vector fields in U and (n—1)- 
forms. In particular, for n = 3 it turns out that a vector field on an open subset of 
IR? defines in a natural way a differential 1-form and also a differential 2-form on 
IR. It was this that allowed us in Chap. 2 to express the line integral of a vector 
field in terms of integration of 1-forms. It will also allow us in Chap.7 to write 
the flux of a vector field across a surface as the integral of a differential form of 
degree 2. Notwithstanding this fact, for 1 < k <n—1, it is not possible to obtain an 
isomorphism between R” and A(R”), since the differential forms of degree k do not 
define a vector field in a natural way. In spite of this, the integration of differential 
forms will be an essential tool in the integration of vector fields. 


152 6 Differential Forms 


6.2 Exterior Product 153 
6.2 Exterior Product 


The notation used to represent the elements of the basis of A(R”) provides us 
with an exterior product, which is a natural way of combining differential forms of 
degrees k and s to create a differential form of degree k+ s. This exterior product can 
be defined in a basis-free manner, as for example in the excellent book by Spivak 
[17]. However, we choose the basis-oriented approach to the exterior product, since 
it allows us to expressly deduce the properties of the exterior product that we need. 


Definition 6.2.1. Let w(x) = Die y fi(x)dur be a k-form and g(x) = Dye y 
gy(x)dxy an s-form on the set U C R". The exterior product of w and g is the 
(k+ s)-form given by 


oN—= > fi gy dx, A+ A dx, Adxj, A+++ Adx;,, 
IJe 4 
where the summation is over all strictly increasing tuples 
I= (i,...,i), L<ip<-+<ig <n, 
and 


JS GiyesseFe)s L< ji <-++< js <n. 


Proposition 6.2.1. Let w be a k-form, g an s-form, and @ an r-form on U CR". 
Then: 


(1) @AG)AO=HNA(GAB), 
(2) o\(9+9)=@AQ+O@N0 ifr=s, 
(3) (Ag) =(-1)8(eA@). 


Proof. Leaving the other parts to the reader, we will prove (3) by way of an informal 
induction argument. In shortened form, we can write 


o\g= > Y¥ figy dur dxy 
Ie fJcJs 
and also 


pio= > DY figs dxy Ada. 
Ic SJcZ 


Let I= (i1,...,ix), J = (it,---, js) be given. Observe that since dx; A dx; = 
—dx; A dxj, 


dxy A dxy = dx;, A+++ AN dx;, \dxj, A+++ A dx), 
= (-1) dxj, A\---Adxi, , Adx;, Adxj;, \dxj, \---Adx;, 
= (—1)’dxj, A-+- Adxy_, Adxj, A-+-Adxj, \dxi,. 
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Repeating this process k times, we get 
diy A dxy = (—1)*dxj, A+++ Adxj, Adxi, A+ A dxi, 
= (—1)# day A day. 


We denote by (R”)* = #(R",R) the dual space of R”. In the next result we 
identify a linear form g € A!(R"”) with the constant degree-1 differential form @ : 
R” > A!(R"), (x) = g, for allx € R". 


Corollary 6.2.1. Let @,...,@% € A(R") be given. Then for each (v1,...,¥%) € 
(IR"), and each x € R" 


(1 Noel Px) (x) (V1, one Vk) = det(g;(v;)). 
(Observe that (~, \--- /\ @ is a k-form constant in x.) 


Proof. We fix v;,...,¥% € IR” and consider the mappings 
S,T:(R")* x---x (R")* >R 


defined by 
S(Q1,---, Px) = det(g;(v;)) 
and 
T(P1,--+, Pk) = (Pi A+ A Qk) (V1, ++ ¥E)- 
Both S and T are alternating k-linear mappings. Moreover, it follows from 
Definition 6.1.2 that 
S(dxj,,..-,dxi,) = T(dxi,,..-,dxi,) 


for each 1 < ij <--- < ig <n. From the fact that {dx;} is a basis of (IR”)*, we 
deduce S=T. 
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6.3 Exterior Differentiation 


Already we have seen in Chap. 2 how one can obtain a differential form of degree 1 
(the differential of g) from a differentiable function g. We are going to generalize this 
mechanism for differential forms of degree k. In addition, we will see that exterior 
differentiation can be viewed as a generalization of the operations of divergence and 
curl that were studied in Chap. 1. 


Definition 6.3.1. Let @ : U C R” > A*(R") be the differentiable differential form 
of degree k on the open set U given by 


Om= >, Haile) Ade rrrAdey. 


1<ip<-<ip<n 
The exterior differential of @, dw : U CR" > A**!(R"), is defined as 


dw (x) — »y df, _ i, (©) Adxi, A+++ Adxi,. 


1<ip<-<ip<n 


It should be clear that dw is a differential form of degree k+ 1. 
Example 6.3.1. The exterior differential of a differential form of degree | on R?. 
Let 
F = (P,Q) 


be a vector field of class C! on an open set U in R? and let us consider the associated 
differential form of degree 1, 


@ (x,y) = P(x,y) dx + Q(x, y) dy. 


Then 


Se drt Fay) Ads 


dw = dP Ndx+dondy=(F os 


dQ dQ 
(2 rae ‘y) Ady 


a a PN dx A dy 
oy Ox 


(dQ aP 
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We have used that 
dx A dx = dyAdy=0 


and 
dy A dx = —dx A dy. 


We observe that the differential form dw is determined by the same function 


that appears in Green’s Theorem (see Sect. 2.6). 
We recall that if F = (fi, f2,f3) : U C R? — R? is a vector field of class C! on 
an open set U, then the divergence of F is the scalar function 


in CH g CR OSs 
elias Ox = Oy az 


(Definition 1.2.10) and the curl of F is the vector field defined by the formal 
expression 


Q; €2 @3 
0 00 
Curl F:= VY x F= Ox dy az!" 
fi fz B 
That is, 
_(9fs of Of; Of; Af2 Of; 
cunt r= (3 ae Oe oe Oe Oy 


(Definition 1.2.11). We also recall that, according to Proposition 6.1.2, the differen- 
tial forms of degree 2 


{dyAdz, dzAdx , dxAdy} 
are a basis of A?(R*). 
Example 6.3.2. The exterior differential of a differential form of degree | on R°. 
Let 
F= (fi, f, fs) 
be a vector field of class C! in an open set U of R?. We intend to calculate the 


exterior differential of the associated differential form of degree 1, 


@ = fi dx+ fo dy+ fs dz. 
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We obtain 
dw =df, \dx + df2 Ady + dfz Adz 


oF (2 dx + a oe as) (A dy 


from whence it follows 


_ (Af AR) yy rge , (Ah _ ah af af 
dw = (2 2) aynds + & f) dzAdx + & a) avngy 


Finally, d@ is the differential form of degree 2 associated to the vector field 
Curl F= V x F. 


Example 6.3.3 (The exterior differential of a differential form of degree 2 on R?). 
Let 


F= (fis t2;f3) 


be a vector field of class C! in an open set U of R?. We intend to calculate the 
exterior differential of the associated differential form of degree 2, 


@ = fi dyAdz + fodzAdx + fz dx/Ady. 


We get 
O Of 
do = an ax Ady Adz + Ge dy Aden ds + oP dende Ady 
Using 


dy Adz dx = —dy Adx Adz = (—1)*dx Ady A dz, 


we conclude that 
dw = (Div f) dx A dy A dz. 


Proposition 6.3.1. Let w and n be two k-forms, g an s-form, and f a function, 
each of class C! on an open set U of R". Then 


(1) d(@ +7) =de +dn, 
(2) d(fw) =dfA@+ fda, 
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(3) d(@ Ag) =do \g+(—1)'w Adg, 
(4) d(dw) = 0 if @ is of class C? on U. 


Proof. (1) This is a simple verification. 
(2) It suffices to consider the case 


@ (x) = g(x) dxj, A-+-Adxy, , <i <3 << ip <n, 


where g: U — R is a function of class C! on U. Keeping in mind that g(x), 
f(x) ER, and df(x),dg(x) € A!(R”), we obtain 


d(fw) (x) = d(fg)(x) Adxi, A+++ A dxi, 
= (ex) df(x) +f) dale) Adxi, Av Ada, 
=df(x)A (s(x)dxi, Aes Ady, ) + f(x) (de(x) Adx;, Ae Ads, ) 


= (df \@) (x) + f(x) (do )(x), 
for every x € U. 


(3) We will use some shorthand notation already introduced. It suffices to consider 
the case 


(x) = f(x) dx, g(x) = g(x) dry, 


where 
= (i1,---, tx) and J = Wiigexegfs) 


for ij < +++ <ig, jy < +++ < jy and f,g:U — R of class C! on U. Then 


(@ A g)(x) = f(x)g(x) da A day, 


and by the formula of the differential of a product, 
d(@ A @)(x) = d(fg)(x) Adxy A dxy 
= (e(x)d f(x) + fle)dg(x)) Adar A day 


= df (x) AdxrA (g(x) dxy) + f(x)dg(x) Adar dry. 


We have 
df (x) A dx = d@ (x), 
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for each x € U. Also 


Observe that we have used the fact that the permutation (/,i),...,i,) 0 
(i,,.--, ix, 1) has signature k. Now we can conclude that 


d(@ Ag) =dw \g+(—1)kw Adg. 


(4) Suppose w(x) = f(x)day, I= (i1,...,i,) where i) <---<i,andf:U CR">R 
is of class C? on U. Then 
n of 
dw (x) =df(x) Ady = ¥ 5) dx; A dxy 
j=l O*%F 


and therefore 


d(de)(x) = (x) dxy) A dx; dxy, 


f 
= OF Ox; 
for every x € U. Now, using 

dx; \ dx; =0 and dx, \ dx; = —dx; A dx, 


we are left with 


( O° f a f 


d(do ) (x) = xj Om? xg OX; 


(x)) dx; \ dx; A dxy 

1<j<k<n 
for all x € U, and it follows from Schwarz’s theorem that d(dw )(x) = 0 for all 
xeU. 


Corollary 6.3.1. Let F := (f\,f2,f3) be a vector field of class C? in an open set U 
of R?. Then 


Div (V x F) =0inU. 


160 6 Differential Forms 


Proof. If 
@ =f, dx+ fo dyt+ fy dz 


is the differential form of degree | associated to the vector field F, then V x F is the 
vector field associated to the differential form (of degree 2) dw. Now the conclusion 


follows from 


0 = d(dw) = Div (V x F) dxAdyA dz. 
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6.4 Change of Variables: Pullback 


Definition 6.4.1. Let T: U CR” + GC R" bea mapping of class C! on the set U 
and let @ : GC R" — A*(R") be a differential k-form on the set G. The pullback of 
@ under T is the differential k-form T*@ : U C R™ — A*(R™) defined by 


T*w(u)(v1,...,¥e) = o(T(u)) (aT(u)(v1),--.,4T(u)(r4)), 


for every u € U and every (v1,...,¥%) € (R”)*. 


Observe that the set G in this definition does not need to be open. If f : G+ R” 
is a function, we put T*f :=foT. Also we will refer to f as a differential form of 
degree 0, or a O-form. 


Example 6.4.1 and subsequent results show that the operation of pullback is, in 
fact, a change of variables. 


Example 6.4.1. Let T: U C R™ + GC R" be a mapping of class C!, T = 
(T,.--,Tn). For each 1 <i <n we have T*dx; = d Tj. 


For u € U C R” we write x = T(u), so x; = T;(u). By definition, 


(T*dx;)(u)(v) = dui(T(u)) (47(u)(v)) = dx; (a7(u)(v)) 
for each vy € R”. But 
dT (u)(v) = (47; (u)(v),...,dT(u)(v)), 
and hence 
dx; (a7(u)(v)) = d7(w)(v). 
This proves that T* (dx;) = d7;. 


Corollary 6.4.1. Let T: U CR" — G C R" be a mapping of class C' on the open 
set U and let : GC R" + A*(R") be a differential form of degree k on the open 
set G. If 

= DY Fira le) Ada, A Ade 


1<ij <+1+<ip<n 


for every x € G, then 


T’(@)(u) = DY fi; yey i, 0T(u) AAT, A--- ATi, 
1<iy <-<igpn 
for everyuce U. 


Proof. Consider the differential 1-form p; = dx;,, j= 1,...,k. Clearly pj(x) = di; 
for every x € G. Now, 
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T*(i A+ Age) (u)(¥15---%%) 


by corollary 6.2.1, coincides with 
(GiA+-A gx) (T(u)) (dT (W)(v1),---.47(a)(v%)) 
= det(pi(T(u))(47(u)(")))) 1 


= (T* (1) A--- AT*(@x)) (U) (1, ++ Pe) 


= (d7j, A---AdTj,) (U)(V1,--- Ve) 


for every u € U and (¥1,...,r%) € (R™). 
If T and @ are of class C?, 1 < p< ©, then T*(w) is a differential k-form of 
class C?-!. 
Example 6.4.2 (Polar coordinates). Let T : Ri 0) Ri be the mapping de- 
fined by 
T(p,@) := (pcos6,p sin@). 


Denote by (p,@) the coordinates of an arbitrary point in the domain of T and by 
(x,y) the coordinates of an arbitrary point in the range of T, so that 


{dp do} 


is a basis of A! (R? 


(p.0)) and 


{dx, dy} 
is a basis of Al (Ri, yy): According to Example 6.4.1, since 7;(p,@) = pcos@ and 
Th(p,0) =psin®, 
T* (dx)(p, 0) =dT)(p,0) = cos @dp — psin@dé 


and 
T* (dy)(p,@) = dTo(p,@) = sin @dp + pcos 6dé. 


We observe that if we put x = pcos@, y = psin®@ and we perform a formal 
calculation 


Ox Ox 
an! ge 
_ oy dy 
a5 ae 
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we obtain 
dx = cos @dp — p sin @d8, 
dy = sin@dp + pcosdé. 


Thus, in changing coordinates, we are effectively calculating the pullback T* (dx) 
and T* (dy). 

Prompted by this, and other similar examples, at times we will informally refer 
to the pullback as a change of variables, despite the fact that the pullback is also 
defined in the case that T is not a transformation of coordinates. 

The basic properties of the pullback are the following (compare with Edwards 


[9]). 


Proposition 6.4.1. Let T:U CR” + GC R" be a mapping of class C! on the open 
set U and let and w ; be differential forms of degree k on the open set G in R". 
Further, let g be a differential form of degree s and f a function of class C! on G. 
Then: 


(1) If S:GCR" VCR? is ofclassC! and@ :V CR? > A¥(R?) is a differential 
form of degree k on V, then 
(SoT)"(8) =T'(S°(4)), 


(2) T'(fo)=T'(f)T'(@), 

(3) T'(aw) =aT*(@),a ER, 

(4) T*(@1 +@2) =T*(@1)+T'(@2), 
(5) T*(@ Ag) =T' (@)AT(Q). 


Proof. (1) is a consequence of Definition 6.4.1 and the chain rule, while (2), (3), 
and (4) are immediate from the definition. 
For (5), write 


o= >) fidu,g= > gy dy. 
Ic % Jes 


Here I = (i1,...,i,) and J = (j1,..., js), where 
I< es Sy Sw and 12 So Sw, 


Then 
o Ng => fi: gy dar Ady, 
IJ 


and it follows from properties (2) and (4) that 


T*(@ Ag) = (fioT)(gy0T) T* (day A dxy). 
im 


As we already proved in Corollary 6.4.1, 


164 6 Differential Forms 
T* (dxy A dxy) = (d7j, A--: AdTj,) A (dj, A-+ AdT;,). 


Applying Corollary 6.4.1 again, we get 


> (freT) dj, \-+ Adj, = T*(@) 


le g 
and 
> (gy0T) d7j, \-+-AdTj, =T*(). 
Jes 
Thus 
T*(w) \T*(9) = R(feP (aso) T™ (dxy A dxy) 
=T*(wAg@). 


Proposition 6.4.2. Let T: U CR” — GC R" be a mapping of class C* on the open 
set U and let w be a differential form of degree k and class C! on the open set G of 
R". Then T* (dw) = d(T*w). 


Proof. We first prove the result for differential forms of degree 0 (functions). To 
this end, let 
f:GCR’>R 


be a function of class C! and write x; = T;(u). After applying Proposition 6.4.1 (2), 
Example 6.4.1, and then the chain rule, we obtain 


a) = 7] 
rer (2a) =f (2)or 
i=l I i=1 


_ n m : of oT; 
=); T ($4) hes 
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We now proceed by induction on k. Assume that the statement of the proposition 
holds for differential forms of degree k — 1 (k > 1) and consider 


w(x) = f(x) dx, A---Adxi,, Adxi- 


We take 
n(x) = f(x) dxj, A+++ ANdXi 1 


which is a differential form of degree k — | and satisfies 
@ = \dx;,. 


Then, by Proposition 6.3.1(4) we have d(dx;,) = 0 and we deduce from 
Proposition 6.3.1 (3) that 


de = da A dx;, + (—1)*"'9 Ad(dx;,) = dn A dx;,. 
Applying Proposition 6.4.1 (5) yields 
T* (dw) = T* (dy A dx;,) = T* (dn) A T*(dx;,) 
= d(T*n) A dT;, 


by the induction hypothesis. Also from Proposition 6.4.1 (5) and Example 6.4.1, we 
obtain 


d(T*w) = d(T* (9 A dx, )) = d(T* \ T*(dxi,)) 


= d(T*y AdT;,). 


Now Proposition 6.3.1 (parts (3) and (4)) allows us to conclude, since T is of 
class C? in U, that 


d(T*w) =d(I*n AdT;,) 
= d(T*n) AdT;, + (—1)*!T*n A d(dT;,) 


= d(T*n) AdT;,. 


Consequently T* (dw) = d(T*w). 


Example 6.4.3. In this example we will show that the definition provided in Chap. 2 
of the integral of a differential 1-form @ along a path y (or equivalently the integral 
of its associated vector field F along y) can be written in terms of the pullback. 
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Let y : [a,b] > R" be a path of class C! whose arc is contained in an open set U 
and let F = (f1,..., fn) be a continuous vector field on U with associated differential 
form of degree |: 


n 
o= >} Fprdey 
j=l 


We consider the restriction of y to the open interval (a,b). Then y*(@) is a 
differential form of degree 1 on the interval (a,b), and hence for t € (a,b), 


fo=fr = [mar 


In fact, 


= ((Foy)(t),y"(¢)) de. 


Thus A(t) = ((Foy)(t),y’(t)) for every t € (a,b). But by definition, 


b 
[F =| ((Foy)(t),y'(t)) dr. 


The reader should be aware that the integrability of the function h above, and its 
integral, does not depend on the values taken by / at x = a and x = b or even on 
whether the function is defined at these points. 


Example 6.4.4. Let S be a plane in R? that contains the point P and let M denote 

the underlying vector subspace, that is, M = S— P. We consider a linear isometry L : 

IR? — M and assume that the surface S is oriented according to the parameterization 
T:R? 3S, (s,t) 5 P+L(s,t). 


This means that the orientation of S is determined by the unit normal vector 


N :=L(e1) x L(e2). 
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For a given continuous vector field F = (f1,f2,f3) in R* with associated 
differential form 


@ = fi dyAdz+ fo dzAdx+ f3 dx Ady 
of degree 2, we are going to evaluate T*(@). 


Since T*(@) is a differential form of degree 2 on R, then, denoting by (s,t) the 
coordinates of an arbitrary point, 


T*(@) =H-dsAd¢. 


The function H : R? — R can be evaluated from the fact that d7(s,t) = L, for 
every (s,t) € R? and 


H(s,t) =T"(@)(s,t) (e1,€2) 
= @(T(s,t)) (AT (s,t)(€1),dT(s,t)(e2)) 
= @(T(s,t)) (L(e1),L(e2)) 
= (F(T(s,t)) , L(e1) x L(e2)) 


This means that 
T*(@) = ((F,N) oT)-dsAdt. 


We have proved that the pullback of @ is given by the component of the vector 
field F in the direction of a normal vector to the plane. 

Recall the following notation that is commonly used in the study of functions of 
several variables. If 


Trvcr ok 


is aC! mapping in U, with k < n, we let 


re) i 0 i 
Doct VM, (u) Fat (uw)... Sb(u) 
ipo ss Fig (u) = det Hy _— — re sich 
O(u1,.--,UK) aT, aT, 
VTi, (u) Ou, (u) ug (u) 


Theorem 6.4.1. Let T: U C R‘ + GC R" be a mapping of class C! (x = T(u)) in 
an open set U and let » : GC R" + A*(R") be the degree-k differential form 


w(x) = f(x) dx, A--Adxi, , 1S i << <a. 


Then: 


(1) (T’)(u) = f(T(u))- (u) <duay A+++ A duty. 
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(2) Ifk =nand w(x) = f(x) -dxy A-+-Adx, we have 
(Tw) (u) = f(T(u))-FT(u)- day A---A du, 


for everyue U. 


Proof. It suffices to prove (1). Recall that A‘(R*) is a 1-dimensional vector space 
and a basis is given by 


{du Aare A dug}. 
By Corollary 6.4.1, 


(T*w)(u) = f(T(w)) - (dj, A--- AdTi,) @) 
for every u € U, and hence by Corollary 6.2.1, 
dT, (u)(v1) --- ATi, (4) (ve) 
aT; (u)(v1) .... AT,(a) (0g) 


(VTi, (u),v1) oe (VTi, (u), Vx) 


= f(T(u)) te site — 
(VT, (u),¥1) is (VTi, (U),¥K) 
VTi, (u) 
= f(T(u)) det :; det(v),...,¥%) 
Vii, (u) 
O(T;,,---,Ti,) 


= FEW) Fe Wd Ao Ae (Yt 52-25%) 


for every u € U and (v1,...,»%) € (R*)*. 


Corollary 6.4.2. Let T: U CR‘ > GC R" (k <n) be a mapping of class C! on 
the open set U and 


(x) = Dy fi aecuy i, (X) dx;, A---Adxi, 


1<i) <:+-<ig<n 


a differential form of degree k on G. Then 


(T*w)(u) = ( 


1<ip <-<ig<n 
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The perplexed student might question the purpose of the rather nonintuitive 
algebraic machinery developed up to this point and even venture to ask whether 
it can be avoided. To a limited extent, it can—it is true that in the case of two 
variables, in proving the following result relating to Green’s theorem, the theory of 
differential forms can be avoided. However, the calculations that are then necessary 
are extraordinarily difficult. We expect to convince the student of the utility of 
the algebraic language introduced and also of the close relationship between the 
operation of pullback and that of changing variables. Let us begin by recalling the 
change of variables theorem in the setting of Lebesgue integration. 


Theorem 6.5.1. Let T: U C R" > T(U) C R" be a bijective mapping between two 
open sets U and T(U) such that T and T~! are both of class C!. Let f : T(U) + R. 
The mapping f is Lebesgue integrable on T(U) if and only if (f 0 T)|JT| is Lebesgue 
integrable on U, and in that case, 


[f= frenyn 


where JT(x) is the determinant of the matrix of dT(x), x € U. 
A very useful variant for measurable sets is the following theorem. 


Theorem 6.5.2. Let T: U C R" > T(U) C R" be a bijective mapping between 
two open sets U and T(U) such that T and T~! are both of class C'. Let K be a 
measurable subset of U and let f : T(K) > R be integrable on the measurable set 
T(K). Then (f 0 T)|JT| is integrable on K, and 


fof = frome 


Let us observe that part of the above theorem asserts that if K is measurable, then 
T (K) is measurable too. 


Example 6.5.1 (Invariance of Green’s theorem under transformation of coordi- 
nates). Let U and V be open sets in R? and T : U - V a transformation of class 
C? on U with strictly positive Jacobian. Let (x,y) = T(s,t). Suppose that K is a 
compact subset of U whose (topological) boundary coincides with the arc defined 
by aclosed piecewise C! path y and assume also that Green’s formula 


{n= ff (Se- 3) eo 
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holds whenever 9 = fds + f2d1 is a differential form of degree 1 and class C! in the 
open set U. Then Green’s formula also holds in the region T(K) whose boundary is 
Toy (see Example 6.3.1). Or equivalently, 


[= Lh 20-2) se 


for every differential form @ = Pdx + Qdy of degree 1 and class C! in V. 


In fact, we consider 9 := T*w = fds + fodt, which is a differential form of class 
C! in U. According to Example 6.4.3, y*(7) = A(t) - dt for some continuous function 
h: (a,b) + R. Then from Proposition 6.4.1, we deduce that 


(Toy) =y" (To) =y* (9) =Alt)-de, 


and another application of Example 6.4.3 gives 


[e= [no a= fn. (6.1) 


Now we put G = (¢- ap), so that dw = G- dx /dy, and we write dn =H - 
ds A dt with H = (22 - af), By hypothesis, 


Os 
[a= [a0 d(s,t), 


and our objective is to prove that 


I, _— Dh G(x,y) dx,y). 


According to Theorem 6.4.1, 
dyn = T* (dw) = (GoT)JTds A dr, 


which means that 
H(s,t) = G(T(s,t))JT(s,t). 
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Finally, since the Jacobian of T is positive, we deduce from the change of 
variables theorem that 


[° = i n= [f G(s.) (s,1a(s.0 


7 Il. G(T(s,t))|JT(s,t)|d(s,t) 


= [Pig Hemsley) 


The example that follows is based on Example 6.4.4. 


Example 6.5.2. Let S be a plane in R? that contains the point P, and let M denote 
the corresponding vector subspace. Let L : R* — M be a linear isometry and assume 
that the surface S is oriented according to the parameterization 


T:R? 3S, (s,t) 5 P+L(s,t). 
This means that the orientation is determined by the unit normal vector 
N :=L(e1) x L(e2). 


If Ce denotes the circle in IR? centered at the origin and with radius € > 0, 
oriented counterclockwise, then yg := Cz, 0 T is a circle in the plane S, centered 
at P and with radius ¢. Let F be a vector field of class C! in a neighborhood of P. 
We want to estimate 


. 1 
lim —; | #, 
e>0t WE“ Jy, 


which is the work per unit area done by the vector field F in the plane S at the point 
P. To this end, let 


@ = fi dx+ fo dy+ fg dz 


be the differential form of degree 1 associated to F. Put v := T*(@), which is a 
differential form of degree 1, »v = P-ds + Q-dt, on R?, so that by (6.1), 


[r=f v. 
Ve Ce 


Moreover, since dv = T* (dw) (see Proposition 6.4.1) and dw is the differential 
form of degree 2 associated to the curl V x F (by Example 6.3.2), it follows from 
Example 6.4.4 that 


dv =(V x F,N)oT-dsAdt, 
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and this implies 


Green’s formula allows us to conclude that 
| F= [ v= | ((V x F,N) oT)(s,t) d(s,2), 
Ye € De 
where Dg is the disk of radius € centered at the origin. It is easy to deduce 


1 
liim— / F= F P). 
lim =a [| F=AV XPM) ) 
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We saw in Chap. 2 that if F is a vector field of class C! on an open set U C R?, 
then a necessary condition that F be conservative is that its curl be zero. We intend 
to examine the class of open sets for which the converse holds, those open sets 
for which every field with vanishing curl is conservative. For simplicity, we will 
formulate the results in terms of differential forms of degree | in R”. 


Definition 6.6.1. A differential 1-form @ of class C! on an open set U C R" is said 
to be closed if dw =O in U. 


Since if g: U C R" + R is a mapping of class C? on the open set U, then 
d(dg) =0, every exact differential 1-form of class C! (see Definition 2.5.1) is 
necessarily closed. Also, if 


@ — > fj dxj, 
j=l 
then the condition dw = 0 in U is equivalent to 
Of; Ofk 
OX, Ox; 
for every x € U and for each selection of the indices j and k in {1,...,n}. 


Consequently, Theorem 2.5.6 can be reformulated as follows: 


Theorem 6.6.1. Let U C R” be an open set that is starlike with respect to a point 
a€U.If@ is aclosed differential 1-form of class C! in U, then @ is exact. 


That is, for a starlike open set, the exact differential 1-forms coincide with the 
closed differential 1-forms. The objective of this section is to study the most general 
class of open sets for which this equivalence remains true. In view of the existing 
relation between differential 1-forms and vector fields, it is clear that what we are 
asking for is the most general class of open sets U C R” with the property that 
whenever 


F= (fi, f2,--->fn) 


is a vector field of class C! in U, then F is conservative if and only if 


OF; (yy = 2h 
OX, —— a 


for every x € U and for every choice of the indices | < j,k <n. 


Definition 6.6.2. Let w,B : [a,b] + U C R” be two continuous paths with a(a) = 
B(a) and a(b) = B(b). Then e& is said to be homotopic to 6 in U if there exists a 
continuous function 

H: [a,b] x [0,1] 4U 
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B= HCl) 


0 


Fig. 6.1 Homotopy between paths a and B 


with the following properties (Fig. 6.1): 
(a) H(s,0) =e(s) y H(s, 1) = B(s) 
(b) H(a,t) = (a) = B(a) and H(b,t) = a(b) = B(D). 


The mapping H is called a homotopy. A homotopy can be considered a family of 
curves parameterized by ft € [0, 1]. More precisely, for each t € [0, 1], 


H(.,t): [a,b] > U 


is a continuous path with initial point w(a) = B (a) and with final point «(b) = B(b). 
Moreover, for ¢ = 0, the path H(-,0) coincides with w, while the path H(-, 1) that we 
obtain for ¢ = | coincides with B. We can envisage this as H continuously deforming 
the path w into the path B, without leaving the open set U while keeping the initial 
and final points fixed. 


Proposition 6.6.1. Let a,B,y : [a,b] + U C R" be three continuous paths. 
(1) Ifa is homotopic to B, then B is homotopic to a. 
(2) Ifa is homotopic to B and B is homotopic to y, then « is homotopic to y. 


Proof. (1) If H: [a,b] x [0,1] > U is a homotopy from & to B (Definition 6.6.2), 
then H : [a,b] x [0,1] > U, H(s,t) = H(s,1—1), is a homotopy from B to a. 


(2) If Hy : [a,b] x [0,1] > U is a homotopy from & to B and HM: [a,b] x [0,1] >U 
is a homotopy from B to y, then H:: [a,b] x [0,1] > U defined by 


is ahomotopy from @& to y. 


Example 6.6.1. Let U C R” be an open set and @ : [a,b] > U C R” a continuous 
path. Then aw is homotopic to a polygonal arc contained in U. 
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In fact, for each s € [a,b] take rs > 0 such that B(a(s),2rs) C U. The family 


{B(a(s), rs): s € [a,b]} 


is an open cover of the compact set a({a,b]); hence there are finitely many points 
&,,...,&% such that 


k 


oe ([a,b]) C | B(a(éi),7¢,)- 


i=1 


Let € be the smallest of the radii Tg)» 1 <j <k. By the Heine—Cantor theorem, 
o is uniformly continuous, and hence there exists 6 > 0 such that |o(s) — a(t)| <e 
whenever s,t € [a,b] and |s —t| < 6. Finally, we take a partition P := {a = 59 < 
S| <+++ < Sm = b} with the property that ||P|| < 6 and consider the polygonal arc, 
denoted by B, with vertices a(a),a(s,),...,a@(S—1),a(b), that is, 


m 


B=UBi. where B;: [sj-1,5;] 3 R” 
j=l 


is the segment from a(s;—1) to a(s;) defined by 


S—Sj-1 


B,(s) = a(sj-1) + (o(s;) — a(sj-1)). 


af egal 


For each j = 1,...,m there is i € {1,...,k} such that w(s;) € B(a(&;),r¢,). 
This implies, by construction of the partition, that a([s;-1,5;]) is contained in 
B(a(&;),2rg,) C U, and also B ;([s;—-1,5;]) is contained in B(a(&;),2rg,). Since the 
ball is a convex set, we can define 


HY; : |sj-1,5)] x [0,1] + B(e(&i),2rg,) CU 
by 
H(s,t) = (1—t)e(s) +¢B ;(s). 
Finally, we define 
H: [a,b] x [0,1] +U 
to coincide with H; in [s;—1,5;] x [0,1], for each j = 1,...,m. Then H is a homotopy 
on U from @ to the polygonal arc p. 


Definition 6.6.3. Let a, B : [a,b] > U C R” be two continuous closed paths. These 
are said to be strictly homotopic in U if there exists a continuous function 


H: [a,b] x [0,1] + U 
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with the following properties: 
(a) H(s,0) = «(s) and A(s,1) = B(s). 
(b) H(a,t) = H(b,t) for everyO<t< 1. 


The mapping # is called a strict homotopy. Condition (b) means that each path 
H(.,t) is closed. Obviously, two closed paths that are homotopic are also strictly 
homotopic. 

The next result tells us that the integral of a closed differential form of degree | 
along two homotopic paths (piecewise of class C'), or two strictly homotopic paths, 
coincide. 


Theorem 6.6.2. Leto, B : [a,b]  U C R" be two paths that are piecewise of class 
C! and satisfy (a) or (b): 
(a) a(a) = B(a), a(b) = B(b) and a, B are homotopic in U. 
(b) « and B are strictly homotopic closed paths. 
If @ is a closed differential form of degree \ in U, then 


Lo fe 


dw = 0, 


Proof. Since 


it follows from Theorem 6.6.1 that @ is exact on each ball contained in U. Let 
H: [a,b] x [0,1] 3 U 


be a homotopy according to Definition 6.6.2. For every x € R := [a,b] x [0, 1] take 
ry > 0 such that B(H(x),2r,) C U. The family 


{B(H(x), rx) : x © R} 


is an open cover of the compact set H(R), and so there are finitely many points 


X1,...,X, € R with 
k 


H(R) C (J B(A (xi), "x;))- 
i=l 
Let € be the minimum of the radii ry,, i= 1,...,k. By the Heine-Cantor theorem, 
A is uniformly continuous and there is 6 > 0 with 


|| H(x) —H(y) ||<e, 


whenever x,y € R, || x—y ||< 6. Observe that if A is a subset of R with diameter less 
than 6, then H(A) is contained in some ball 


B; := B(A(x;),2rx,) CU. 
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Fig. 6.2 Grid used in the Q; kel 


i+1k+1 
proof of Theorem 6.6.2 Gir * 


e o 
OiK Oj 


In fact, it suffices to fix a point x» € A and select the index i = 1,...,k such that 
H (xo) € B(H(x;),rx,). Ifx € A, then || x —xo ||< 6 implies || H(x) —H(x0) ||<e< 
ry;, and consequently H(x) € Bj. 

Now using appropriate partitions of the intervals [a,b] and [0,1], we divide the 
rectangle R into subrectangles Rj, with diameter less than 6. Consequently, for each 
subrectangle Rj; there exists an open ball B; such that 


A(Rjx) CB CU. 


Denote by 
{Qj 4 = (Sjtk) 1 1S jsmsl<k<p} 
the vertices of the grid, so that (Fig. 6.2) 


Qi) = (a,0) ’ 21> — (a, 1) ’ QnA = (b,0) ’ Qn,p = (b,1). 


Next we consider the following paths contained in U, which are associated to the 
segments determined by the previous grid. For each | <<k < pandl<j<m-—1 
denote by 


Djk 


the segment from the point H(Q ; ;,) to the point H(Q;,; ;). By the way in which we 
have selected the grid, this segment is contained in an open ball that is contained in 
U. For k= 1 and k = p we proceed differently. For k = 1, 


Pit 
is the restriction of the path w to the interval [s;,s;+1], while for k = p, 


Pip 
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is the restriction of the path B to the interval [s;,5;+1]. Then 
m—1 


U gji~e 
j=l 


and 


Also, for every 1 <k < p, 


m—1 


U Pik 
j=l 


is a polygonal arc contained in U. Now we proceed to associate a path contained in 
U to each one of the vertical segments determined by the grid of the rectangle R. 
Fix | < j <m, and for each | <k < p, denote by 


Wik 
the segment from the point H(Q ; ,) to the point H(Q; ,,,). In this way 
p-l 


U vix 
k=l 


is a polygonal arc in U from the point H(Q; ;) =o(s;) to the point H(Q;_,) = B(s;). 
Given 1 < j <mand1<k < p, the four piecewise C! paths 


Pik Pieri, Wyrr Wyk 


are contained in a ball B; that is contained in U. By Theorem 6.6.1, @ is an exact 
differential 1-form in B;, while 


PjKOW KU (—@j es) U (-Wjx) 


is a closed path contained in B; that is piecewise of class C!. Hence 


| wo | @+ o- | o=0. 
Pik Pj K+ Witt Wik 


Consequently, summing for all the values of 1 < 7 < mand 1 <k < p, we obtain 


m1 p-1 
@— @}+ | @ -f o) =0. 
> (/. [. ) 2 ( Wink Wik 
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Moreover, 
m-—1| m—1 
Uvirr~e, Uoip~B. 
j=l j=l 


We first suppose that we are in case (a). Then the paths w,, and w,,, are 
constants, and we can conclude that 


[o-[o=0. 


Finally, suppose that we have case (b). Then the condition H(a,t,) = H(b, tg) 
implies that 


p-l 


p-1 
UO tie~ U Une. 
k=l k=l 


We again conclude that 


[o- [=o 


Definition 6.6.4. An open set U C R” is said to be simply connected if every closed 
path w : [a,b] > U is strictly homotopic to a constant path. 


An immediate consequence of Theorem 6.6.2 is the following. 


Theorem 6.6.3. Let U C R" be a simply connected open set and suppose that @ is 
a closed differential form of degree \ and class C!. Then w is exact in U. 


Proof. If is a closed path that is piecewise of class C! and contained in U, then 


[=o 
a 


by Theorem 6.6.2, since « is strictly homotopic to a constant path. Without loss of 
generality we can assume that U is connected (for if not, we can repeat the argument 
for each connected component). We fix x9 € U and define 


fUsR, fe)=f , 


Yx 


where % is an arbitrary path of class C! contained in U whose initial point is xo 
and whose final point is x. From the previous considerations, the definition of f(x) 
is independent of the chosen path. Moreover (see the proof of Theorem 2.5.3), f is 
differentiable in U anddf =o. 
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Example 6.6.2. (a) Every open convex set is simply connected. 


(b) 


R? \ {(0,0)} is not simply connected. 


(c)] 
(a) 


(b 


wm 


(c 


wa 


R? \ {(0,0,0)} is simply connected. 


Let U be an open convex set and let a : [a,b] + U be a closed path. We let 
x0 := a(a) = a(b) and define 


H: [a,b] x [0,1] 3U 


by 
H(s,t) = (1 —t)a(s) +txo. 


Since U is convex, H(s,t) € U for every (s,t) € [a,b] x [0, 1]. Moreover, H is a 
homotopy (in the sense of Definition 6.6.2) between the path w and the constant 
path B : [a,b] > U defined as B(s) = xo. 

If U := R? \ {(0,0)} were simply connected, then according to Theorem 6.6.3, 


[o=0 
a 


for each closed path w contained in U and for every closed differential form 
of degree 1. However, as we saw in Example 2.5.3, this is not true. 

From Proposition 6.6.1 and Example 6.6.1 it suffices to show that each closed 
polygonal arc « : [a,b] > R* \ {(0,0,0)} is strictly homotopic to a constant 
function. We proceed in two steps: first we move the polygonal arc away from 
the origin and later we contract it to a point. Since the polygonal arc is a finite 
union of segments and we are dealing with three dimensions, we can select a 
point vy € R® such that the straight line that passes through the origin in the 
direction v does not intersect o([a,b]) and ||v|| > ||oe(¢)|| for every t € [a,b]. 
Then the translated arc, vy +-a({a,b]), is contained in an open half-space U that 
does not contain the origin. It is the existence of this vector that differentiates 
this example from that of part (b). We consider the strict homotopy 


H, : [a,b] x [0,1] + R? \ {(0,0,0)} 


defined by 
A, (s,t) =a(s) +1. 


Since U is convex, we can find a (strict) homotopy 
Hy) : [a,b] x [0,1] > U CR*\ {(0,0,0)} 


between the closed path v + and a constant path. Finally, as in Proposition 
6.6.1, define 


H : [a,b] x [0,1] > R? \ {(0,0,0)} 
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by 


In this way we obtain a strict homotopy in R? \ {(0,0,0)} that transforms the 
polygonal arc & into a constant path. 


From Theorem 6.6.3 it follows that a vector field F = (f\,...,f,) in a simply 
connected open set U C R” is conservative if and only if the differential 1-form 
o= 2 i fj dx; is closed. In particular, we have the following corollaries. 


Corollary 6.6.1. Let U C R? be a simply connected open set. A vector field F = 
(f1, 2) of class C! in U is conservative if and only if 


fa) 0 
eles) = “2 xy) 


for every (x,y) € U. 


Corollary 6.6.2. Let U C R? be a simply connected open set. A vector field F = 
(fi, f2, 3) of class C! in U is conservative if and only if 


(Vv x F) (x,y,2) =0 


for every (x,y,z) € U. 
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6.7 Exercises 


Exercise 6.7.1. For 
w = dy Adz—2 dzAdx+3 dxAdy € A?(R?) 


find w (u,v), where u = (1,—1,0) and v = (2,1,1). 


Exercise 6.7.2. Let F = (F\,/o,F3) and G = (G,,G2,G3) be vector fields on an 
open set U C R? and let w, g be the associated differential forms of degree 1. Find 
the relation between the vector field F x G and the vector field associated to the 
differential form of degree 2,@ A Q. 


Exercise 6.7.3. We consider in R2” the differential form of degree 2 
@ = dx, Adxp +. dx3 A dxq +--+ + dxoy,_1 A dX 2p. 


Evaluate the exterior product of n copies of w. 


Exercise 6.7.4. Let w be the differential form of degree 1 on an open set U in 
IR? associated to the vector field F and v the differential form of degree 2 in U 
associated to the vector field G. Find the relation between the scalar product (F’, G) 
and the degree-3 differential form @ / v. 


Exercise 6.7.5. Consider the following differential forms in R*: 
(1) m = dx — dy. 
(2) v = (x? +y? +27) dxAdz+ (xyz) dyA dz. 

Evaluate 


dm ,wA\dw,dv,@wAv. 


Exercise 6.7.6. For the differential form 
w = dx+ (x? +") dy—sinx dz, 
find the associated vector field F and show that 
VxF 


is the vector field associated to the differential form dw. 


Exercise 6.7.7. Deduce from the previous exercises and the properties of the 
exterior differential that if F and G are vector fields of class C! on an open set 
U CR’, then 


Div(F x G) = (G, V x F)-—(F, V xG). 


184 6 Differential Forms 


Exercise 6.7.8. Let 
@=xzdy—ydx;v =x dz+dx 


and 
y(s,t) = (coss,sins,t) 


be given. Evaluate each of 


g(@), g (dw), g(@Av), g'(@ Adv). 


Chapter 7 
Integration on Surfaces 


We intend to study the integration of a differential k-form over a regular k-surface 
of class C! in R”. To begin with, in Sect.7.1, we undertake the integration over 
a portion of the surface that is contained in a coordinate neighborhood. Where 
possible, we will express the obtained results in terms of integration of vector fields. 
For example, we study the integral of a vector field on a portion of a regular surface 
in R? and also the integral over a portion of a hypersurface in R”. In Sect.7.3 we 
study the integration of differential k-forms on regular k-surfaces admitting a finite 
atlas. We discuss the need for the surface to be orientable so that the defined integral 
makes sense in this more general situation. Although the requirement of having a 
finite atlas seems rather restrictive, all compact surfaces fall into this category, as 
do almost all the surfaces that one might naturally encounter (including many that 
are not compact). Thus, in the context of vector calculus, where applications play 
a key role, this restriction is not as great as it first appears. The advantage of this 
approach is that we don’t have to consider convergence of infinite series and we 
can also avoid the intensive use of Lebesgue integration theory required in working 
with a general atlas. Addressing these difficulties might produce a more satisfactory 
theory from the point of view of vector analysis, but the time and space invested 
would yield virtually nothing in the way of applications, and it is these on which 
we wish to focus. Partitions of unity will be indispensable in the presentation of the 
general theorem of Stokes’s (Chap. 9), but we think that is not a good idea to utilize 
them at this point to define the integral (as is done, for example, in Fleming [10]). 
We prefer instead to present the definition of integral in terms of divisions of the 
surface, because this is what is done in practice when one wishes to solve a concrete 
integral. 
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7.1 Integration of differential k-forms in R” 


We first introduce the integral of a k-form on a coordinate neighborhood of an 
oriented regular k-surface. 

The following definition is a generalization of the integral of a differential form 
of degree 1 along a curve (Definition 2.3.2). 


Definition 7.1.1. Let M be an orientable regular k-surface of class C! and (A,g) a 
coordinate system of M that is compatible with the orientation. Let 


@:M CR" > A*(R") 


be a continuous differential k-form in M. For a measurable subset A C A we define 


i ° =f a = [ol ©) ($20... 520 a 


whenever this integral exists. 


Already we have seen in Example 6.4.3 a particular case of the theorem that 
follows. 


Theorem 7.1.1. Under the conditions of Definition 7.1.1, let 
(p*@)(t) = g(t) dt) A---Adt 


fort € A. Then 


Proof. Let 
@ (x) = » Fi jpunsi, &) «dy, A+ Aday,. 


<i <<ig<n 


From Definitions 6.1.2 and 7.1.1, 


i rie ©) (20. Sei) a 
0g 0g 
= Frrnts(@() (dey, As Adx,) (S00, . (0) dt 


br = “<ipcn 
I (Piss +++ Pix) 
= Fig ie (QQ) = (de. 
ieee ial ) Olt 5--5lk) 


From Corollary 6.4.2 with T= g:A C R‘ > M CR", we have 


(g*@)(t) =g0)-dtiA---Adt, 
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B= fini lol) GB), 


1<i) <+++<ig<n 


[ne [sou 


An alternative proof is possible if we apply first the pullback 


Ln? = | o(e@) (S20... 320) a 


= [ (910) (d@)(e1),---.49( (ex) at 


Hence 


= | (v*w)(O(e1,.--.ex)et 
A 


= f eli)dn, A---Ad(er,-..,¢x) d= | g(t) dt. 
A A 


Proposition 7.1.1. Definition 7.1.1 is independent of the chosen coordinate system 
(provided that it is compatible with the orientation of M). 


Proof. Suppose that (A;,@1) and (A2,@z2) are two coordinate systems of M (each 
compatible with the orientation) and let Ay C Aj, Az C Az be measurable subsets 
such that @1(A1) = @2(A2). If we put 


(g}@)(t) = g(t) dt) A--- A dt, 


and 
(3m) (w) = h(u) -duy A+++ A dng, 


then we have to show that 
s(tde= | h(w)an. 
A Ad 
To this end, put 


D:= 91(A1)N@2(A2) 


and consider the open sets B} = g,'(D) and By = gy '(D) in Ré and the invertible 
C! mapping 
T: Bo Bi, T(u):= (9; ' 0@2) (u), ue Bo. 
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Then T(Az) = A; and gy; o T = @2. Consequently, from Proposition 6.4.1 and 
Theorem 6.4.1, 


30 (uw) = (9109; | 0G2)*@(u) = (G10 T)*o(u) 
=T"(gjo)(u) = g(T(u))-JT(u) dus A-+- dug, 
which proves that 
h(u) = g(T(u))-JT(u). 
By hypothesis, the two coordinate systems are compatible with the orientation 
of M, which means that the Jacobian JT(u) is positive at each point u € Bp (see 


Proposition 5.2.1). It follows from the change of variables theorem, Theorem 6.5.2, 
applied to Ay = T(A2) 


| eat= f 9(M(w)) VT (w)| du 
= | g(T(u)) JT(u)du 
Ay 
= | h(u) du, 
A 


as was required. 


The reader will be aware that this proposition, by itself, justifies all the orientation 
machinery introduced and developed in Chap. 5. 


Example 7.1.1. Let @ = fdt; \---/ dt, be a continuous differential k-form 
o:WCR* > A*(R*) 


with compact support contained in the open set W. Then 


Oe io 


Indeed, every continuous function with compact support is Lebesgue integrable; 
hence the integrals exist, and 


_— o= [01 (Id(¢ » (SEO 50) a 


= [Fiat A+ Adi (e1,---se) a 


=[ fou 
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At this point, we change our way of thinking very slightly, and proceed from the 
point of view of vector analysis. 
Let 


F= (fi, S243) 


be a continuous vector field on an open set U C R? and M an oriented regular surface 
of class C! contained in U. We consider the degree-2 differential form 


@ := fi-dyAdz+ fo-dzAdx+ fg: dx Ady 


associated to the vector field F and a coordinate system (A,@g) of M compatible with 
the orientation. For each measurable subset A C A, we intend to express 


Je 
g(A) 
in terms of the vector field F’. In order to do this, we first evaluate 
g*w : ACR? > A?(R’). 
Denoting by (s,t) the coordinates of an arbitrary point, it turns out that 
(y*w)(s,t) = f(s,t) ds Adr, 


where 


F(s.t) = 9"(@)(s,1)(e1,e2) 


for every point (s,t) € A (the last identity following from Example 6.1.1). According 
to Theorem 7.1.1, we can conclude that 


La? = ff, (Flo(st)) $266.) x Fos) d(s,t). (7.1) 


Also, if we put g(s,t) = (x,y,z), then the integral can be written as 


fi fp f 
; @ =f 9 ® 2! ays.) (7.2) 
g(A) A ay 


'y oz 
ot ot ot 
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The previous expression coincides with that obtained after Definition 4.3.1 in 
evaluating the flux of the vector field F across a regular surface with a unique 
coordinate system. 

The reader can treat the following section as optional at this point; it is not 
required until one undertakes the divergence theorem. It is based, in part, on 
Edwards [9, Chap. V, Sect. 7] and also on exercises contained in Spivak [17]. 
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7.2 Integration of Vector Fields in R” 


We intend to extend the study of the previous section to the case in which we 
integrate a differential form of degree n — 1 on an regular (n — 1)-surface in R”. 


Definition 7.2.1. Let v,,...,v,—1 be linearly independent vectors in R”. The vector 
product (also called cross product) 


ZiSVp Xo XK Vy 
is defined as the unique vector z € R” with the property that 


w 
(z,w) =det | °! 
Vn-1 
for every w € R”. 


We observe that the mapping 


w 
T:R">R, T(w) := det " 
Vn-1 


is a linear form, and consequently, the components of the vector z are given by 


sp T(e;). 
In the case that y;,...,¥,_ 1 are linearly dependent, we define v, x --- x ¥,_1; :=90. 
If we put v; := (vj1,---,Vin), then 

e\ ej en 

Vil Vij Vin 
ViX ee X Vy = : , : : : . (7.3) 

Vil oes Vij ++ Vin 

Vn—-1,1 +++ Vn—-1,j +++ Vn—I,n 


Of course, this is a formal expression, since the entries {e;} are not numbers 
but vectors in the canonical basis of IR”. We interpret the formal expression 
by understanding that the coordinates of the vector product are obtained after 
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expanding the determinant along the first row. Thus, the jth coordinate is the product 
of (—1)/~! and the determinant of the numerical matrix that we obtain on deleting 


the first row and the jth column. Hence, for every a = (a,...,dn) € R", 
a| see Gj oes An 
Vi Vij Vin 
(4,V, X-++X V1) = , mt the (7.4) 
Vil see Vij oes Vin 
Vn—-1,1 +++ Vn—1,j +++ Va—-ln 


Proposition 7.2.1. The vector v, X +--+ X ¥,_1 is orthogonal to each of the vectors 
Vi,+++5Vn—-I- 


Proof. It suffices to observe that 
(Vy X +++ X Vn-1,¥i) 


is the determinant of a matrix with two equal rows: both row | and row i+ | consist 
of the coordinates of the vector v;. 


The next result generalizes Proposition 5.1.2 to include the vector product of 
n— 1 vectors in R”. 


Proposition 7.2.2. Let v1,...,Vn—1 be linearly independent vectors in R". Then 
{v1 X +++ X V_p-1,V1,---;Vn—1} is a positively oriented basis of R" (i.e., has the same 
orientation that the canonical basis of RR"). 


Proof. Vf v1,...,¥n—1 are linearly independent vectors in R”, then by Proposition 
7.2.1, {V1 X +++ X Vn-1,V1,---;¥n—1} is a basis of R”. The matrix of the linear 
mapping L : R" — R” determined by L(e;) =v) x +++ X ¥Vn—1 and L(e;) = vj;-1 for 
j =2,...,n, is the transpose of the matrix in (7.4), where we take (a],...,dn) := 
Vv] X-+:X ¥y,_1. Hence, 


det(L(e;)) = |v x ++ x Vn_-1||? > 0, 


and so, by definition, {vy x --- X ¥,_1,¥1,---,¥n—1} is a positively oriented basis 
in R”. 


The notation used in the next proposition was introduced in Definition 6.1.3. The 
result itself should be compared with Example 6.1.1. 


Proposition 7.2.3. (1) Let v,,...,V¥,—1 be vectors in R". Then the jth coordinate of 
V] X+++X V__1 is given by 


(=1)i day A+++ Adj A+++ AdXn (¥15 00 ¥n-1)- 
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(2) Leta = (a1,d2,...,an) be a vector in R" and 
n 
@:= SY (-1) 1 aj-dxy A-+AdxjA+++Adxn 
j=l 
the associated element of A"~'(IR"). Then 
@ (V1,---,¥n—1) = (A,V1 X +++ X V__4)- 
Proof. From Definition 6.1.2, we have that 


dxy A+++ Adxj A+++ Adt_ (V1, ---¥n—1) 


is the determinant of the matrix obtained by deleting the first row and the jth 
column in the matrix (7.3), from which we deduce (1). On the other hand, (2) is 
an immediate consequence of (1) and the definition of the scalar product. 


Definition 7.2.2. Let M be an orientable regular (n — 1)-surface of class C! in R” 
and (A,@) a coordinate system of M compatible with the orientation. For every x := 
y(t) € M we define the unit vector N(x) (orthogonal to the tangent space TM) by 


N(x) = a sei 
|ox-< #0 
Let 
F = (fis fayenea tn) 


be a continuous vector field on M and 


n 
@:= Y (HL fj dap A. AdxjA- A dxp 
j=l 


the associated differential form of degree (n — 1). For each measurable subset A C A, 
we intend to express the integral 
Je 
(A) 


in terms of the vector field F’. In order to do this, we first evaluate the differential 
form 


oo ACR! +a IR) 
of degree n— 1 in R"~!. For every t := (t1,.--;tn-1) €A, 


(p"@)(t) = f(t)-dt,A---Adt-1, 
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where 


Consequently, 


[2a Leo. moe: [320 28 a 


This motivates the following definition. 
Definition 7.2.3. Let M be an oriented regular (n— 1)-surface of class C! in R”. Let 


F := (fi, fo,---,fn) be a continuous vector field in M, (A,@) a coordinate system of 
M that is compatible with the orientation, and A C A a measurable subset. Then 


[FN aii [ @O). No): 
9(A) 4A 


Here V,,_; stands for the (n — 1)-dimensional volume element. 
That is, 


| F-Ndy1:= | (HI) fj da Ae Aaj A+ Adan. 
g(A) (A) j=] 


Of course, it is also possible to define the integral of a scalar function on a surface 
(see for instance Definition 7.3.3), but a vector-based approach better serves our 
purpose. For the scalar approach we recommend the book of Fleming [10]. 
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7.3. Surfaces with a Finite Atlas 


If we intersect a compact regular surface with an open set, we obtain a new regular 
surface that in general, is not compact but on the other hand can be covered with a 
finite number of coordinate neighborhoods. For example, a cone without its vertex is 
a noncompact regular surface that has a finite atlas. On the other hand, the boundary 
of the unit cube is a compact set that is not a regular surface in R*. One can obtain 
a regular surface from this object by eliminating the edges and vertices, but of 
course this means we lose the property of compactness. Nevertheless, the surface 
so obtained can be covered with six coordinate neighborhoods. These examples 
justify the development of a theory of integration for regular surfaces admitting a 
finite atlas. Such a theory will encompass compact surfaces and, in addition, allow 
the treatment of most interesting examples where compactness fails. 

We recall (see Lemma 4.2.2) that if M is an oriented regular k-surface admitting 
a finite atlas 

{(Aj, 9s) }i=1 

that is compatible with the orientation, then there exists a partition of M into subsets 
{Y;} such that Y; = g ;(A;) with A; a measurable subset of A ;. Moreover, according 
to the proof of Lemma 4.2.2, we can take A; to be the intersection of an open and a 
closed subset (for the relative topology) of Aj. 

Under these conditions, the following definition makes sense, provided all the 
Lebesgue integrals involved are finite. 


Definition 7.3.1. For a continuous differential k-form @ : M — A*(IR”), we define 


@ = @. 
i py a 


j=l 
Proposition 7.3.1. Definition 7.3.1 is independent of the chosen atlas. 


Proof. Let {(Aj,oj)}"_, and {(U;, Wi) };_, be two atlases of M, each one compat- 
ible with its orientation, and let {Y;} and {X;} be two partitions of M such that 
Y; = 9;(Aj;) and X; = (Aj), where A; is the intersection of an open and a closed 
subset (for the relative topology) of A;, and A; is the intersection of an open and a 
closed subset (for the relative topology) of U;. Assume that each integral So, (A))® 
is finite. For each 1 < j <<m,1<i<-s, put 


Aij=9)'(Yj/NX), Aig = WP (KNX). 


Then A, ; is a measurable subset of A ;, and Aj,; is a measurable subset of U;. Since 
for every i and j, A; ; is a measurable subset of A;, by the properties of the Lebesgue 
integral, we have that each integral [. 9 (A;,;)® is finite. According to Proposition 


Jj 
yi 
fe 8 
9 j(Ai,;) WilAij) 


j 


198 7 Integration on Surfaces 


Since A; = U3_,Aj,; and A; = Ue Ai j, and both of these are disjoint unions, we 
conclude that 


>| > DL gn” 


oOo = 
jul? Pi(Aj) j=li=l 


Observe that in addition, we have proven that each of the integrals in the above 
sum is finite too. 


Theorem 7.3.1. Suppose that M is a compact and oriented regular k-surface and 
@ : M — A*(R") is a continuous differential k-form. Then the integral fy @ exists. 


Proof. For every x € M, one can find a coordinate system (Ay, gx) of M, compatible 
with the orientation, and an open set V; in IR, contained in a compact subset of Ax, 


Wee Ve C Ay: 
such that x € gy (V;). For each x € M there is an open set U; in R” such that 


9x (Ve) =UeNM. 


Then 
{Uy :x © M} 
is an open cover of M, and since M is compact, we can find {x1,...,%,} such that 
m 
MclJY,. 
j=l 


Hence, if we let Vj := Vx;, Aj = Ax,, and gj; := @x,, then {(Aj,9;) my isa 
finite family of coordinate systems of M and {(Vj,gj)}, is an atlas of M. If 


{@j(A;)}', is a partition of M, where A; is a measurable subset of Vj, then the 


integral 
y 
9 (Aj) 


is well defined because w is continuous and Aj is a compact subset of A;. The 
conclusion follows. 
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Let us suppose that M is an oriented regular (n — 1)-surface admitting a finite 
atlas 


{(Aj, Qj) Hier 
(compatible with the orientation). We can decompose M into disjoint subsets {Y;} 
such that Y; = g;(A;), where A; is a measurable subset of A;. Now we can extend 


Definition 7.2.3. In what follows, V,_1 stands for the (n — 1)-dimensional volume 
element. 


Definition 7.3.2. Given a continuous vector field F = (f1,..., fn) in M, we define 
the flux of F across M as 


m 
[PNM Hy fF Nn, 
M jal? Gj(Aj) 


whenever each of the integrals on the right-hand side exists and is finite. 
As in Proposition 7.3.1, can be checked that this definition does not depend on 
the chosen partition. 


Here, N represents the continuous vector field of unit normal vectors to M as in 


Definition 7.2.2. 
[Prva @ 
M M 


We observe that 
@®= SY (HDT day Ae Adj A+ Adan. 
j=l 


for 


Example 7.3.1. Let M be an oriented regular surface contained in the open set 
U CR?, F = (fi, f2, 3) a continuous vector field in U, and 


@ := fi-dyAdz+ fo-dzAdx+ fg-dxAdy 


the differential form of degree 2 associated to the vector field F. Then 


| o= | F-N d\vo. 
M M 
We also use the notation 


feo= fw as= [| Fas. 


Hence, if M = g(A), where (A,@) is a coordinate system of M compatible with the 
orientation 
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From the expression for the integral obtained in Sect. 7.2 and from the discussion 
relating to the area of a surface in Chap. 4, one is led to the next result. 


Proposition 7.3.2. Let M be an oriented regular surface contained in the open set 
U CR? and let F =N be the continuous vector field of unit normal vectors defined 
by the orientation of M. If M admits a finite atlas, then 


area = | (F,N) ds. 
M 


(This may be finite or +e.) 
Proof. It suffices to show that if (A,@) is a coordinate system of M compatible with 


the orientation and A C A is a measurable subset, then 


area (A,g) = [ (F,N) ds. 
(A) 


We put F = (fi, fo, fs) and 
@ := fi -dyAdz+ fo-dzAdx+ f3-dx Ady. 
Then, since 


2 (5, t) x 22 (5,1) 
F t aa Os ? 0. ? 
(y(s, )) IE ae - 


x 


Os (s,t) x a ( ’ ) 


we obtain from Definitions 4.2.1 and 4.2.2 that 


if (F,N) as= | @ 
g(A) g(A) 


= (Flo(s.0) 2s.) x est) alot) 


“Sh 


= area (A,Q). 


ro) or) 
By (Ht) x 3, t) 


Definition 7.3.3. Let M be an oriented regular surface in R? and 
f:MCR=R 


a continuous function on M. If (A,@) is a coordinate system of M and A C Aisa 
measurable subset, we consider the vector field 
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Fig. 7.1 Vector field of Example 7.3.2 


F:=f-N 
and define 


7 fas:= | (F,N) dS, 
(A) (A) 


whenever the integral on the right-hand side exists and is finite. 


Thus, 


[af 8= ff son | Sen x 2 (5.0) d(s,t). 


This definition is independent of the chosen coordinate system and also of the 
orientation of the surface, since a change of orientation implies also a corresponding 
change in the vector field N. Hence, the last expression obtained can be used to 
define the surface integral of a scalar function even in the case that the surface M is 
not orientable. 


Example 7.3.2. Consider the vector field F (x,y,z) = (x, yz,z) and the cylinder 
M:={(x,y,z) ER? : xP +y=1,0<z< 1}. 


Choose an orientation for M and evaluate the integral 


| Fas 
M 


according to the chosen orientation (Fig. 7.1). 
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Solution: Put U := {(x,y,z) € R? : 0 <z< 1}, which is an open set, and 
P(x,y,z) =x +y*— 1. 


Since 
M = {(x,y,z) €U : B(x, y,z) =O} 


and YV®(x,y,z) = (2x,2y,0) 4 (0,0,0) for every (x,y,z) € M, it follows from 
Example 3.2.2 that M is a regular surface of class C*. Also, according to Example 
3.4.3, 
_— V(x, y,z) 

| V®(x,y,2) II 
is a continuous vector field of unit normal vectors to M. We suppose that M is 
oriented according to this vector field N (see Theorem 5.2.2). To evaluate the 
integral we need an atlas of M, so consider the mapping g : R* > R°, 


N(x, y,Z) : = (x,y,0) 


y(s,t) := (coss,sins,t), 


and the open sets 


1 


Ai := (0,2) x (0,1), Ag:= (-5.5) x (0,1). 


Since gj,, and @y,, are injective functions of class C™ and 


9 een e3 
S(s.t) oe SF (s5t) =| —sinscoss 0 
0 0 1 


= (coss, sins, 0) 


is nonzero, we conclude, using Corollary 3.3.1, that (A1,g) and (A2,@) are two 
coordinate systems of M and they form an atlas. Moreover, since 


the two coordinate systems are compatible with the chosen orientation for M (see 
Definition 5.2.3). Finally, we observe that 


M = 9(A1) Ue({0} x (0, 1)) 
is a partition of M. Keeping in mind that 


F(g(s,t)) = (coss,tsins,t) 


7.3 Surfaces with a Finite Atlas 203 


and {0} x (0,1) is a null subset, we deduce from Definition 7.3.2 of the surface 


integral that 
| F-dS = i F-ds 
M g(A1) 


coss tsins t 


=|f —sins coss 0| d(s,t) 
| OO 4 


=H) (cos*s+tsin’ s) d(s,t) 
A 


2n 1 3 
=} (cos*s-+ 5 sin*s) ds = =. 


To finish, we include some remarks relating to integration on regular curves, 
that is, regular 1-surfaces of class C!. It can be shown that every regular curve is 
orientable. 


Lemma 7.3.1. Let M be an (orientable) regular curve in R". Then there is a 
continuous function 
T:M—>R" 


such that for each x © M, T(x) is a unit tangent vector to M at x. Moreover, the 
orientation @, of the tangent line to M at the point x is precisely 0, = [T(x)]. 


Proof. For every x € M let ((a,b),y) be a coordinate system of M, of class C!, 
compatible with the orientation, 


y : (a,b) > R', 
such that x = y(t) for some t € (a,b). Now we define 


oe 2 
PE) = TOT’ 


which is a unit tangent vector to M at x. The definition of T(x) does not depend 
on the chosen coordinate system, as long as it is compatible with the orientation, 
because the tangent space to M at x is one-dimensional. Thus, the defined function 


T:M—R" 


has the required properties. 


Example 7.3.3. Let M be a regular curve in R” of class C! and F = (fi,...,fn) a 
continuous vector field in M. We consider its associated differential form of degree 1 
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Take a coordinate system ((a,b),@), 
y : (a,b) > R” 


of M compatible with the orientation. Now we evaluate the integral of the differen- 
tial form @ on the path g (see Example 6.4.3) 


fe = [r= [ (vor) di 


7 i: (F(y(),T(v()): ly" Il ae. 


From now on, we may use any of the following expressions to represent the 
integral of the vector field F over the regular curve M: 


[Poa f wn as:= | . 
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7.4 Exercises 
Exercise 7.4.1. Find @, where 
M 


w =x" dyAdz—ydxAdz 


and M is the portion of the plane x + y+ z= 2 whose projection onto the xy-plane is 
the triangle with vertices (0,0), (0,1), (1, 1), oriented according to the normal vector 
(1, 1,1). 


Exercise 7.4.2. Find the height of the center of gravity of the portion of the 
paraboloid 2z = x* + y? that is under the plane 2z = 1, assuming that the density 
(mass per unit area) is constant. Hint: The third coordinate of the center of gravity 
of a surface M with constant density is given by 


z= zdS$ 


1 
area(M) I, 
(see, for instance, Marsden—Tromba [14]). 


Exercise 7.4.3. Integrate the vector field F (x,y,z) = (0,0,z) over the ellipsoid 
of Exercise 3.5.7, oriented according to the coordinate systems described in that 
exercise. 


Exercise 7.4.4. Determine the flux of the vector field 


F (x,y,z) = (x,y,z) 


across the surface x2 ++ y +72 = R2. 


Exercise 7.4.5. Find the flux of the vector field F(x, y,z) = (1, xy, 2’) through the 
square in the yz-plane defined by 0 < y < 2, —1 < z< 1 and oriented according to 
the normal vector (—1,0,0). 


Chapter 8 
Surfaces with Boundary 


One of the objectives of this book is to obtain a rigorous proof of a version of Green’s 
formula for compact subsets of R? whose topological boundary is a regular curve 
of class C?. These sets are typical examples of what we will call regular 2-surfaces 
with boundary in R?. The analogous three-dimensional example would consist of a 
compact set of R? whose topological boundary is a regular surface of class C?. The 
following example is perhaps instructive. Consider in R? the portion of the cylinder 
x’ + = 1 limited by the planes z = 0 and z = 1; that is, 


M := {(x,y,z) €R?: xP +y =1,0<z< 1}. 


The set M is not a regular surface according to Definition 3.1.1. However, we can 
decompose it as M = M; UMp, where 


My = {(x,y,z) ER: P+y° =1,0<z< 1} 


is a regular surface and M, being the union of two circles, is a regular curve. This 
set M is an example of what is called a regular 2-surface with boundary in R?. 
Here, boundary refers to the curve M2, which, in this case, does not coincide with 
the topological boundary of M. In general, a regular k-surface with boundary in 
R” (2<k <n) is the union of a regular k-surface in IR” and a regular (k — 1)- 
surface (called the boundary) that are “glued” together in a very particular way (see 
Definitions 8.2.1 and 8.2.2, and Theorem 8.2.1). The concept of regular k-surface 
with boundary in R” is essential to the formulation of Stokes’s theorem. 
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8.1 Functions of Class C? in a Half-Space 


The domain of parameters of a regular surface with boundary in R? will be a subset 
of the half-plane formed by the points of R? whose first coordinate is less than 
or equal to zero. In general, the domain of parameters of a regular k-surface with 
boundary in R”, with n > k, will be an open subset (for the relative topology) of 
the closed half-space H* formed by the points whose first coordinate is less than or 
equal to zero. We will need to develop a differential calculus for functions defined on 
such a set before investigating further the notion of regular surface with boundary. 


Definition 8.1.1. The half-space Hl is defined by 
Hk := {(t1,...,t%) € Ré ; ty <0} = (—<,0] x me, 


Since the half-space is not an open set, we must clarify what is meant by saying 
that a function defined on HI is differentiable. We recall that a set A C Hk is open in 
HHI for the relative topology if there exists an open set A C R* such that AN Hk = A. 


Definition 8.1.2. Let A be an open set in H*. The mapping 
g:ACH* >R" 
is said to be differentiable (C”) if there exist an open set A C Ré and a differentiable 


(C?) mapping 
g:ACR*>R" 


such that AN Hk = A and g|, =@. 


Implicit in this definition is the fact that the domain A of g is an open subset of 
HH with the relative topology. 

We next verify that the partial derivatives of g at t € A C Hk are determined by 
the restriction g), = g. This allows us to refer to the partial derivatives of g : AC 


Hk —+ R” att € A without any ambiguity. We fix t ¢ A C Hk and suppose 
2<j<k. 


Since A C R* is open, there exists 6 > 0 such that t+5 e ; € A whenever s € R 
and |s| < 6. Since the first coordinate of t+ s e; is t) < 0, we have 
t+se;cANH* =A 


for every |s| < 6. Now, 


og, _,, glé+se;) — g(t) 
Ot; () 7 a, S 
— tim PET 8A) — OH) (8.1) 
50 Ss 


Notice that the last limit does not depend on the concrete extension g of @ that 
we are using. 
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Analysis of the partial derivative with respect to the first variable is slightly 
different. As before, there exists 6 > 0 such that t+ se; € A whenever |s| < 6. 
However, the first coordinate of t+ se; is t; +5, and if t; = 0, we are guaranteed 
that t+ se; € A C HI‘ only if we restrict ourselves to negative values of s. So, for 
—d <s <0, we have 


t+se; CANHS = A, 


and we can write 


Og, _,, g(t+se;) —g(t) 
ot} () ba S 
= im CET SC OO (8.2) 
s—0 Ss 
when ft; < 0, and 
OR in g(t+se,) —g(t) 
On, (t) ~ ar S 
— tim PETS ev —eO (8.3) 
s07 AY 


when ft; = 0. 
This discussion justifies the following definition. 


Definition 8.1.3. Let A be an open set for the relative topology of Hé and g: AC 
Hi — R”. The partial derivatives of g at t € A are defined as follows (assuming 
existence of the corresponding limits): 


If2<j<k, 
Ot; s—0 S 
Ift; <0, 
29 1) — Ij y(t+se,) —e(t) 
ot} ar) S 
If t; =0, 
Ot} s30- S 


It is obvious how the partial derivatives of higher order can be defined. According 
to the discussion prior to Definition 8.1.3, if A C R* is an open set such that AN H* = 
A and 

g:ACR*>R" 


is a differentiable function on A with the property that g,, = g, then the partial 
derivatives of g exist at all points of A and coincide with the partial derivatives of g. 
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Definition 8.1.4. Let g : A C H* — R” be a differentiable function on A according 
to Definition 8.1.2. For every ¢ € A, the differential of @ at t is defined to be the 
linear mapping dg(t) = dg(t) : R‘ — R", where g is the function of Definition 8.1.2. 


It follows from the previous discussion that the differential does not depend on 
the choice of the function g associated to g. 


Lemma 8.1.1. Let a > 0 and suppose the function f : (—a,0] > R has derivative 
of order p at each s € (—a,0) and left derivative of order p, 1 < p<, ats =0. 
Then there exist numbers (1,0, ,...,Qp Such that the function 


f(s), s<0 
g(s) := ne 
oo f (0) + ¥ a f(—ls) , s >, 
l=1 


is well defined and of class C? on the open interval (—a, a 


Proof. We can select scalars 0%,..., @p) such that 
Oy +O) +++°+ Ap =1 


and 
Pp 


» I" oy = (-1)” 


i=1 


for every m = 1,2,..., p. Indeed, this linear system has a unique solution, since the 
determinant of the matrix of coefficients is a Vandermonde determinant different 
from zero. ForO<s < 7 we have 


o(s) = oo f(0) + ¥ onf(—Is). 
/=1 


Then 
g(0) = (@% +01 +---+ ap) f(0) = f(0), 
and for every m = 1,2,...,p, 
p 
o'(5) = Y(-1)au (1), 


l=1 


whenever 0 <5 < oe Moreover, g has one-sided derivatives at the origin up to order 
p given by 


The conclusion follows. 


We are going to show that if a function has continuous partial derivatives (up to 
order p) in A, then there exists a function g defined on an open set of R* that satisfies 


212 8 Surfaces with Boundary 


Fig. 8.1 Illustration of the 
proof of Proposition 8.1.1 


Definition 8.1.2. Thus, the differentiability of a function (and the degree thereof) on 
A can be established internally without recourse to an open set containing A. 


Proposition 8.1.1. Given g: A C H* — R", and 1 < p <~ the following conditions 
are equivalent: 


(1) 9 is a function of class C? on A. 
(2) g has partial derivatives of order < p, which are continuous functions on A. 


Proof. Itis obvious that (1) implies (2). Indeed, if g is as in Definition 8.1.2, then the 
partial derivatives of g up to order p are the restrictions to A of the corresponding 
partial derivatives of g in the open set A C R*. 

Suppose now that (2) holds. In order to deduce (1) we will construct a set A and 
a function g that satisfy the conditions in Definition 8.1.2. We first consider the set 


Ay :=An ((-~,0) x RM) ; 


which is open in R*. For every ¢ € A with t; = 0, take & > 0 and B, C R‘! open 
such that 
te (—&,0] x Bt CA. 


We first analyze the case p = 1, that is, g admits continuous partial derivatives 
of first order on A. In this case, consider (Fig. 8.1) 


A> =U {(-&, &) x By 7 te An =0} 


and 
A:=A, UA, 


which is an open set in R*. 
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It is easy to check that AM HI* = A. Now define g : A C R* — R" as follows. For 
s€A; CA letg(s) := @(s), while if s € A» (that is, s € (—&, 6) x By for somet € A 
with t; = 0), then put 


we g(s) if s, <0, 
oe 20(0,52,.--,5¢) — 9(—51,52,---, 5k) ifO<s,; < &. 


By this construction, g : A C R* — R” is a mapping of class C! on A whose 
restriction to the set A coincides with g. In the general case, p > 1, we pro- 
ceed essentially as before but with some slight variation. Again A; := AN 
((—c2,0) x R‘~!), but now 


A> =Uf{(-6. *) x By: te A,r =o}. 


As before, A := A; UA) and g: A C Ré > R" is defined in such a way that 
g(s) = g(s) whenever s € A\, but this time, if s € (—&, a) x B; for some t € A with 
t; = 0 we let 


9(s) if 1 <0, 
g(s) = . 6 
009 (0,52,---,5p) + > amep(—Is1,82,--.,5p) LO<s, < pi 
I=1 
where 0, 0),...,Q@p, are the scalars provided by Lemma 8.1.1. Their properties 


allow us to conclude that g is a function of class C? on the open set A, which is 
an extension of 9. 


Proposition 8.1.1 allows us to deduce that a function 
g:ACH>R" 


is of class C? if and only if each point of A has an open neighborhood for the relative 
topology in Hk in which @ is of class C?. That is, the property of being of class C? in 
an open set of the half-space, which was defined globally, is, in fact, a local property. 


Corollary 8.1.1. Given g : A C H* > R", the following conditions are equiva- 
lent: 


1. A is an open set in Hf and 9 is a function of class C? on A; 
2. for every ty € A there exists an open neighborhood U of ty in R* such that 


UNHK cA 


and 
g: UNH c HK R" 


is a function of class C? on U NHK. 
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8.2 Coordinate Systems in a Surface with Boundary 


Having now dealt with the necessary technical preliminaries, we are in a position to 
formally define the main concept in this chapter: a regular k-surface with boundary 
in R” (Fig. 8.2). 


Definition 8.2.1. Let 2<k<nandM CR", M#4@Q, be given. Then M is said to 
be a regular k-surface with boundary of class C? if for every x € M there exists an 
injective mapping 

g:ACH'‘5McCR" 


of class C? in A such that x € g(A) and the following hold 


(SB1) There exists an open subset U of R” such that p(A) =MNU andg: A> 
y(A) is a homeomorphism. 
(SB2) For every t € A, dg(t) : Rk — R’” is injective. 


The pair (A,@) is called a coordinate system. An atlas of M is a family of 
coordinate systems 


(Aa, @a)acr 


such that 
M= LU GalAa)- 
ae 
In analogy to the definition of a regular k-surface, continuity of g implies that 
condition (SB1) is equivalent to the following condition: 
(SB1’) Given an open subset B of A for the relative topology, there exists an open 
subset V of R” such that g(B) =MNV. 


Example 8.2.1. The first and most natural example of a regular k-surface with 
boundary of class C® is the half-space Hl itself. Indeed we can take as coordinate 
system (HF, Idj.x), where Id,,x is the restriction to Hk of the identity mapping on R*. 


H* | RM! OM 
be ie 
A Y 


Fig. 8.2 Coordinate system of a regular surface with boundary 
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Remark 8.2.1. Recall that the injectivity of dg(t) is equivalent to the matrix 


Oi ) 
t 
(3 i=1,....n j=l,..k 


being of rank k, that is, having a k x k submatrix with nonzero determinant. 


Proposition 8.2.1. Let 2 << k <n and let M C R" be a regular k-surface with 
boundary of class C? . If (A,@) is a coordinate system of M, y :B CH + MCR" 
is of class C?, such that 


D:=9(A)NY(B) #9, 


then w—!(D) is an open set in H* and 


g low: '(D) cH oR 


is a mapping of class C? in w~'(D). Moreover, if (B,w) is a coordinate system, 
then 


J(g'o#)(s) £0 
at each points € w~'(D). 


Proof. Letg:A CR‘ > R" be the C? extension of g to an open set A of R* given by 
Definition 8.1.2. We fix so € w~!(D). Then so € B and there exists fp € A such that 
9(to) = W (so). Since (A, @) is a coordinate system of M, we can assume, following 
a permutation of the coordinates, that 


O(81,-++58k) 
O(t,..-5tk) (to) #0. 


Hence & := (g1,...,g,) admits a local inverse of class C? in an open neighbor- 
hood of fy. More precisely, there exists an open neighborhood U C Ré of tg such 
that V := g(U) is open in R* and g : U > V has inverse h : V > U of class C?. 
Observe now that 


gop! 


transforms ¢(¢) in its first k coordinates. This suggests that we consider the mapping 
ge 2R” 4 R®, oe (x1, --.,%) = (415+ <>, %8); 


that is, projection onto the first k coordinates. We take an open set B C R* and a 
function f : B C R* —- R" of class C? such that BN Hi = B and f = y in B. Since 
(p-!ow)(so) =to € U and 


( of) (So) = x ((to)) =&(to) € V, 
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there is an open neighborhood W of so in R‘, W C B, with the following properties 
for D = g(A)N W(B): 

1. WOHE cy! (D); 

2. (9! ow)(s) € U whenever s € WOH; 

3. (wof)(s) € V for every s € W. 


We note that 
Bog 'op(s)=xop(s) (8.4) 


for each s € w~!(D), because for every s € w~!(D) there ist € A such that w(s) = 
y(t). Consequently, 


gy lop =homof 


in the neighborhood W NHI of so in H*, which proves that g~! o w is the restriction 
of a function of class C? in a neighborhood of so in R*. It follows from Corollary 
8.1.1 that w~!(D) is an open set in H* and 


g lop:w'(D) cH‘ >R* 


is a mapping of class C? in y~!(D). In the case that (B,) is also a coordinate 
system, we can exchange the roles of g and w to conclude that 


vlog:g |(D) CH’ > y'(D) 
is also a mapping of class C? in g~'(D), inverse to g-! ow. If @; WC Rk > 
IR‘ (j = 1,2) are functions of class C? on the open subsets W; of IR* such that 
W, OHI = 9! (D), W2 OH = w—!(D) and ;(t) = W~! og(t) for allt g | (D), 
@5(s)= 9 'ow(s) foreverys € w!(D), then ®) 0G, (t) =t foreveryte gy !(D). 
As in the discussion preceding Definition 8.1.3, we see that J(®2 0 ®)(¢) = | and 
d(®, fe) ®,)(t) = Ide 
for every t € g'(D). Hence the chain rule applied to ®; and ®> gives 
J(®2)(@1()J(Pi)() = 1 Vee g '(D), 


ie., fors = g(t), 


and in particular, 


ateachs € w!(D). 
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Definition 8.2.2. Let M be a regular k-surface with boundary. The point xo € M is 
said to be in the boundary of M (which we denote by 0M) if for some coordinate 
system (A,@) of M there is a point (0,19,...,22) € A such that 


Xo = 9(0,18,...,0°). 


The following result guarantees that the set of boundary points is independent of 
the chosen coordinate systems. 


Lemma 8.2.1. Let M be a regular k-surface with boundary of class C?. Let xy © M 
and (B, W) a coordinate system of M such that 


v' (xo) — (0,89, ae: Sp) 
Then for each coordinate system (A,@) with xo € p(A) we have 
9-0) = (0.19,...,18). 


Proof. Let 


D:=9(A)NY(B) 


and put 
S0:=¥ '(X0), t= '(t0) =(0,0,..-.2)- 


We already know that a <0. Arguing by contradiction, we suppose that 


7 20. 


From Proposition 8.2.1 there exist an open set B C R*, w~!(D) C B, and a 
mapping 
g:BcR*—R* 


of class C? such that 
g(s) = 'ow(s) 
for every s € w_|(D). Since the set g!(D) is open in HK and t? < 0, there exists 


r > 0 such that the open ball in R* with radius r and centered at to, denoted by 
B(to,r), is contained in g~'(D). Thus, the mapping 


vlog 
is well defined and of class C? in B(to,r). Also 


go(w 'og)(t)=t 
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for every t € B(to,r). Consequently, 


J(plog)(t) £0 


for every t € B(to,r). By the inverse function theorem (Theorem 3.1.1), the set 


U := (vw! o@)(B(to,r)) 


is open in R* and (0,59,...,52) = (W-! o@)(to) € U, so there exists 6 > 0 
such that 0 < s; < 6 implies (So ccesy) € U, which is a contradiction, since 
U CHF = (—c,0) x RE?. 


Remark 8.2.2. Given a subset A of IR”, the topological boundary is defined to be 
oP (A) =A \ int(A). 


That is, the topological boundary of A consists of the points in the closure of 
A that do not belong to the interior of A. It is important to note that this is a 
different concept from the (nontopological) boundary 0M of a regular k-surface 
with boundary M. For example, the unit sphere S,_; = {(%1,...,%») € R": + 4--. 
+x = 1} is a closed set with empty interior, and hence coincides with its 
topological boundary, 0°°?(S,_1) = S,—1. However, we know from Example 3.2.4 
that the sphere is a regular (m — 1)-surface in R”, and so by Proposition 8.2.2, S,_1 
has no boundary, ie., JS,_; = @. In Examples 8.3.1 and 8.3.2, the topological 
boundary of M coincides with all of M and is different from the boundary 0M. 
There is, however, a prominent case in which the two notions coincide, and this is 
given in the following example. 


Example 8.2.2. Let M be a compact regular n-surface with boundary in R”. Then 
M \ OM is an open set in R” and 0M coincides with the topological boundary of M. 


We first show that M \ 0M is an open set in R”. For every x9 € M\ OM let (A, ¢@) 
be a coordinate system of M, 


g:ACH"-R’, 
such that x9 € g(A). Define 
B:={teA;t <0}, 


which is an open subset of R”. Since xo ¢ 0M, we have, according to Definition 
8.2.2, that 
xo € 9(B) CM \ OM. 


Moreover, the Jacobian of g is nonzero at all the points of B, and by the inverse 
function theorem, g(B) is an open set in R”. It follows from this that M \ OM is the 
union of a family of open sets. Consequently, 


M\ aM CM\a"?(M), 
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where 0'°P(M) is the topological boundary of M. Now we prove the reverse 
inclusion. For every xo € M \ 0'°P(M) there exists r > 0 such that the open ball 
B(xo,r) is contained in M \ 0'°P(M). Let R : R" — R" be an affine transformation 
such that 


A := R(B(xo,r)) 


is contained in the interior of the half-space H”. Finally, define 
g:=R':A CH" > B(x,r) CM. 


Then (A, @) is a coordinate system of M according to Definition 8.2.1 and x9 € 
g(A). Since A is contained in the interior of the half-space HI”, we conclude that 
x09 €M\ 0M. 


Proposition 8.2.2. Let M be a regular k-surface of class CP in R". Then M is a 
regular k-surface with boundary of class C? and 0M = @. 


Proof. According to Definition 3.1.1, for each x9 € M there is coordinate system 
(A,@) of M such that x9 € g(A). Take to € A and r > 0 with B(tp,r) C A and x9 = 
y(to). Then for the mapping 

R:R’ >R*, R(t) =t—to—rey, 


we have that 


:= R(B(to,r)) 


is contained in the interior of the half-space H*. Now define 


vy :=90R!: BCH 5R’. 


Then (B,y) is a coordinate system of M according to Definition 8.2.1 and 
¥(B) = g(B(to,r)). Also, since y~! (xo) is in B, and so contained in the interior 
of Hi, it turns out that the first coordinate of y~!(xo) is strictly negative, and 
consequently, 


s 


xo € OM. 


The following proposition will be very useful in the exercises. It allows one to 
replace the half-space HI provided by Definition 8.1.1 and used in Definition 8.2.1 
of a regular surface with boundary by an arbitrary half-space. 


Definition 8.2.3. A half-space in R* is a set S of the form 


S:={teR* : x(t) <a}, 
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where 7 : R* — R is a nonzero linear form and a € R. The boundary of the 
half-space is defined by 


dS := {te R* : x(t) =a}. 


An example of a half-space is H*, introduced in Definition 8.1.1. Another 
example is a set of the form 


S:={teR* : t;>b} 


for a fixed 1 < j <k. In fact, it suffices to consider the linear form a(t) = —t; and 
a = —b. In the last example, the boundary coincides with the set of points t ¢ R* 
such that t; = b. 

A mapping 


g:ACS>MCR’ 


is said to be of class C? in A if there exist an open set A C R* and a mapping 
g:ACR*‘>R" 
of class C? in A such that AMS = A andg), = 9. 


Lemma 8.2.2. For each half-space S in R* there exists an affine mapping 
R: Rk >R* 


such that R(H*) = S, R(OH*) = aS. 


Proof. Given the half-space S = {t € R* : x(t) < a}, we consider an orthonormal 
basis {v},v2,...,¥,} of R* with the properties that z(v,) > 0 and {v,v3,...,v,} is 
a basis of the (k — 1)-dimensional vector subspace 2~! (0) = Ker 7. We take 


L: Rk > R* 


to be the linear mapping defined by L(e;) =v; for 1 < j <k. Finally, choose a 
vector b € R* such that 2(b) = a and define the affine mapping R by R:=b +L. 
From 


k k 
1 [e (S«:) =a+ > xjn(vj) =a+x171(v1), 
j=l j=l 


we deduce 
R(H*)=S and R(dH*)=<aS, 


and the proof is finished. 
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As an immediate consequence of Lemma 8.2.2, the half-space S is a regular 
k-surface with boundary of class C® in R*, and the definition of boundary of a half- 
space introduced in Definition 8.2.3 is consistent with the definition of boundary of 
a regular surface with boundary, Definition 8.2.2. 


Proposition 8.2.3. Let M = M, UM) satisfy M, 1 M2 = ©, where M, is a regular 
k-surface of class C? and for each point xo € Mp there exist a half-space S in R* 
and a mapping 

g:ACS>MCR’ 


of class CP such that xo € (A). Suppose the following hold: 


(1) There exists an open subset U of R" such that p(A) =MNU and g:A— 9(A) 
is a homeomorphism. 

(2) For everyt € A, dg(t) : R‘ — R" is injective. 

(3) g '(xo) € aS. 


Then M is a regular k-surface with boundary of class C? and 0M = M). 


Proof. For every x9 € M,, we can argue as in Proposition 8.2.2 in order to find a 
coordinate system (B, yw) such that in accordance with Definition 8.2.1, x9 € w(B) 
and the first coordinate of w~!(xg) is strictly negative. Now we concentrate on 
giving the details only for the boundary. Fix a point x9 € M> and take 9: A CSM 
to be a mapping of class C? satisfying properties (1), (2), and (3) of the hypothesis. 
We also consider the affine mapping R : R‘ — R* obtained in Lemma 8.2.2. Finally, 
define 


:=R-'(A) c H* 


and 


v:BCHK>M, w= @oR. 


It is straightforward that (B,y) is a coordinate system of M according to 
Definition 8.2.1 and that w~!(xo) = (0,19,...,t) (see the definition of boundary, 
Definition 8.2.2). It follows that M is a regular k-surface with boundary and 
OM = M>. 


It is worth to mention that the statement of Proposition 8.2.3 is written in the 
most suitable way to apply to some exercises. But, if M is a subset of R” with the 
property that for each xo € M there exists g : A CS > M such that xp € g(A) and 
conditions (1) and (2) of proposition 8.2.3 are satisfied, then M is a regular k-surface 
with boundary of class C? and OM = {x € M: g'(xo) € OS}. 

Intuitively, a regular k-surface with boundary consists of the union of a regular 
k-surface (without boundary) and a regular (k — 1)-surface (that is exactly the 
boundary). In particular, a regular surfaces with boundary in R? is the union of a 
regular surface and a regular curve. This is the content of the following theorem. 
Nevertheless, one cannot build a regular surface with boundary in R? from a regular 
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surface (without boundary) and a regular curve in R°, since the regular surface and 
the regular curve must be connected in a very special form. It is Definitions 8.2.1 
and 8.2.2 that describe that exact form. 

From now on we denote by ¢ = (t,...,f;) an arbitrary point of R* and by s = 
(s1,-.-,8,-1) an arbitrary point of R‘!. Ifs ¢ Ré!, thent:= (0,s) € R* is the point 
with coordinates 

th =0, f=, ,..., te =Se_1- 
Theorem 8.2.1. Let M be a regular k-surface with boundary of class C? in R". 
Then: 


(1) OM is a regular (k — 1)-surface of class C?. 
(2) M\ OM is a regular k-surface of class C?. 


Proof. We will concentrate on the study of the boundary. For each xp € 0M let 
(A, @) be a coordinate system of M such that x9 € g(A) and let 


(0,13,...,t”) =@" | (x0). 


We define : 
A:={seR™! : (0,s)€ A}. 


In other words, if we denote by 
j:R1 =H cR 
the continuous mapping j(s) := (0,s), then 
A=j"'(A) 
is an open set in R‘!. We also define 
@:AcR!>R", @(s):=¢(0,s). 
If A is open in R‘ and g: A C R* + R" is a function of class C? on A such that 
ANH = A and g = g in A (see Definition 8.1.2), then 
9 = 9A = SUG 


is a mapping of class C? in the open set A of RE. Moreover, if we consider sg := 
(t9,...,t2) € A Cc R*!, then xo = Q(so), and by Definition 8.2.2, 


_~ 


x) €@(A) COM. 


We prove that 


_~ 


(A,@) 


is a coordinate system of a (k — 1)-regular surface in the sense of Definition 3.1.1. 
To check condition (S1’) of Definition 3.1.1, take an open subset 
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DCA 


and observe that (—°o, 0] x D is an open subset of HI‘ for the relative topology. Since 
g is a homeomorphism, by condition (SB1’) for a regular surface with boundary 
(Definition 8.2.1), there is an open set V in R” such that 


9 ((—2°,0] x DNA) =MNV, 


and from this we see that 


o~ 


@(D) = MNVNOM = aM_XV. 


To check the second condition for a coordinate system (that is, Defini- 
tion 3.1.1(S2)), we observe that since 


P(51,52,-+-,Sk—-1) = 9(0,81,52,---,5k-1); 


the gradient vector of the component @; at s consists of the partial derivatives of @;, 
with respect to each of the variables except the first one, at t = (0,5). That is, the 
n x (k—1) Jacobian matrix 


a ) 7) 
oe (0,s) Sr (0,8) 5, (0,5) 
a ) d 

@'(s) = ae 0,s) oP (0,5) ae 0,s) 
fe) “i Q i 0 M1 
We (0,s) oe (0,5) ees ah (0,5) 


is obtained by eliminating the first column of the n x k Jacobian matrix 


Ce) a] Ce) 

5p (0,5) ae (0,5) Sr (0,5) 

Li) Xi) Xi) 
i= aa (0,8) 3, (0,8)... i, (0,5 

fo) “a 7) i 7) nN 

mr (0,8) Get ... 3F*(0,s) 


Since the columns of this last matrix are linearly independent, by condition (SB2) 
of the definition of a coordinate system for a regular surface with boundary (see 
Definition 8.2.1), it follows that the columns of the matrix @’(s) are also linearly 
independent, and this means that condition (S2) of Definition 3.1.1 is satisfied. We 
have proved that 0M is a regular (k — 1)-surface of class C?. 
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Example 8.2.3. Let 0 < € < 1 be given. Then 
M:= {(x,y,z) CR? : P+y4+2=1,72>8} 
is a regular 2-surface with boundary in R? and its boundary is given by 
aM = { (x,y,z) R? :x°+y’ =1-e, z=e}. 
Let us decompose our surface as M = M; UM), where 
M, := {(x,y,z) CR? : xe t+y4+2=1,z2>e} 


and 


My := { (x,y,z) CR? 1x? +y? =1-¢7, z=6}. 


According to Example 3.2.2, M, is a regular surface in R*. In order to apply 
Proposition 8.2.3, we fix a point 


(x0,¥0,€) = M2 


and select @ € R such that x9 = V1—€?cos@, yo = V1 —€2sin@y. We will 
parameterize the points (x,y,z) of M in a neighborhood of (xo, yo,€) using the polar 
coordinates of the point (x,y) while bearing in mind that 


ie 


That is, we consider the half-space 


={(p,6)ER’ : p< V1-2} 


and the open set (for the relative topology on S) 


A:=(0,V1—€?] x (Q99—7,09+7). 


Now define 
g:ACcCS—>R’, 0(p.8) = (peos6.psind, =p’). 


We observe that g is the restriction of the function 


g: ACR’? >R’, g(p,0):= (peos0,psind, =p?) 
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of class C® defined on the set 
A:= (0,1) x (@9—7,0)+7). 


To finish, we show that @ satisfies conditions (1), (2), and (3) of Proposition 
8.2.3. To check (1), we consider the mapping 


h:ACR?>R’, h(p,0):=(pcos6,psin@). 


Since h is injective and its Jacobian is nonzero at each point, we deduce from the 
inverse function theorem that 4(A) is an open set in R* and h: A —+ h(A) admits an 
inverse of class C~. Then 


(A) = (h(A) x R)AM 


is an open subset of M. We denote by  : R* —+ R? the projection onto the first two 
coordinates. It turns out that the inverse of the mapping 


g:A— (A) 
is precisely 
ee = ho on, 


which is a continuous function. That is, g is a homeomorphism onto its image. It is 
also possible to arrive at the same conclusion by observing that g is the restriction 
of a coordinate system for the sphere. 

Condition (2) holds is obvious since the two vectors ae and 4 are linearly 
independent by virtue of the fact that 


09 XO) 


ip eee (Rone es 


Concerning condition (3), it suffices to note that 


sin 0 e+ (0,0,0). 


(x0,Y0,€) — (V1 _ €* cos Oo, V1 — ¢? sin 4, €) _ o(V1 —€7,0p), 


or equivalently, 


Q- ‘xo, Yor€ (Vv 1-2, 60) ES. 
Remark 8.2.3. (1) The mapping g : A C S — R? of Example 8.2.3 satisfies the 


condition that 
M=9(A) U a((0, V1 —e%)), 
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where a : [0, V1 — €7] — M is defined by 


a:(p) = (pcos(@ — 7), p sin(@ — 7), \/1—p?), 


ie., a([0, V1 —e?]) is the portion of a circle originating at point (0,0,1) and 
ending on M) at point (v1 — €? cos(@ — 2), V1 — €? sin(@ — 7), €). 


(2) Take 
—V1-—€2,0] x (@)—72,0+7) 


and 


v: BCH 3M, w(s,0)=e(V1—€2 45,8). 


Then (B, ¥) is a coordinate system of M in a neighborhood of (x0, yo, €). 


Example 8.2.4. Consider the compact set 
M:={(x,9,2) ER? : P+ +2 <1}. 
M is a regular 3-surface with boundary of class C* in R*. In this case, the 


boundary of the surface is the unit sphere (See Example 8.2.2). 


Again, we form a decomposition M = M,; UM, where 
M, = {(x,y,z) ER? : P+y+y <1} 
is an open subset of R?, that is, a regular 3-surface in R*, and 
My ={(x,y,z)€R? : P+y+y =1} 


is a regular 2-surface in R*. Intending to apply Proposition 8.2.3, we fix an arbitrary 
point (x0,y0,Z0) € Mz. Suppose that (x9, vo,z0) ¢ {(x,0,z) : x <0,z € R}. We will 
parameterize using the spherical coordinates (r,s,t) of a point of R? (see Example 
3.3.2). That is, we consider the mapping 


g:(0,+e°) x (0,z) x (—2,2) + R? 


defined by 
g(r,5,t) = (rsinscost,rsinssint,rcoss). 


We already know that g is injective that and its Jacobian, r? sins, is nonzero. It 


follows from the inverse function theorem that the image of g is an open subset of 
IR? and that g has an inverse of class C®. In particular, g is a homeomorphism onto 
its image. Now consider the half-space 
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S:={(ns,t)eR? : r<1} 


of R3, the open set 
A := (0, 1] x (0,2) x (—2, 2) 


with respect to the relative topology, and the mapping 
g:AcSo>McCR 


given by the restriction of g to the set A. It should be clear that @ satisfies conditions 
(1) and (2) of Proposition 8.2.3. Moreover, there exist so € (0,7) and to € (—2,71) 
such that 

(x0,Y0,20) = G(1,50,t0), 
that is, 


yg '(x0,¥0,z0) € OS. 


At points of MyM {(x,0,z) : x < 0,z € R} we can proceed in a similar way after 
appropriate modifications of the functions g and g, keeping in mind that the ball is 
invariant under rotations. We thus reach the conclusion on application of Proposition 
Cae 
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8.3 Practical Criteria 


The approach used in the previous two examples of the last section is admittedly 
cumbersome. In this section, we provide some useful tools that simplify the task of 
deciding whether we have a regular surface with boundary, and further, determining 
the boundary. Equipping our toolbox will necessitate some complicated proofs, and 
the reader may safely consider them optional, but the results themselves are quite 
easy to apply in concrete situations and certainly worth being familiar with. 

If we cut a regular surface S with a plane that is not tangent to the surface, our 
intuition tells us that the portion of the surface to one side of the plane is a regular 
surface with boundary, with the boundary being exactly the curve obtained as the 
intersection of S with the plane. Something analogous should occur if we replace 
the plane by another surface that cuts S in an appropriate way. For instance, if we 
perforate a sphere of radius R with the aid of a cylinder centered at an axis of 
the sphere and of radius r, r < R, then we obtain a surface with boundary whose 
boundary is exactly the intersection of the cylinder with the sphere (Fig. 8.3). 

We are going to obtain sufficient conditions that guarantee that this intuition 
becomes fact. We begin by presenting the following practical criterion. 


Criterion 8.3.1. Let 1<k<n-—1, 


@:UCcR"’>R™* 


and 


f:UCR'-R 


M = (x,y,z): z=1-x?-y:z20) 


Fig. 8.3. (a) Paraboloid portion in the upper half-space; (b) cutting a sphere with a cylinder 
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be functions of class C!. Suppose that ®'(x) has maximum rank (that is, rank n— k) 
for every x € ®!(0) and also 


(®, f)'(x) 
has maximum rank (n—k + 1) for every x € ®-!(0) Nf-!(0). Then 


M:={xEU : @(x)=0, f(x) <0} 
is a regular k-surface with boundary and 
OM={xeEU : ®(x)=0, f(x) =O}. 


Those who need a practical criterion for dealing with surfaces with boundary can 
interrupt their reading at this point and proceed directly to dealing with the exercises 
in an effective way. The student of the mathematical theory, however, is invited to 
continue reading this section, where we will prove the criterion by application of 
the following theorem. 


Theorem 8.3.2. Let S be a regular k-surface, 2 <k <n, contained in an open set 
U of R" and let f : U C R" +R be a function of class C! such that for every 
x € SM f—!(0) the gradient vector VW f(x) is not orthogonal to the tangent space 
T,S. Then 


M:={xeES: f(x) <0} 
is a regular k-surface with boundary and 
OM={x ES: f(x) =0}. 


Moreover, if S is a regular k-surface of class C? and f is a function of class C?, 
then M is a regular k-surface with boundary of class C?. 


Proof. Write M = M, UM), where 

M,:={xES: f(x) <0} 
and 

Mz := {xe S : f(x) =O}. 


Then M, is a regular k-surface, since it is the intersection of S with an open set. 
In order to apply Proposition 8.2.3, we fix a point xo of S with f(xo) = 0. Take a 
coordinate system (B, w) of S (see Definition 3.1.1) such that x9 = (to), where 
to = (t?,¢9,...,2) € B, and consider the function 


®:BxRCRxROR, O(t,s):=(fow)(t)—s. 


8.3 Practical Criteria 231 


Then ®(to,0) = 0. Also, since Vf (xo) is not orthogonal to T,,S and the vectors 


ow ow 
{Feo SE} 


are a basis of the tangent space 7,5 (see Theorem 3.4.1), we can assume (by a 
permutation of the coordinates) that 


0 
(-vs(00), 5% to) 0, 
tk 
what means that, by the chain rule, 


a@ _ a(fo W) ym 
Fr eae Pe ee one 3; 0) #0. 


The implicit function theorem, Theorem 3.2.1 (see also [10, 4.6]), provides us 
with an open neighborhood W of (to,0) in R‘*!, W C Bx R, an open neighborhood 
A of 


Ct ccagde gl) 
in R* and a function g: A C R‘ > R of class C! in A such that the following hold: 


LP teashe qe, 
2. (Fi insted Cigens fea 8),9) © W CBxR whenever (f1,...,t¢-1,5) €A, 
3. for every (t,5) € W, 
@(t,s) = 0 if and only if (t1,...,t 1,5) € A and & = g(t,...,4-1,8). (8.5) 


In particular, whenever (t),...,t,-1,5) € A, we have 


(tys.seisB(,--.s8e-i38) ) eB 


and 
O tijite aint 9),5) =0. (8.6) 


Now define A = AN Hi and 
g:ACH‘>McR" 


by 
Q(t,---,tk-1,8) = (tye 1.8 (tse sfe-1s)):- 
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Letting 
x= g(t, vas fe—1, 5); 


condition (8.6) gives f(x) — s = 0. Together with the injectivity of w, and (8.5) this 
implies that g is injective and g(A) C M. Moreover, 


o(ef,...,t8.,,0) = we?,... 421,02) = x0. 


It remains only to check that (A, @) satisfies the condition (1) and (2) of Proposition 
8.2.3. To do this, we consider the mapping 


B:ACR‘ >R* 
defined by 
B(t,.--5te-1,8) = (t, eee gl-15 8 (Byes Ah) (8.7) 
and observe that 
P=WVoBy. 


Now it suffices to check that B admits a local inverse of class C! in a 
neighborhood of ug := (t?, sists gg sO) € A. Evaluating the partial derivative of 
(8.6) with respect to s, keeping in mind 


at each point (¢,s) € B x R, we obtain 


O 
(1), .--sfe_1,8(Uo), 0) : 5~ (uo) -1=0. 
k S 


In particular, it follows from Definition (8.7) that the Jacobian of B at ug is 
dg 
JB(uo) = SE (uo) £0. 


and an application of the inverse function theorem, Theorem 3.1.1, concludes the 
argument. 


We can return to the proof of Criterion 8.3.1. 
Take 


S:=@7'(0), 


which is a regular k-surface by Proposition 3.2.1. For every 


sesnse Oh, 
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the gradient vector V f(x) is not a linear combination of the vectors 
-k 
{VOPjX) j= 


since otherwise the rank of the matrix (®, f)’(x) would be (n—k). Now, by 
Proposition 3.4.1, the vectors 


{v®, (x), V Po(x),..-, VW Pr_x(x) } 


are a basis of the normal space to S at x. Consequently, V f(x) is not orthogonal 
to the tangent space to S at x. We can apply Theorem 8.3.2 to conclude that M is 
a regular k-surface with boundary, and moreover, the boundary consists exactly of 
those points of S at which the function f vanishes. 

We present now another practical criterion. 


Corollary 8.3.1. Let S be a regular n-surface contained in an open set U in R" 
and let f :U CR" > R be a function of class C? such that WV f(x) 4 0 for all 
x€SOf-'(0). Then 

M :={xeES: f(x) <0} 
is a regular n-surface with boundary of class C? and OM = {x € S: f(x) =O}. 


Criterion 8.3.3. Let M be a compact set in R" such that 0'°?(M), its topological 
boundary, is a regular (n—1)-surface of class C?. Suppose that for eachx € 0° (M) 
there is 6 > 0 such that for every0 <r <6, 


B(x,r) \ dP (M) 


has two connected components, and one component coincides with the intersection 
of B(x,r) with the interior of M. Then M is a regular n-surface with boundary of 
class C? and 0M = 0"? (M). 


Proof. The hypothesis implies that the interior of M is nonempty and hence is a 
regular n-surface. According to Proposition 8.2.3, we need to check the conditions 
in Definition 8.2.1 of regular surface with boundary at each point of the topological 
boundary of M. Fix x9 € 0°°?(M) and take 6 as guaranteed by the hypothesis. By 
Theorem 3.4.2, there exist 0 <r < 6 and 


® : B(xo,r) CR" > R 
of class C? in B(xo,r) such that 
9°P(M) NB(xo,r) = ®-1(0) 


and 


V P(x) #0 
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for every x € ®~!(0). Let U and V be the two connected components of B(x,r) \ 
dP (M) and let 


U = B(x,r) MInterior(M). 


Then the sign of @ is constant in U and also in V. However, the sign of @ is not 
constant in U UV, since this would imply that 0 = ®(x9) would be a local extreme 
value of ®, contradicting VY P(x) 4 0. Without loss of generality (otherwise we 
change the sign of ®) we can assume 


@(x) <Oforeveryxe€U, (x) >0forallx eV. 

Consequently, 

B(xo,r) OM = {x € B(xo,r) : B(x) < O}. 

By Corollary 8.3.1 we deduce that B(xo,r) MM is a regular n-surface with 
boundary and also that x9 is a point of the boundary. In particular, according to 
Definitions 8.2.1 and 8.2.2, there is a coordinate system (A,Q), 

g:ACH"’>MCR’, 
of class C? in A such that 


go '(xo) = (0,29,...,2°). 


Let M be a regular n-surface with boundary of class C? that satisfies the 
hypothesis of Criterion 8.3.3. In particular, for every x9 € OM, one can find r > 0 
such that 

B(xo,r) \ 0"? (M) (8.8) 


has two connected components, U and V, where U is the intersection of B(xo,r) with 
the interior of M, and V is the intersection of B(xo,r) with the complement of M. 

We are going to see that under these circumstances we can speak of normal 
vectors that point toward the outside or the interior of the regular surface. 


Definition 8.3.1. Let M@ Cc R” be a regular n-surface with boundary of class C?. A 
normal vector N to T,,(0M) is said to be an exterior normal vector if there is 6 > 0 
such that 

xo +tN € R"\M, 


whenever 0 <t < 6. 


Proposition 8.3.1. Let M be a regular n-surface with boundary of class C? and xq 
a point in OM. We assume that there exist r > 0 and a mapping 


® : B(xo,r) CR" > R 
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of class CP such that 
B(xo,r) NOM = {x € B(xo,r) : B(x) =0} 


and 
B(xo,r) AM = {x © B(xo,r) : B(x) < 0}. 
Then N = V®(xo) is an exterior normal vector to T.,(0M). 
Proof. From Proposition 3.4.1 we already know that N is a normal vector to 


Tx) (09M). Moreover, 


(x9 +1N) — O(x0) 
t 


0 < (N,N) = Dy®(xo) = lim 


P(x +tN) 


9 


= lim 
which shows that if t > 0 is small enough, then 


@(x9+1tN) > 0, 


and hence x9 +tN € R"\ M. 


An especially simple situation that illustrates this discussion is the following. Let 
M = lH” be the half-space of Definition 8.1.1 in the case k =n. For ®(x) = 2x1 we 
have 


M={x ER” : D(x) < O}. 
In this case, the boundary of M coincides with the hyperplane x; = 0, and the vector 
VP(xo) =e1 


points toward the exterior of the half-space. 


Example 8.3.1. Let 
M :={(x,y,2)€R? : P+y4+2=1, 7220} 


be the upper hemisphere of the unit sphere. Then M is a regular 2-surface with 
boundary in R?, and the boundary is the unit circle in the xy-plane, 


OM = {(x,y,2) € R? ae eae =1,z= O}. 
To check this, consider the mappings given by 


f(x,y,z) =z, O(x,y,z) =P +r 42-1. 
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Then 
V P(x, y,Z) = (2x, 2y,2z) F (0,0,0) 


in R? \ {(0,0,0)}, and in particular, ®’(x,y,z) has rank 1 at every point on the 
sphere. Moreover, 


@piesa=(F 2 4) 


has rank 2 except at points of the z-axis, but since the z-axis does not intersect the 
unit circle in the xy-plane, an appeal to Criterion 8.3.1 concludes our argument. 


Example 8.3.2. The truncated paraboloid 
M :={(x,y,2) ER? : z=x+y", z< 1} 


is a regular 2-surface with boundary whose boundary is the unit circle in the plane 
=, 
OM = {(x,y,z) ER? : 7 +y =z=1}. 


Again we apply Criterion 8.3.1, this time with the mappings 
P(x,y,z) =X +y?—z, fl%y,z) =z-1. 
Easily we see that 


V P(x, y,z) = (2x,2y,—1) fa (0,0,0), 


which means that ©’ (x,y,z) has rank | at every point of R*. Also, 


(®, f)' (x,y,z) = (3 : 1) 


has rank 2 except at points of the z-axis. Since the z-axis does not intersect the unit 
circle in the plane z = 1, Criterion 8.3.1 provides our conclusion. 

Let us indicate briefly how one can analyze this example, to the same end, by 
use of Proposition 8.2.3 rather than Criterion 8.3.1. We decompose M = M; UM), 
where 

M, = {(x,y,z) ER? : z=x*4+y,z< 1}, 


being the intersection of the paraboloid with an open set, is a regular 2-surface in 
R?, and 
Mp = {(x,y,2) ER? : xP +y =z= 1}. 


Now we fix an arbitrary point (xo,yo,z0) € M2. The level curves obtained on 
intersecting M with horizontal planes are circles, and this suggests the use of polar 
coordinates. Thus, we put 
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x=pcos0, y=psin@, z=x +y' =p’. 
Since z < 1, it follows that p < 1. We consider the half-plane 
S={(p,0)¢R’ : p<} 
and select 0) € R such that 


Xo = cos, yo = sin Op. 


Finally, we define 
A := (0,1] x (69 — 2,0) + 2) 
and 
g:ACS>MCR', 9(p,0) =(pcos@,psin@,p”). 
The verification of conditions (1) and (2) of Proposition 8.2.3 are left as an exercise, 


but it is similar to the corresponding verification in Example 8.2.3. To finish, we 
note that 


(xo,y0,20) = 9(1, 0) € @(ANAS). 
Example 8.3.3. Already we have seen in Example 8.2.4 that the closed unit ball 
M:={(x,y,z)€R? 2 xP +y+2 <1} 


is a regular 3-surface with boundary in R? and that the boundary is the unit sphere. 


This conclusion can alternatively be arrived by application of Theorem 8.3.2 in 
the limiting case of k = n = 3 and S = R? upon considering the function 


f:ROR; fQyz) =e +r 42-1. 


The normal space to S at an arbitrary point is simply (0,0,0), and so, in order 
to apply Theorem 8.3.2, we have only to check that V f (x,y,z) 4 (0,0,0) at every 
point at which the function f vanishes, and this much is clear. 

The next example shows again the difference between the boundary (which, for 
emphasis, we might call the geometric boundary) of a surface and the topological 
boundary of that surface considered as a set. 


Example 8.3.4. The annulus M := {(x,y) € R? :1 <x? +y* < 4} is a regular 2- 
surface with boundary. The boundary is the circle with radius 2 centered at the 
origin. 


Again we apply Theorem 8.3.2 in a limiting case. Take 


S:={(x,y) eR? :1<x+y}, 
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which is a regular 2-surface in R* because it is an open set. Now define 
f:R?OR, f(xy) =x4+y’-4. 


Since Wf (x,y) = (2x,2y) 4 (0,0) whenever x? + y* = 4, Theorem 8.3.2 provides 
our assertion. 
On the other hand the topological boundary of M is 


top 


dM ={ (x,y) €R?:°+y =1}U{(x,y) € R?: xP +y? =4}. 
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8.4 Orientation of Surfaces with Boundary 


In Chap.5, we studied the orientation of regular surfaces without boundary, and 
so if M is a regular k-surface with boundary, we already know what is meant by 
an orientation of the regular k-surface M\ 0M and an orientation of the regular 
(k — 1)-surface 0M. Of course, one cannot assume that either of these is orientable, 
and a priori, there is no reason to believe that the orientability of one is related to 
the orientability of the other. However, the aim of this section is to prove that if 
M \ OM is orientable, then so is OM. Moreover, of the two possible orientations of 
OM (we suppose 0M is connected), one of them is canonically determined by the 
chosen orientation in M \ 0M. As one might expect, the connection between these 
two orientations is closely related to the notion of orientation of a surface with 
boundary. 


Definition 8.4.1. Let M be a regular k-surface with boundary of class C? in R”. 
Then M is said to be orientable if there exists an atlas {(Aj,@;) : i € 1} such that for 
each pair of coordinate systems (A1,@1) and (Az,@2) with g1(A1)N @2(Az2) 4 @ 
one has J (9; ' © @2) > 0 on its domain of definition. Also we will say that the atlas 
defines an orientation in M. 


Let us define 
R‘ :={yeR* : y, <0}, Ro:={yeR* : y =0}, 
and note that H* = R* U RK Also, for each subset A C Hi we put 
A_:=ANR*. 


If (A, g) is a coordinate system of M, then (A_,@),_) is a coordinate system of the 
regular k-surface M \ OM. 

Some authors say that a regular k-surface M with boundary is orientable if the 
1-regular surface M\0M is orientable. Next proposition shows that their and our 
definitions are equivalent. 


Proposition 8.4.1. Let M be a regular k-surface with boundary in R". Then M is 
orientable if and only if M\ OM is. 


Proof. Indeed, if the orientation of M is determined by the atlas 
{(Ai, gi) LE Th, 


then in M \ 0M, we consider the orientation defined by the atlas 


{((Ai)—, gi) 1 € Tf. 
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Conversely, suppose that M \ 0M is an orientable regular k-surface and let 
of ={(Ai,gi) :1€T} 


be an arbitrary atlas of M, where each (Aj;)-— is a connected set. We suppose that 
we have chosen an orientation in M \ 0M, and we set about obtaining a new atlas of 
M that defines an orientation according to Definition 8.4.1. We proceed as follows. 
First consider the linear mapping L : R —> R* defined by 


L(t) = (t, eae sth_2, tk, th-1)- 
Now for every i € J, we analyze whether the coordinate system ((A;)_,@;) of 


M \ OM is compatible with the chosen orientation of M \ 0M. If this is the case, we 
define 


(Bi, Wi) = (Ai, gi), 


but if not, we let 


(Bi, Wi) = (L-'(A,),g7°L). 


According to Lemma 5.2.3, the coordinate system ((B;)_, wi) is compatible with 
the orientation of M \ 0M. To finish, we show that the atlas 


B:={(Bi, pi) : ie 


defines an orientation of M. Suppose, therefore, that (B,,w1) and (Bo, w2) are two 
coordinate systems in the atlas such that 


D:= 1 (Bi)N ¥2(By) FZ. 


Since the two coordinate systems 


((B1)—,W1) and ((Bz)_, #2) 


of M \ OM are compatible with the orientation of M\ 0M and 


Wi ((Bi)-)N W2((B2)-) =D\ OM, 


we deduce from Theorem 5.2.1 that 


J(wy!ow2) >0 


on the set yw; '(D\ 0M). Note that it is implicit in the proof of Theorem 8.2.1 that D\ 
OM # @. Since | (D) is contained in the closure of ws; '(D\dM), by continuity, 


I(wy ops) >0 
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on W> : (D). Moreover, according to Proposition 8.2.1, the mapping 
¥) ove: 05 /(D) CHK > R* 
has nonzero Jacobian at each point. Finally we deduce 


J(wy ops) >0 


in the set yw; '(D). 


From now on, if M is an orientable regular surface with boundary and its 
orientation is defined by the atlas {(Aj,@;) : i € 7}, then we will consider the 
orientation of M \ 0M defined by the atlas 


{((Ai)—, i) #€ Tf 


and will refer to this as the orientation induced by the orientation of M. In the next 
theorem, we will show how the orientation of M also induces an orientation of the 
(k — 1)-dimensional regular surface 0M. 


Theorem 8.4.1. Let M be a regular k-surface with boundary in RR" that is ori- 
entable and of class C?. Then OM is an orientable regular (k — 1)-surface of class 
CP. 


Proof. According to Theorem 8.2.1, 0M is a regular (k — 1)-surface of class C?. 
Given x9 € OM, let (A,@) be a coordinate system of M such that x9 = g(t), where 
to = (0,19,...,t2) € A. As in Theorem 8.2.1, define 


A:={seRM'!. (0,s) € A}, 
which is an open set in R*-!, and 


@:AcR!>R", Gs) :=9(0,s), (8.9) 
which is a function of class C?. As we saw in the proof of Theorem 8.2.1, (A, ~) isa 
coordinate system of 0M. Suppose that we have chosen an orientation in M. We are 
going to show that if {(Aq,@q)} is an atlas of M compatible with that orientation, 


where Ay, is connected, then {(Aq,@q)} induces an orientation of OM. Here, @g, is 
related to @q as in (8.9), that is, 


Pals) = Pa(0,8). 
Take (A,,@ 1) and (Az, @2) to be two arbitrary coordinate systems in this atlas of 
M. We need to check that 9; ‘6 | has positive Jacobian in its domain of definition, 


which we denote by V, and assume that V 4 @. To this end, let 


gs (Fis 85+ ++58e) 
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be a C? extension of g '¢ g| to an open subset of R*. From the identity 
(g3'0g1)(0,s) = (g1(0,s),...,94(0,8)) 
and Lemma 8.2.1, it follows that g|(0,s) = 0 for every s € V. Thus 
2(g2(0,5),.-.,8%(0,8)) = g2(g(0,s)) = 91 (0,8) = G1 (s). 
We conclude that 
(@,'0G1)(s) = (g2(0,s),---,g%(0,8)). 


Now, bearing in mind that g;(0,s) is identically zero on V, we have 


O81 
ono 


for each 2 < j <k and every s € V, and so obtain the following relation between the 
Jacobian of g3' og; and that of gy! og): 


i 9 0 
Oty 
0g 982 9B 
0 < J(gy!o@1)(0,s) =| At Oty Ot 

28k 98k Bk 
dn Om "Ot los) 

_ 981 va oe 

= 3, CR) es SRI)'8) (8.10) 


for every s € V. On the other hand, since g;(0,s) = 0 and gi(h,s) < 0 for every 
h <0 such that |A| is small enough, we have 


and conclude that 
J(@z' oGi)(s) > 0, 


for every s € V, as we wanted to prove. 


Definition 8.4.2. Let M be an oriented regular k-surface with boundary in R” and 
{(Aa,@a)} an atlas of M compatible with its orientation. The orientation induced 
on the boundary OM is the orientation defined by the atlas {(Ag,@x)}; a(s) = 
Ya(0,s) introduced in Theorem 8.4.1. 
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Definition 8.4.3. Let .# be a hyperplane in R” and N an orthogonal vector to #. 
The orientation induced by N on # is the orientation 


C= [V1,---,Pn—1; 
where {v1,...,Vn—1} is a basis of # such that 
{N,v1,---;¥n—1} 


is a positively oriented basis of R”. 


From Proposition 7.2.2 we can see that, N is a positive multiple of the cross 
product vy; x --+ X ¥,__1. 


Example 8.4.1. We consider the half-space 
S:= {te R" : x(t) <a} 


(see Definition 8.2.3). Suppose this is oriented so that (S\ 0S, id) is a coordinate 
system of S\ dS compatible with the orientation, where id denotes the identity 


mapping 
id:S\ dS > S\ dS. 
Let N be the (unique) unit vector that is orthogonal to the hyperplane #7 := Ker a 


and satisfies 7(N) > 0. Then the orientation induced by N in # coincides with the 
orientation induced in the boundary by the orientation of S. 


We observe that the tangent space to 0S at a point is exactly the (n — 1)- 
dimensional vector subspace Ker z (see, for instance, Proposition 3.4.1). Putv; :=N 
and consider an orthonormal basis {v2,¥3,...,V,} of Ker 2 such that 


{v1,¥2,---,¥n} 


is a positively oriented basis of R”. As in Lemma 8.2.2, take L : R” — R" to be the 
linear mapping defined by L(e;) =vj, 1 < j <n. Finally, let b € R” be a vector such 
that 2(b) = a and define R as the affine mapping R := b + L. Then 


R:H"-S 


is a coordinate system of S. The chosen orientation in S is the one for which, for 
every x € U :=S\ 0S, the orientation in the tangent space (isomorphic to R”) 7, U is 


0, = [e1,€2,.--,€n]- 


Since for each ¢t € R” and t; < 0, we have 
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and {v1,v2,...,¥} is a positively oriented basis of IR”, we conclude that (HI”,R) is 
a coordinate system compatible with the orientation of S. According to Definition 
8.4.2, (R”~!, W) is a coordinate system of AS compatible with its orientation, where 


wR”! 0S, w(s)=R(0,s). 


From 


av. OR 
OS; Oe O41 


for every 1 <i<n—1,andeverys in R”~! we deduce that the orientation in Ker is 


(0,s) = vi41 


O = [vo,...,¥n]. 


It follows from Definition 8.4.3 that this is the orientation induced by the normal 
vector N. 


Example 8.4.2. Let0 <e€ < 1 and 
M:= {(x,y,2) € R? : 45 ee =1,7z> e} 


be given. We wish to analyze the orientation induced on M \ 0M and on OM by the 
coordinate system (B, wy) of Remark 8.2.3 (see also Example 8.2.3). 


Recall that B := (—r,0] x (69 — 2,09 + 2), where r* = 1 — €”, and 


vy: BCH’>M 


is given by 


(5,0) = ((r-+s)00s 6,(r+s)sin@,,/1— (r+5)) . 


For every —r < s < 0, we have 


; ; ej 2 e3 
(= x +) (s,8) = cos @ sin@ Ta 
—(r+s)sin@ (r+s)cos@ 0 
Since 
ow ow _ cos @ sin @ — 
(¢ * 35) 6.8). 7 Lae es (r+s)cosO]| — ieee 


the normal vector defined by (B, y) at the points of M \ 0M point to the exterior of 
the sphere. In other words, the orientation induced by the coordinate system (B, W) 
on M \ OM coincides with the orientation induced by a vector field of unit normal 
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Fig. 8.4 Surface of Example 
8.4.2 


Fig. 8.5 Cylinder of 
Example 8.4.3 


vectors pointing to the exterior of the sphere (see Definition 5.2.3). Moreover, 
according to Definition 8.4.2, a coordinate system of the boundary of M compatible 
with the orientation is given by 


((@9 — 2,0) +7), y), 


where 
y:(Q%—2,00+2)-> 0M, y(@)=W(0,0). 
From 


y (0) = (V1-e?cos0, /1—e7sin@,e), 


we see that the orientation induced on 0M consists of traveling counterclockwise 
about the circle of radius 1 — €? in the plane z = € (Fig. 8.4). 


Example 8.4.3. Consider the cylinder 
M:= {(x,y,2) eR? : r+y= 1;0<z< 1}, 


and the orientation on it defined by the vector field F (x,y,z) := (x,y,0). We 
determine the orientation this induces on the boundary of M (Fig. 8.5). 
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Form the decomposition M = S$; US2U $3, where 
Si :={(x,y,z) ER? : P+y=1;0<z< 1} 
is a regular surface and S>, $3 are two circles in horizontal planes: 
S2:= {(x,y,0) €R? : x+y =1}, S$3:={(2,y,1) eR : e+y? =1}. 


For every (x,y,z) € Si, the vector F(x, y,z) has norm one and is orthogonal to S, 
at (x,y,z) (see, for instance, Proposition 3.4.1). Therefore, the vector field F defines 
an orientation of S;, according Definition 5.2.3. We now analyze the orientation of 
the boundary. 


1. Fix a point (xo, yo,0) € S2 and find a coordinate neighborhood of this point in M 
that is compatible with the orientation of S;. Indeed, observe that the points of M 
can be described as 

x=coss, y=sins, z=-—1t, 


which suggests consideration of the mapping 
y(t,s) = (coss,sins, —f). 


The negative sign in the third variable is due to the fact that the domain of the 
coordinate system should be an open set in the left half-plane and the z-coordinate 
of an arbitrary point of M satisfies 0 < z < 1. More precisely, take @ such that 
Xo = COS Op, yo = Sin Op and define 


A:= {(t,s) :-l1<t<0;0)-m<s< +7} 


and 
g:ACH’—R?’, (t,s) = (coss,sins, —t). 
Then 
7] 0 
(+ x ) (t,s) = (coss, sins, 0) = F(o(t,s)), 

ot Os 
whenever t¢ < 0. This proves that (A, @) is a coordinate system of M compatible 
with the orientation of S;. According to Definition 8.4.2, the mapping 


y : (09 — 1, 0 +7) + R? ; y(s) = (coss, sins, 0) 


defines a coordinate system of S$: C 0M compatible with the orientation induced 
in OM. This means that 0M is oriented in such a way that the circle S is traversed 
counterclockwise. 

2. Fix a point (x9, yo, 1) € S3 and find a coordinate neighborhood of this point in M 
compatible with the orientation in S;. This time, we observe that the points of M 
can be described by 
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x=coss, y=sins, z=1+4t, 
and so we consider the mapping 
y(t,s) = (coss,sins,1+f). 


We write the third coordinate in the form 1 +f, so that tf = 0 corresponds to 
the points in S3, and the negative values of ¢ correspond to M \ S3. Proceeding as 
before, we take 0) such that x9 = cos 8, yo = sin Op and define 


A := (—1,0] x (099 — 7,0) +7) 


and 
g:ACH’=>R’, (t,s) =(coss,sins,1+1). 
Then 


(2 x 2) (1.3) = (—coss, —sins, 0) = —F(g(t,s)), 


which means that (A,@) reverses the orientation of S;. Hence, we replace the 
previous coordinate system by (B, wy), where 


:={(t,s) :(t,-s) € A} 
and 
w(t,s) = o(t,—s). 


This new coordinate system is compatible with the orientation of $;. Accord- 
ing to Definition 8.4.2, the mapping 


y(s) = ¥ (0,5) = e(0,—s) 


defines a coordinate system in $3 C 0M compatible with the orientation induced 
in OM. Since 


y(s) = (coss, —sins, 1), 


we see that 0M is oriented in such a way that S3 is traversed clockwise. 
The orientation of 0M in the previous example is consistent with the following 
general practical rule, which will be the focus of our attention in the next section. 


Criterion 8.4.2. Suppose M is an oriented regular surface with boundary. If we 
traverse OM according to its orientation while we keep our head pointing in the 
direction N of the vector field that gives the orientation of M\ 0M, then the surface 
M remains to our left. 
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8.5 Orientation in Classical Vector Calculus 


It is important at this point for us to form a bridge between two different concepts 
of orientation. The first is from vector analysis, which sees orientation as an 
equivalence of bases in R”, while the second is from vector calculus in IR? and 
R?, where orientation is based on clear geometric intuitions. 

Let M be a compact subset of R” whose topological boundary, 0°°?(M), is a 
regular (n — 1)-surface of class C! and suppose that for every x € 0'°P(M), there 
exists 6 > 0 such that for eachO <r <6, 


B(x,r)\ d°P(M) (8.11) 


has two connected components, one of which coincides with the intersection of 
B(x,r) with the interior of M. Then, as we proved in Criterion 8.3.3, M is a regular 
n-surface with boundary of class C! and dM = 0°P(M). 

We have already seen that choosing an orientation of M is equivalent to choosing 
an orientation of the open set U := M \ 0M (see Proposition 8.4.1). 

From now on, we will always assume that M is oriented in such a way that the 
identity mapping 


id: M\0M + M\aM 


defines a coordinate system (M \ 0M,id) of M\ 0M that is compatible with its 
orientation. This means that if (A,g), with 


g:ACR'R’, 


is a coordinate system of M\ 0M compatible with the orientation, then for every 
t € A, the basis of R” 
dg dp 
(t),.-,5-@) 
Ot} Otn 


is positively oriented, that is, its orientation coincides with that of 


{e1,...,€n}, 


or equivalently, the Jacobian of @ is positive (see Proposition 5.2.1 and the comment 
prior to Proposition 5.1.1). Our objective in the following subsections is to analyze 
the orientation that is subsequently induced on the boundary. We restrict our 
attention to the cases R? and R?. 
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f.700.t0) =(x0Y0) 


(0.f0) | ee 


Fig. 8.6 Orientation of the boundary of a compact set with boundary in R? 


8.5.1 Compact Sets with Boundary in R? 


We first consider the case n = 2 (Fig. 8.6). Let (xo, yo) be a point in the boundary of 
M and (A, 9), 


g:ACH>MCR’, 
a coordinate system compatible with the orientation of M so that 


(xo, Yo) = (0,0). 


Then 
A:={teER: (0,t)€ A} 


is an open neighborhood of f in R. Let (a,b) be an open interval such that to € 
(a,b) C A. It turns out that 


y : (a,b) > R?; y(t) := 9(0,1) 


is a path of class C! whose trajectory is contained in the boundary of M (see 
Definition 8.2.2) and passes through (xo, yo). Moreover, ((a,b), y) is a coordinate 
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system of 0M compatible with the induced orientation on the boundary, according 
to Theorem 8.4.1 and Definition 8.4.2. The tangent vector to y at (xo, yo) = y (fo) is 


7) 
v2= y'(lo) = SP (0,10). 


On the other hand, for every s < 0 such that (s,f) € A we have that 


{Lism), Leow} 


is a positively oriented basis of R?, and consequently, 


Take 


Then from the continuity of the partial derivatives of g, we obtain 
det[v,,v2] > 0. 


By condition (SB2) of the definition of coordinate system, Definition 8.2.1, this 
determinant is nonzero, and so it follows that 


det[v;,v2] > 0. 


That is, {v;,v2} is a positively oriented basis of R?. This means the following: 

If we decompose the plane into two half-planes separated by the tangent line to 
OM at the point (xo, yo) and move along the tangent line in the direction provided by 
the vector v2, then —v; (supported at point (xo, yo)) points toward the left half-plane. 
See the comments after Proposition 5.1.1. 

We see now, by means of a heuristic argument, that the vector —v; points toward 
the set M. Indeed, for s > 0 and |s| small enough, we have g(—s,to) € M, and also, 
according to the definition of the differential of a function, 


7) 7) 
@(—3,10)  @(0,t0) + S (0,t0)(—8) + $* (0,t0)-0 = (20,30) — 9v1. 


The previous considerations allow us to obtain the following criterion. 


Criterion 8.5.1. If we move along 0M according to the orientation induced by the 
orientation of M, then the set M always remains to our left (Fig. 8.7). 
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Fig. 8.7 Illustration of 
Criterion 8.5.1 


8.5.2 Compact Sets with Boundary in R> 


Consider M a compact set whose topological boundary is a regular surface of class 
C! in R? and with the property that for every (xo,yo,z0) € OM, there exists 6 > 0 
such that 


B((x0,Y0,20),7) \9°P(M) (8.12) 


for each 0 < r < 6 has two connected components, U and V, where U is the 
intersection of B((x0,¥o,Z0),7) with the interior of M and V is the intersection of 
B((xo0,Y0,Z0),7) with the complement of M. According to Criterion 8.3.3, M is a 
regular 3-surface with boundary of class C! and dM = 0? (M). 

Let (A, @) be a coordinate system compatible with the orientation of M, 


g: ACH >M, 
so that 
g(A) C B((x0,¥0520),7) AM 
and 
(x0,Y0,Z0) = (0,19, 29). 


Then according to Theorem 8.4.1 and Definition 8.4.2, 


w(s,t) := (0,5,t) 
defines a coordinate system (A, Ww) of OM in a neighborhood of (x0, yo,zo) that is 
compatible with the orientation induced by the orientation of M. Now define 


0g 0g KO) 
Vpi= 3, Ontarts) ,V2i= Fy Ont ts) ,W3= 5p, (Outats)- 
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Then {v2,v3} is a positively oriented basis of the tangent space to 0M at 
(xo,¥0,20) and {v1,v2,v3} is a positively oriented basis of R*. This means that 


v1 
det | v2 | > 0, 
v3 


and hence (v1,v2 x v3) > 0. That is, if @ € (—z, 7] is the angle between the vectors 


v; and v2 X v3, it turns out that cos @ > 0, or equivalently, @ € (— 4, 5). Since the 


vector v2 X v3 is orthogonal to the tangent plane, we deduce that the two vectors v1 
and v2 x v3 (supported at the point (xo, yo,Z0)) are on the same side of the tangent 
plane to OM at (x0, yo, Zo). 

Suppose now that 


® : B((x0,Y0,Z0),7) 7 R 


is a function of class C! such that 
@'(0) = B((x0,¥0,20), r) NOM 


and 
{x € B((x0,Y0,20)51) : P(x, y,2) < O} =U 
(see the proof of Criterion 8.3.3). We define 
f(s) = ®(9(s,18,18)), 


so that 
f(0) = ®(x0,Y0,Z0) = 0, 
while 


f(s) <9, 


whenever s < 0 has modulus small enough. Consequently, by the chain rule, 


(V(x, ¥0,20),%1) = (7 (9(0,18,19)), 5% (0,18,19) 


Since V ®(xo, yo, Zo) is orthogonal to the tangent plane to 0M at (x0, yo, zo) (see 
Proposition 3.4.1) and vj is not in that tangent plane, we obtain 


(VP(x0,¥0,20),¥1) > 0. 
This proves, with reference to the discussion after Definition 8.3.1, that 


(x0,.¥0,20) —tv1 EU CM, 
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Fig. 8.8 Illustration of F;) 2 F) ag 
Criterion 8.5.2 ony: t 
dt 


ts] 
ot 
¢ 


whenever t > 0 is small enough. That is, the vector —v; points toward the set M and 
the vector v2 x v3 = (¥ x av) (ie x), which is normal to the tangent plane and is 
on the same side of the tangent plane as v;, points to the exterior of M. Of course we 
get the same conclusion for any coordinate system (B,@) of 0M that is compatible 
with the orientation induced on 0M by that of M. 

From the above considerations we reach another practical criterion. We denote 
by (s,t) the coordinates of an arbitrary point of R?. 


Criterion 8.5.2. Let M be a compact set in R? that is a regular 3-surface with 
boundary of class C'. If @ is a parameterization of the surface 9M compatible with 
the orientation, then ao x oo 


the exterior of M (Fig. 8.8). 


is anormal vector to that surface that points toward 


8.5.3 Regular 2-Surfaces with Boundary in R? 


To finish, we analyze the case that M is an oriented regular surface with boundary 
in R>. Let 
F:M\0M > R? 


be the continuous vector field of unit normal vectors that define the orientation of 
M \ OM (see Theorem 5.2.2 and Definition 5.2.3). From the expression obtained 
in Theorem 5.2.2 for the vector field F in terms of a coordinate system, it is 
obvious that F can be extended to a continuous vector field F : M — R°. Indeed, 
let {(Aj,g,) : j € J} be an atlas of M compatible with the orientation, and for every 
j¢€J, put M; := ;(Aj;) and 


G,(s,t) = 
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Fig. 8.9 Illustration of 
Criterion 8.5.3 


which is a continuous function in Aj, since g is of class C linA j- As in Theorem 
5.2.2, it suffices to define F : M — R? so that 


F(gj(s,t)) :=G;(s,t) for (s,t) € Aj. 
From now on, we will simply denote the vector field F by 
F:M—>R’. 
We will try to convince the reader of the following general principle, of doubtless 


practical interest: 


Criterion 8.5.3. If we move along 0M according to the orientation induced by that 
of M in such a way that our head points toward the direction given by the vector 
field F, then the surface M remains to our left (Fig. 8.9). 


Indeed, suppose that (A, @), 
g: ACH oR’, 


is a coordinate system of M compatible with the orientation and 


(x0, ¥0,Z0) = (0, to). 


The vector 
0g XO) 
3, (040) x 9, (0-40) 


is a positive multiple of the unit vector F(g(0,to)). 
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Now observe that the set 
A:={teER: (0,t)€ A} 


is an open neighborhood of fg in R; hence there is an open interval (a,b) such that 
to € (a,b) C A. It turns out that 


y : (a,b) > R?, y(t) :=@(0,r) 


is a path of class C! whose trajectory is contained in the boundary of M (See 
Definition 8.2.2) and passes through (x9, yo, Zo). Moreover, y defines a coordinate 
system of 0M compatible with the orientation induced in the boundary, according to 
Theorem 8.4.1 and Definition 8.4.2. The tangent vector to y at (x0, 0,20) = y (to) is 


a 
v2 := y' (to) = = (0.10): 


If we put 


then as indicated before, 

V3 :=Vl X V2 
is a positive multiple of F (x9, yo, zo). Now observe that the plane through the point 
(x0,¥0,Z0) determined by the vectors v2 and v3 decomposes R? into two half-spaces. 
If we stand at (xo,yo,Z9), with our head pointing in the direction v3 and face the 


direction v2 (that is, according to the orientation induced in 0M), then the open half- 
space to our left consists exactly of those points (x,y,z) € IR* with the property that 


(x,y,z) _— (x0, ¥0,Z0);¥) > 0, 
where vy = v3 X v2. This means that the angle @ between the vectors (x,y,z) — 
(xo,¥o,Z0) and v varies between — 4 and 4. 


Taking, if necessary, a suitable open subset, we can assume that A is a convex set. 
If (s,f9) € A and s < 0, then we can apply the mean value theorem to the function 


f:[s,0) oR; f(y = (9(r,t0),¥) 


to deduce that there exists €, s < € < 0, such that 


(9(s,t0) — 9(0,t0),¥) =% (Pew), 
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Since 


(2 (0,%),») - (v1.3 x a) 


V3 
=—det| vy; 
v2 
= —||v3||? <0, 


and the partial derivatives are continuous functions, we conclude that 


( (8.10) — 9(0,t0),») > 0. 


whenever s < 0 has modulus small enough. In other words, the point (x,y,z) = 
9(s,to) € M is in the half-space located to our left. 
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8.6 The n-dimensional cube 


An important case where a physicist will actually apply Stokes’s theorem is when 
studying the flux through a cube. The cube, unfortunately, is not a regular surface. In 
this section, we will show how we can, from a formal point of view, overcome that 
difficulty. We will see that if we remove the edges and vertices of the cube (0, 1]” 
then we get a regular n-surface with boundary in R”. We will also discuss what is 
the orientation induced on the boundary by the canonical orientation of R”. 

For n > 3, put J := (0,1)" and suppose that it is oriented so that the identity 
mapping defines a coordinate system compatible with the orientation. For every 
1<j<nlet 

Lom {xeR® t¢S070 <x <1 tA j} 


and 
Gass (@ek’ 24; =170<%< litix 7}. 
The set 


n 
M:=1U| J) Goh.) 
j= 


— 


is called, for obvious reason, the cube without edges. Now we fix 1 < j <n and 
study J;,,. Take 
A:=(-1,0) x (0,1)""'! cH" 


and define 
g: ASR": o(ti,...,tj,---sfn) (= (tj,-..,L+t,-.-.t) 
for2 <j <nand 9(t,h,...,t) = (1 +h,h,...,t,) for j = 1. Then 
(A,g) 
is a coordinate system for a regular surface with boundary and 
g({0} x (0,1)""') = Tj. 
Observe that, while it may not seem natural to exchange first and j-th variables in 


the definition of g, one must proceed in this way in order to obtain a coordinate 
system since the domain should be a subset of the half-space H”. Also, 


y((—1,0) x (0,1)""!) =I. 


As the Jacobian of @ is 
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for every t € A, it follows that the mapping w : (0,1)""! > R"” 
W(51,---;5n—1) : = 9(0,51,---,Sn-1) 
(Sate Sip cone pay sea) ee 7 
(1,51,---,Sn—1); j=l 
keeps the positive orientation of J; ; for j = 1 and changes the orientation for j > 2. 
The normal vector to this face, which (according to Definition 8.4.3) corresponds to 


the orientation induced on 0M by that of M (Theorem 8.4.1 and Definition 8.4.2) 
will be 


0 7] 
(SEO) x...x 56) 02K Xeni =e 
for 7 = 1 and 
7] 7] 
=(FE)x..x sO (6)) = (6a X X61 Xe j41 Xn) =6) 


for j > 2. (In this cross product e; is located at position (j — 1) while e; is absent.) 
That is, the face J; is oriented according the normal vector e; pointing towards 
the exterior of M for every 1 < j <n. In the case 2 < j <n, by Lemma 5.2.3, the 
compatible orientation of J; is given by (L~'(A),goL), where L : R"” > R" is 
given by L(u,...,Un) = (W1,---,Un,Un—1)- 

Now consider J;,.9. As before, put 


A := (—1,0] x (0,1)""! cH" 
and define 
9: ASR’: lti,ta,...stj,--- sth) = (tj,fa,--- thy. tn) 
for j > 2 and @(t1,to,..-,tn) = (—t,h,.--,tn) for j = 1. Then 
(A, g) 
is a coordinate system of a regular surface with boundary and 


9 ({0} x (0,1)""') =Tjo. 
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Fig. 8.10 Orientation of the 
boundary of the cube 


From 


for every ¢t € A, we get that 
W(S1,---5Sn—1) .= 9(0,51,---,5p-1) 
(Sig 815.0098 j-0, 0, Sf 2.4 80d) j2 2 


(0, ii52 435801); j=l 


(with 0 at the j-th coordinate) is a positively oriented coordinate system of J; 
except for 7 = 1. The normal vector to this face consistent with that orientation 
is the cross product of the (7 — 1) vectors 


{€2,€3,---,€1,€j+1,---,€n} 
for 2 < j <nand —e2 x... X eé, = —e, for j = 1. That is, /;,9 is oriented according 
the vector normal —e;, which points towards the exterior of M (Fig. 8.10) for every 


l<j<n. 

Note that the conclusion is consistent with Criterion 8.5.2. 

To make things easier for the student we include coordinate systems of the 6 
faces of the unit cube in R* which are compatible with the orientation. Let A = 
(0,1) x (0, 1) be given and define wjq:A C R? > R3 as 


Wi (u,v) = (1,u,v), Wo,1 (u,v) = (v, ly), 3,1 (u,v) = (u,v, 1) 
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and also 


Wi0(u, Vv) = (0, V,U), W2,0(u,v) = (u,0,v), W3,0(u,v) = (v,u,0). 


Then (A, Wia) is a coordinate system of J; , which is compatible with the orientation 
for every j = 1,2,3 anda =0,1. In fact, it suffices to observe that 


OW ina OW j.a 
au ay ey) 


coincides with the the normal vector to J; q pointing toward the exterior of the unit 
cube. 

Finally we consider the case of the unit square in the plane. That square, 
(0, 1] x [0, 1], is a simple region, where a precise counter-clockwise parametrization 
of its boundary is very easily given. Hence the version of Green Theorem stated 
in theorem 2.6.4 is more than enough for the applications. But a reader could be 
interested in producing a seamless connection with surfaces with boundary and 
with the Divergence theorem obtained from the general Stokes’s theorem in the 
next chapter. For that kind of reader we produce explicitly atlases for the square 
without the vertexes Uz = [0,1] x [0,1] \ {(0,0), (0,1), (1,0), (1,1)} and 0Ua, that 
are positively oriented, i.e., compatible with the identity as coordinate system in the 
interior of U. 

The atlas on U2 is {91,92,93,g4} that generates on OU) the atlas 


{91,92,93,P4}, 
9; :(—1,0] x (0,1) Us, G: (0,1) (0,1), for j= 1,2,3,4, 


defined as 7 
gi(s,t) = (s+1,t) ) gi(t) = (1,1) 


g2(s,t)=(1—-t,st+1) , @2(t)=(1-1,1) 
g3(s,t) = (—s,1—1) ’ 93(t) = (0,1 —1) 


ga(s,t) = (t,—s) ) a(t) = (t,0) 


Observe that Jg j(s,t) = 1 for every (s,t) in (—1,0] x (0,1) and j = 1,2,3,4. 

The next result will be useful in solving exercises. It allows one to parameterize 
regular surfaces with boundary in R? by taking the domain of parameters to be a 
regular surface with boundary in R? (usually a closed disk or a rectangle without 
vertices). 


Criterion 8.6.1. Let S be a regular k-surface with boundary in R* oriented so that 
the identity mapping on S \ OS defines a coordinate system (S\ 0S,id) compatible 
with its orientation. Let M be an oriented regular k-surface with boundary in R" and 
f::S— M a homeomorphism admitting a C! extension to an open neighborhood of 
S such that f’ has maximal rank on S. Then 
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(1) If (A, 9) is a coordinate system of S then (A, fo@) is a coordinate system of 
M. 

(2) f(0S) = OM, f(S\ dS) = M\ 0M and (S\ 0S, f) is a coordinate system of 
M\ OM. 

(3) If (B,W) is a coordinate system of 0S then (B, fo w) is a coordinate system of 
OM. 

(4) If the coordinate system (S\ 0S, f) is compatible with the orientation of M 
and (B, ) is a coordinate system of 0S compatible with its orientation then 
(B, fo wW) is a coordinate system of OM compatible with its orientation. 


Proof. 


(1) Let B be an open subset of A for the relative topology. By condition (SB1’) of 
Definition 8.2.1, there exists an open set U C R* such that g(B) = SNU. Since 
f is an homeomorphism there is an open subset V C R” such that f(SQU) = 
MOV. Hence fo g(B) = MMV. Also (fo)! (t) =f'(g(t)) og’ (t) has rank k 
for every t € A. According to Definition 8.2.1, (A, fo@) is a coordinate system 
of M. 


(2) Let {(Aa,@a)}wers Pai Aa C HH‘ — S, an atlas of S. Then {(Aa.f°@a)} ger 

is an atlas of M. In particular, 

f(AS) = Uaeil (Pa(Aa {0} x R‘')) =0M. 
Hence also f(S\ 0S) = M\ 0M. On the other hand, S\ 0S is an open set in 
R* (Example 8.2.2) and from Corollary 3.3.1 we deduce that (S\0S,f) is a 
coordinate system of M\ 0M. 

(3) Since fo yw : B C R&! — OM is injective and C! and also (fo #)/(s) = 
f'(w(s)) 0° w’(s) has rank (k — 1) at each point s € B it follows from Corollary 
3.3.1 that (fo w,B) is a coordinate system of 0M. 

(4) Fix to € W(B) C OS and select 


g: ACH cR oS 


compatible with the orientation of S and such that t) = g(so). We observe that 
the coordinate system (A,fo @) is also compatible with the orientation of M. 
Indeed, it suffices to note that 


flo(fog)=9 


has positive Jacobian at each point (see for instance Proposition 5.2.1). Conse- 
quently, it turns out that (A, 7), 


y:A>R" sy) = (fo¢)(0,t), 
is compatible with the orientation of 0M. Now put 


&:A>R* ;&(t) :=¢(0,t). 
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Fig. 8.11 The portion of 
sphere of Example 8.6.1 


OS eo 


i 
Os or 


Then (A, &) is a coordinate system of 0S which is compatible with its orienta- 
tion. By hypothesis, y~! 0 & has positive Jacobian on its domain (Proposition 
5.2.1). From the fact that 


(fov) boy) =(v lof !ofog)(0,t) = (Ww! 0€)(t) 


has positive Jacobian we conclude, on applying again Proposition 5.2.1, that 
(B,fo w) is a coordinate system of 0M which is compatible with its orientation. 


Example 8.6.1. Fix 0 < € < 1 and let M be the portion of sphere (Fig. 8.11) 
M := {(x,y,z) ER? : P+y4+2=13z2<-¢}. 


We suppose this is oriented according to the normal vector pointing to the exterior 
of the sphere (see Definition 5.2.3). Take 


D:={(s,t) €R? :s*4+#?<1-e7} 


and consider the mapping 


Then 


is a positive multiple of the vector f(s,r). 
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Setting r* = 1 — e*, we deduce from Criterion 8.6.1 that 
y : (0 —2,0)+2) >R?; y(t) =f(reost, rsint) 
is a positively oriented coordinate system of 0M. Since 
y(t) = (rsint, rcost,—e), 


we conclude that the boundary of M (that is, the circle in the plane z = —€) is 
oriented clockwise. 
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8.7 Exercises 


Exercise 8.7.1. Show that the portion of the cylinder {(x,y,z) € R?:2*+y? = 


a’,0<z< 1} isa regular surface with boundary. 


Exercise 8.7.2. Let M be the portion of the plane x + y+ z= 1 whose projection 
onto the xy-plane is the closed disk centered at the origin and with radius 1. 


(1) Show that M is a regular surface with boundary. 
(2) If M is oriented according to the normal vector (1,1,1) and we consider the 
induced orientation in 0M, find 


‘: x dy+y dz. 
OM 


Exercise 8.7.3. Let M be the lower hemisphere of the unit sphere, i.e., the surface 


specified by 
z=—vV1—-x?-y?. 


Suppose the sphere is oriented according to the exterior normal vector. Evaluate 


a —y dx+ x dy. 
aM 


Chapter 9 
The General Stokes’s Theorem 


Let @ be a differential form of degree k— 1 and class C! in a neighborhood of 
a compact regular k-surface with boundary M of class C*. The general Stokes’s 
theorem gives a relationship between the integral of @ over the boundary of 
M and the integral of the exterior differential dw over M. It can be viewed as 
a generalization of Green’s theorem to higher dimensions, and it plays a role 
not unlike that of the fundamental theorem of calculus in an elementary course 
of analysis. Particular cases of the general Stokes’s theorem that are of great 
importance are the divergence theorem, which relates a triple integral with a surface 
integral and what we know as the classical Stokes’s theorem, which relates a surface 
integral with a line integral. 
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9.1 Integration on Surfaces with Boundary 


The definition of integral of a continuous differential form of degree k over an 
oriented regular k-surface with boundary is completely analogous to the definition 
studied in Chap. 7. 


Definition 9.1.1. Let M be an oriented regular k-surface with boundary and (A,@) a 
coordinate system of M compatible with the orientation. Let @ : MC R" > A*(R") 
be a continuous differential form of degree k on M. For each measurable subset 
A CA we define 


w:= [ ov) (2 6,...,22%@ ) ar, 
(A) A Ory Oty 


whenever the integral exists. 


Observe that if A is an open set for the relative topology of HI‘, then by definition, 
A is the intersection of an open subset of R” with the closed set Hé defined and 
studied in Sect. 8.1. Hence A is a measurable set in R”. 
Let A C R* be an open set such that A =A NH, andg:AC IR‘ — R” a function 
of class C? such that 
8|, =P: 


Then for every ¢t € A, we define the pullback of w, a differential form of degree 
k, under the mapping & as 


(y"@ )(t) = (g"@)@), 


that is, the restriction of the pullback of @ under the mapping g to the set A. 
According to Definition 8.1.4 and the comments following Definition 8.1.2, we see 
that the pullback is independent of the choice of A and g. In fact, 


(9*@ )(t) (P1,---s¥K) = 


The reader should be aware that every time we apply the properties of pullback 
proven in Chap. 6, we actually apply them to g*@ rather than to g*@. That is, we 
simply use g*@ applied to points of A. However, the presentation of proofs will be 
less cumbersome if we keep the notation g*@ instead of g*#. For example, 


(yp )(t) = f(t) dt A---Adt,, 


where f is a continuous function on A (see Theorem 6.4.1). 
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Proceeding exactly as in Chap. 7 (see Theorem 7.1.1), we have 


[e= [roe (9.1) 


Moreover, as in Proposition 7.1.1, one can check that the definition of this 
integral does not depend on the chosen coordinate system, as long as we restrict 
our choice to coordinate systems that define the same orientation. 

If M is an oriented regular k-surface with boundary having a finite atlas 


{(Aj,9j) Fie1 


compatible with the orientation, then there is a partition of M into subsets {Y;} 
such that Y; = g;(A;), where A; is a measurable subset of A;. The proof is as in 
Lemma 4.2.2. 

Under these conditions, given a continuous differential form 


@ :M — A*(R") 


of degree k, the following definition makes sense, provided all Lebesgue integrals 
involved are defined and finite. 


m 
Definition 9.1.2, w=) | @. 
M jul? 9ij(Aj) 


We omit the proof of the following result, since it is almost identical to its 
analogue for surfaces without boundary obtained in Chap. 7 (see Theorem 7.3.1). 

This definition does not depend on the chosen partition. This claim can be 
obtained as in the proof of proposition 7.1.1. 


Theorem 9.1.1. Suppose that M C R” is an oriented and compact regular k-surface 
with boundary and let # : M — A*(R") be a continuous differential form of degree 


k. 1 hen 
i 
M 


Our next lemma is well known in Lebesgue integration theory, but we provide its 
proof, since it is going to play an important role in subsequent proofs and also in the 
solution of several exercises. 


is well defined. 


Lemma 9.1.1. Let f:U C Rk — R", 1 <k <1, be a mapping of class C! on the 
open set U. IfA CU is anull set in R*, then f(A) is a null set in R". 


Proof. Consider to € U andr > 0 such that the closed ball B(to,r) centered at to and 
of radius r is contained in U. Let 


O|28= em F= Lenk FBT} 
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and let Q = TT [a;,b;] be an k-cube (i.e., bj —aj =1, j = 1,...,k) contained in 
B(to,r) such that / < 1. If t € Q, the segment [a,¢] is contained in B(tp,r). Thus the 
path 


y:[0,1J>R", y(s)=f(Cl—s)at+ st) = (fi((1— s)a+ st) V1, 


is well defined and of class C! on [0, 1]. If we apply the mean value theorem to each 
y¥:(s) = fi((1 — s)a+ st), we see that there exists 0 < s; < 1 such that 


and we have 
|fi(t) — fi(a)| < KHL. 
We have obtained that 


f(Q) C Ti) |fi(a) — KHL, fi(a) + kA 
and 
m(IT, | fi(a) — KAI, f(a) + kKH1|) = (2kH1)" < (2kH)"1* = (2kH)"’m(Q), (9.2) 


where the last inequality follows from / < | andn > k. 

Now we can show that if A C B(to, 5) is null, then f(A) is null. Indeed, given 0 < 
€ < 1 we take a sequence of k-cubes (/,) contained in B(to,r) such that A C U5 _ Jp 
and 


© 


by m(Ip) <— aa 


p=1 


By (9.2) there exists a sequence of n-cubes (J,) such that f(I,) C Jp and m(Jp) < 
(2kH)"m(,) for all p. Hence (J,) covers f(A) and 


°° 


> m(Jp) < (2kH)" 
p=1 P 


Ms 


mp) < &. 


1 


Finally, the open set U can be covered by a sequence B, of closed balls, By = 


B(t,5), with the property that B(t,r) is contained in U (e.g., take balls centered at 
points of U with rational coordinates and with radii rational and small enough), and 
we can write 


Then f(A) is a countable union of the null sets f(A B,), which implies that f(A) 
is null also. 
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The next proposition shows that in order to integrate over an oriented regular 
k-surface with boundary, it is necessary to integrate over only the proper regular 
k-surface, that is, one can neglect the boundary in calculating the integral. 


Proposition 9.1.1. Let M be a subset of R" that is an oriented regular k-surface 
with boundary having a finite atlas and let o : M —> A¥(IR") be a continuous 
differential form of degree k. Then 


age 
M M\aM 


In fact, OM is a null set of R". 


Proof. Let 

{(Aj, gi) HieA 
be a finite atlas of M (compatible with the orientation) and {Y;} a partition of M such 
that Y; = g;(A;), where A; is a measurable subset of Aj. Recall from Proposition 


8.4.1 that 
{((Aj)-. es) }je1 


is a finite atlas of M\ 0M and the sets {Z; := g;(A; 7 H*)} form a partition of 
M \ OM. Put 


(gj @)(t) = fil) dy «dye. 


Since the hyperplanes in R* have zero Lebesgue measure and the set A ; is contained 
in the half-space IH* (see Definition 8.1.1), we conclude that the characteristic 
functions of the sets A; and A; M H* coincide almost everywhere. Hence 


[o= Xba =% [fay [50x00 de 


ml 


m m 
=X ful Ota OU=% fi HOH= > fo 
ant jal? Zi 


@ 
M\amM 


Since 
aM =U" .9)({0} x Aj), 


by Lemma 9.1.1, 0M is a finite union of null sets; hence it is a null set in R”. 
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9.2 Partitions of Unity 


Let M be a compact regular k-surface with boundary in R” and m a differential form 
of degree k defined on a neighborhood of M. We aim to decompose @ as a finite sum 
of differential forms, each one having support in a coordinate neighborhood. This 
will allow us to simplify the proof of Stokes’s theorem. In this section, we provide 
the requisite tools for forming such a decomposition. 

Consider the function fo : R > R of class C~ defined by 


eo. 80 
Hi , : 
fo(t) 3 t<0. 


As in Lemma 2.1.1, one can prove that fp has derivatives of every order at every 
point and that 


for every n € N and t < 0. It follows that 


8o(t) = fo(1 +1) fo — 1) 


is a function of class C® on the real line that vanishes whenever |t| > 1 and is strictly 
positive for ¢ € (—1,1) (Fig. 9.1). 


Proposition 9.2.1. Letxo € R” andr > 0 be given. There is a function h: R"” + R 
of class C® such that h(x) > 0 ifx € B(xo,r) and h(x) = 0 ifx ¢ B(xo,r). 


= ||x—xo||" : 
Proof. Put h(x) := go > — ). Since 


(x) :=||x—x0 [P= ¥ (ej — 20,9? 


j=l 


is a function of class C* on R”, we deduce that h is the composition of two C™ 
functions. 


Fig. 9.1 The functions fo and go 
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Definition 9.2.1. The support of a function f : D C R" — R is the closure in D of 
the set of points where f does not vanish, that is, 


D JR” 
supp f:={xeD: f(x) #0} ={xeED: f(x) #0} AD. 
In particular, if D = R", then supp f is the closure of the set f—!(R \ {0}). 


The complement in D of the support of f is the largest open set, relative to D, in 
which the function is identically zero. 


Lemma 9.2.1. (a) Let V C R" be an open set, K C V a closed subset, and 
h € CP(V) a function of class C? on V, 1 < p < °%, such that h(x) = 0 if 
x €V\K. Then 
_ JA), x eV, 
(ONG cere 


is well defined and is of class C? on R". 

(b) Let V,W C R" be open sets such that W Cc V and suppose that g,h: R" +R 
are functions of class CP, 1 < p <%, such that h(x) = 0 whenever x € R"\W 
and h(x) + g(x) > 0 wheneverx € V. Then, the function 


h(x) 


f(x) = 4 h(x) + 9(x) 
0, xER"\W, 


, xe, 


is well defined and of class CP on R". 

Proof. (a) Since h(x) = 0 on the open set VM (R” \ K) and VU(R" \ K) = R", we 
see that f : R” — R is well defined. The function is of class C? on V because 
it coincides with h, and it is also of class C? on the open set R” \ K, since it is 
identically zero there. From V U (R” \ K) = R” we conclude that f is a function 
of class C? on R”. 

Since h(x) =0 on VM (R" \ W) and VU(R" \ W) =R", we have that f :R” > R 
is well defined. Also, f is of class C? on the open set V because h and g are 
functions of class C? whose sum does not vanish on V. In addition, f is of class 
C? on the open set R” \ W, since it is zero in that open set. Since the two open 
sets V and R” \ W together cover R”, we deduce that f is a function of class C? 
on R”. 


(b 


wm 


Theorem 9.2.1. Let K C R" be a compact set and {U,,...,Um} an open cover of 
K. Then one can find an open neighborhood U of K and functions 1; : R" — [0,1 
(1 < j <m) such that 


(1) each 7; is a function of class C* on R", 
(2) the support of 1; is contained in Uj, 
(3) jai (x) = 1 for everyx € U. 
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Proof. For every x € K there exist ry > 0 and 1 < j < msuch that B(x, r,) C Uj. By 
compactness, we can find a finite number of points x;,...,x; € K with the property 
that 


r 
Kc B(Xi,x;) 
i=l 


and every open set U; (1 < j < m) contains at least one ball B(x;,rz,). Now put 


Ss 


W:= J B(xi,rx;) 
i=1 


and for each 1 <i<‘s take a function 
h; :R”" — [0, +e) 
of class C® on R” such that 
hj(x) > Oifx € B(xi,rx,) 


and 


hj(x) = Oifx ¢ B(xi,ry,). 


Then 


for every x € W. Since W is a bounded set, its (topological) boundary is compact. 
Moreover, the points of K are contained in the interior of W, because W is open and 
K CW. Thus, the boundary of W is a compact set disjoint from K. By compactness, 
there are points y;,...,y, € 0'°?(W) and radii s),...s; > 0 such that 


1 
aP(W) CU BO, 5x) 
k=1 


and 


For every | <k </ take a function 
8k: R" > (0, +o) 


of class C® on R” with 


g(x) > Oifx € B(y,, sx) 


and 
g(x) =Oifx ¢ Bly,, sx). 
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Now define 
l 
V:=WU (U Pons) 
k=1 
and observe that 


W =Wud(W) CV. 


Define, for every 1 <i<s, 


fi: R" = [0,1] 
by 
: nh ,xEeVv 
Fi(X) = 4 Dhar hy(®) + Lear u(x) 
0, x ¢ W. 
From 


Ss 1 
DY hilx) + Y sex) > 0 
i=l k=1 


whenever x € V and Lemma 9.2.1 we conclude that the function fj is well defined 
and of class C® on all of R”. Now take an open neighborhood U of K such that 
U CW and 


i 
UN (U F.0) =. 


k=1 


Then 


Ss 


I 
Yhi(x)>O and ¥ gx(x) =0, 


i=1 k=1 


whenever x € U. Consequently, 


for every x € U. Moreover, the support of f; is contained in B(x;,rxy;), which is 
contained in some open set U;. To finish, it suffices to select a natural number | < 
r(i) <m for each 1 <i <5 such that the support of f; is contained in U,.;) and 
{r(1),...,r(s)} = {1,...,m}. Now for every 1 < j <™m, put 


i=fi: @O=A, 


which is a nonempty set, and define 


j= ye 


ied; 


By construction, 77; has the desired properties. 
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The previous theorem says that the functions {7;} form a partition of unity over 
a neighborhood of K and subordinated to the cover {U;}. 


Definition 9.2.2. Let M be a regular k-surface with boundary and 
w@ :M— A¥(R") 


a continuous differential form of degree k. The support of @ relative to M is 


suppy @ :={xEM :@(x)F 0}. 


This slightly modified notion of support is necessary if one wants to prove 
Stokes’s theorem for abstract differentiable manifolds (Theorem 9.3.1). 

As a result of Theorem 9.2.1 on the existence of partitions of unity, we have the 
following corollary, which we will use in the proof of the general Stokes’s theorem. 


Corollary 9.2.1. Let M be a compact regular k-surface with boundary and 
w :U — A’(R") 


a differential form of degree r and class C! on an open neighborhood U of M. 
Then there is an open neighborhood V of M, V CU, for which we can form a 
decomposition 


m 
j=l 


such that 
@;:V > A'(R") 


is a differential form of degree r and class C! whose support (relative to M) is 
contained in some set  ;(Aj;), where Aj; is contained in a compact subset of Aj and 
(Aj,@j;) is a coordinate system of M. Moreover, the support of dw ; (relative to M) 
is contained in p j(Aj). 

m 
j=l 
systems and bounded open sets B; (for the relative topology of HH‘) such that 


Proof. By compactness, one can find a finite family {(Aj,@,) of coordinate 


rR. k 
Bj CB, CA;CH 


and 


{(Bj,9;) }7e1 


form an atlas of M. Let U; be an open set in IR”, contained in U, such that 


U;OM = 9;(B)). 
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Then {Uj Ve is an open cover of the compact set M. By Theorem 9.2.1, there exist 
an open neighborhood V of M, V C U, and functions 7; : R” > [0,1]  < j <m) 
of class C™ with the property that the support of 7; is contained in U; and 


for every x € V. Finally, put 


@):=1j)-@:V—>A'(R’), 


so that 


m 
oOo = by @ j- 
j=l 


Moreover, 


suppy @; C{x ER" : aj(x) F0}NM CU;NM =@Q,(B)). 


But since the support in R” of 7; is contained in the open set Uj, if dw j(x) 40, 
then x must to belong to U;. Hence 


supPpy dw; C {x € R" : n(x) AO}NM CU;NM =@,(B)). 


We remark that if additionally M is assumed to be oriented then, by applying Lemma 
5.2.2. if necessary, the coordinate system obtained in Corollary 9.2.1 can be chosen 
compatible with the orientation. 
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9.3 Stokes’s Theorem 


In this section, we will prove our general formulation of Stokes’s theorem for 
compact regular k-surfaces with boundary in R”. Subsequently, in Sect.9.4, we 
will discuss the classical theorems of vector analysis (Green’s theorem, divergence 
theorem, and the classical Stokes’s theorem), which can be seen as particular cases 
of the general result Theorem 9.3.1. We finish with a discussion on the possibility of 
extending the divergence theorem to some regions of R? with topological boundary 
the union of a regular surface with some vertices and edges. 

As in Sect. 8.2, we will denote by x = (x1,...,x%,) the points of R”, by t = 
(t1,..-,t,) the points of R*, and by s = (s1,...,5,_1) the points of RX—!. If s ¢ RX}, 
then t := (0,s) € Ré is the point with coordinates 


1 =0,h=51,..., % =Se-1- 


Also, according to the notation used in the proof of Theorems 8.2.1 and 8.4.1, 
for a given coordinate system (A, @) of a regular k-surface with boundary M we put 


A := {s =(s1,...,5%-1) ERX! : (0,8) € A}, 
which is an open set in R‘~!, and 


@:AcRe!=>R", @(s):=¢(0,s). 


Then (A, @) is a coordinate system of 0M (see Theorem 8.2.1). In the following 
lemmas we make use again of the notation introduced in Definition 6.1.3. 


Remark 9.3.1. Let » bea differential form of degree k— | on an open neighborhood 
U of M, a regular k-surface with boundary in R” of class C?, and let (A,@) be a 
coordinate system of M. We claim that we can always take g : W — U of class C? 
on W an open subset of R* such that WM Hé = A and g(t) = g(t) for every t € A. 
Indeed, consider A C R* open in Ré such that AN HK = A andg : A > R” a mapping 
of class C? on A such that g(t) = @(t) whenever t € A. By continuity, g~!(U) is an 
open subset of Ré such that A C g~!(U) CA. Thus, if we define W := g~!(U), we 
are going to have g : W > U of class C? on W, and clearly WN Hk = A. 

In the next lemma and also in Stokes’s theorem (Theorem 9.3.1), every time that 
we apply properties of the pullback g*w or g*d@, we are actually applying them 
to g*w or g*d@ on the open set W just described, and only later do we take the 
restriction to the corresponding subset of A. 


Lemma 9.3.1. Let @ be a differential form of degree k—1 and class C! on an 
open neighborhood of a regular k-surface with boundary M in R". Let (A,g) be 
a coordinate system of M. Writing the differential form p*@ of degree k —1 with 
respect to the basis {dt) A-+-AdtjA---Adty :j=l,...,k} at each point (ty,...,th) € 
A as 


k 
g*o(t,...,t%) = SY filtis.--ste) dtp A+++ Adtj A+++ Adtg, 
1 


om. 
ll 
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we have that 
(p*@)(s) = fi (0,s1,...,5¢-1) -dsy A+++ A dsp—1, 


for all s = (81,..-,5¢-1) € A. 
Proof. Note that @ = go J, where J is the inclusion 
J:ASA, J(s):= (0,5). 
Making the change of variables 
t) =0,t% =81,...,th =Se_1, 
we deduce that 


0, j=l, 
dsj1, f>1, 


J*(dtj) = { 
and hence (see Proposition 6.4.1(1) and Remark 9.3.1) 
Pw =J*(9*e) 
has the representation 
(p*@)(s) = fi(0,51,..- 55-1) -J* (dty) A ++ AJ* (dt) 
+S FlO,s1520-58k-1) F(a) A AF (GR) A AF ty 


= f\(0,51,---, 8-1) + ds, A+++ A dsg_1. 


Lemma 9.3.2. The exterior differential of the differential form v of degree (k — 


and class C! defined on an open subset of R* by 
k 
afi fj(tiy.-.5th) dtp A+ -Adtj A: A dt 
is given by 
k 
w= (Sen Sf) one 
Proof. According to Definition 6.3.1, 


k 
dv(t,...,4 = Bie jth) Ndty A-+ Adtj A+++ A dt. 


1) 
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Moreover, by Example 2.3.1, 
k Of; 
dfj= ¥ = dr. 
fi py Ot ih 
On the other hand, by Propositions 6.1.1 and 6.2.1 we have 


ae 0 if Fj, 
a a { (—1)F-ldty A+++ A dt fades 


The conclusion easily follows. 


The next lemma will be useful in the proof of Theorem 9.3.1 (Case ID). 


Lemma 9.3.3. Let A be an open set in H*, L C A a compact subset, and f : A C 
Hk — R a function of class C! on A such that f(t) = 0 for every t € A\ L. Then 
there is a function h: R* — R of class C! on R* with compact support such that 
h| , = f and such that h(t) = 0 and gh (t) = 0, for everyt € Hk \ L andi=1,...,k. 


Proof. Let g:A C R* > R bea mapping of class C! on the open set A C R* such 
that AM HK = A and 8|, =f. For every t € L there exists 7, > 0 with B(t,m) CA. 
Since L is compact, we can select t),...tm € L such that {B(t),77,),..-B(tm,Ttm)} 
is an open covering of L. According to Theorem 9.2.1, we can find an open 
neighborhood Z of L, 


m 
ZCW:= JBtj.n,) CW CA, 
j=l 


and functions of class C™, 77; : R* — [0,1] (1 < j < m), such that the support of 1 j 
is contained in B(t;,rz;), and >’? | m;(x) = 1 for every x € Z. We now define 


Then / is a function of class C! on A whose support is contained in the compact 
set W C A and with the property that f(t) = g(t) for all t € Z. Moreover, by 
hypothesis, g(t) = f(t) = 0 for allt ¢ ANHK\ L=A\L. Thus A(t) = 0 for all 
tc ANH \L. 

From Lemma 9.2.1(a), the function 


h(t), te A 
h(t) := ? ae 
( 4 te R\W, 


is well defined and is of class C! on R*. In addition, h\, =f, and h(t) = 0 for every 
tcH*\L. 

With respect to the partial derivatives of h, one must take a little extra care. Since 
L is a compact set, it is closed, and hence HI‘ \ L is an open set with respect to the 
relative topology of H*. An analogous discussion to that given in (8.1)—(8.3) shows 
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that to calculate any partial derivative of h at any point ¢ belonging to H* \ L, we 
need to take into account the values of h only on that set. More precisely, 


ON. h(t+ se;) — h(t) 
va lim = ———+~——— 


s0 S 
t+se;eH*\L 


. 0 
= lm -=0, 
s—0 s 

t+se;CH*\L 


for every t € HI‘ \ L, and every i= 1,...,k. 


The reader will observe in passing that we have shown, under the hypothesis of 
the above proposition, that sf (t) = 0 foreveryte A\L andi=1,...,k. 

In our main result, which now follows, we assume that 0M has the orientation 
induced by the orientation of M, as obtained in Theorem 8.4.1. 


Theorem 9.3.1 (Stokes’s theorem). Let MC R” be a compact orientable regular 
k-surface with boundary of class C* and let w be a differential form of degree k — 1 
and class C! on an open neighborhood U of M. Then 


| o= | do. 
aM M 


Proof. Our proof is based on that of Do Carmo [6]. Let K := supp, @, which, as a 
closed subset of the compact set M, is itself a compact subset of R”. To begin, let us 
suppose that there is a coordinate system (A,g) of M of class C? such that 


K =suppy ® Cg(A) and suppy dw C (A). 
Since is of class C”, we see that g*w is a differential form of degree k — 1 


and class C! on an open subset of Hk (see for instance Corollary 6.4.2), and we can 
represent it as 


Si (tiy.--5te) dt) A+ Adtj A-+-A dt, 


Ma 


P O(t,...,t) = 
1 


J 


for all t = (t),...,t) € A, where f; is a function of class C! on A Cc Hk. We note 
that g~'(K) is a compact subset of A (because g is a homeomorphism) with the 
property that if ¢ ¢ g~!(K), then (g*@)(t) = 0. That is, 

t¢g '(K) = fi(t) =0, 


forevery |< j<k. 
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By Lemma 9.3.2, the differential is given by 


k . 
d(y"w)(t) = (Eco e) sty A Adty 


j=l 


for all t = (t),...,t,) € A. On the other hand, since @ is of class C? on A and 
is of class C! on U, by Remark 9.3.1 and Proposition 6.4.2, we have g*(d@)(t) = 
d(y*@ )(t) for all t € A. Consequently, 


y* (dw) (t) = (Seo Le) “dt, A+++ Adtg. (9.3) 


j=l 


If we apply Lemma 9.3.3, we can extend each f; to a function fi :R‘ > R of 


class C! on all of R* such that f;(t) = 0 and 2h (t) = 0, for every t € Hk \ g~!(K) 
and i, 7 =1,...,k. In particular, 


Of 
0 9.4 
s(t) = 04) 
for every t€ A\ pg !(K) andi, j =1,...,k. To ease notation, from now on we will 


identify f; and f;. By hypothesis, suppy, dw C g(A). Thus 


i dw = / dw 
M (Ag) 


and by (9.1), we have 


[oe [ tr...) Afi esosth); 
M A 


where g*(dw)(t,...,tg) =A(ti,...,t,)dti A-+- A dty. From (9.3), we get 


k Of; 
[s0= f, (Bcvr32) (t) d(ty,..-t,). 


But by (9.4) and the fact that all the above partial derivatives of (the extensions 
of) f; vanish on Hk \ g~!(K), we deduce 


[40 = L (se \i- meal d(t,,.--,t), (9.5) 


for any measurable set Q such that gp !(K) C Qc HK. 
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Fig. 9.2 Proof of Theorem 
sit H* (o)xR* H* = {0}xRr*! 


gy (K) ¢g \(K) 
iQ Q — 


We will distinguish two cases (Fig. 9.2). 


Case Il: KNOM=@. 
In this case, @ vanishes on 0M, and so 


/ @=0. 
oM 


We will show that [,,d@ also vanishes. Indeed, by hypothesis, g '(K) is disjoint 
from {0} x R‘~!, and consequently, there is a k-rectangle Q C Hi‘ defined by 


O= {ten 1 <1, <e 3. 1< 7s} 


with ij < 0 and such that g~!(K) is contained in the interior of Q. We can apply 
Fubini’s theorem in (9.5) to obtain 


Of; _ a Of; a 
pon d(t,..-,%) = i, in f ar, dr; } de; 


=): (Fil th,.. itj- ih Eyal) 


n~ 


ices itj- its pei: vate) dt, 


where dé; =d(t,...,tj-1,tj41,-+tn) and 
Q;:=[] le] c CRE - 
iAj 


Since the points 
0 
(Gigaset igh stig sth) 


and 


(Bij itj- 154; rides chil 


are located in the boundary of Q, we deduce that the function f; vanishes at each of 
them, and thus the previous integral is zero. It follows that 
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| dw = 0. 
M 
Case I: KNOM# 3S. 

Define Q as in Case I but this time with t{ = 0 and g_(k) is contained in the 
interior of Q in Hk i.e., in the union of interior of Q in R* and ({0} x R&!)N@Q. 
Note that Q is still contained in HI‘ but one of its faces is in {0} x R‘!. For each 
j = 2, the two points 

(t,.- ,tj- fe sEjtty-++ ste) 


and 


1 
(fyesestjaiyty tte sth) 


are outside the support of f; whenever ¢; < 0. This means that 


Fits itj- it te) = F Ati cis itj- titi stjtty-- -st) =0, 


for all ¢; in Q; C R‘! except may be on the set Q;({0} x R**), which is a null 
set in R‘!. Hence 


Of; _ ty Of; . A 
pen ee = ( i ar, 2) w,) dt; 


1 
= , Ji Ege Gta Ey th) dt; 
J 


0 
— Filtigee<st pt, 87 tppiees< sth) dt; 
i] 


By (9.5) it follows that 


[40 =f SF awaght)s 


If we apply Fubini’s theorem and use the fact that 


Filly 00a3tk) = 0, 


then we can conclude, as above, that 


[ 40 = [fut ghd Oise. 


It remains to calculate [>,,@. For this, observe that the support of @ in 0M is 
contained in the neighborhood coordinate g(A). Moreover, from the definition of 


orientation of the boundary (see Theorem 8.4.1), we have that (A, @) is a coordinate 
system of 0M compatible with its orientation. Also, by Lemma 9.3.1, 
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(p"@)(s) = fi (0,51,..., 5-1) -ds1 A-+> A dsp—1 


fors € A. Hence 


o= O,51,---55¢-1) A(51,-.-,5¢-1), 
i. [al 81500251) (15-2541) 


and we conclude with the identity 


| w= | de. 
aM M 


In the general case (that is, when our initial supposition does not apply), Corol- 
lary 9.2.1 implies the existence of an open neighborhood V of M and differential 
forms @|,...@, of degree k—1 on V with w = Yj on V and coordinate 
systems (Aj,gj) such that suppy@; C gj(Aj;) and also suppydw ; C gj(Aj;) for 
every j = 1,...,p. It follows that 


P P 
oO = oO; = do; = | do. 
fyo=% fyer=% f,ter= f, 


We note that dw = oo d(@ ;) is a consequence of the fact that w = 2 i @ ; in 
the open set V that contains M. 
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We are going to present connections between the general Stokes’s theorem and the 
classical theorems of vector analysis. We first study the divergence theorem, taking 
an approach similar to that of Edwards [9]. 

Let U be an open set in R” and 


F:UCR'>R", F=(j1,.-.Sa); 


a vector field of class C! on U. Recall (see Definition 1.2.10) that the divergence of 
F is the scalar function defined on U by 


Div F:U >R, Div F(x) := by OF (gy, 


In the theorems that follow, M is a compact regular n-surface with boundary 
in R”. Then the boundary of M coincides with its topological boundary, and in 
particular, V := M \ OM is an open subset of R”. According to Proposition 8.4.1, in 
order to define an orientation on M, it suffices to define an orientation on the regular 
n-surface without boundary M \ 0M. As in Sect. 8.5, from now on we will suppose 
that M is oriented in such a way that the identity mapping 


id: V3M\aM 
defines a coordinate system (V,id) of M\ OM that is compatible with the orientation. 


In the next result we use the notation introduced in Definition 6.1.3. 


Theorem 9.4.1 (Divergence theorem, first version). Let M be a compact n- 
regular surface with boundary of class C? in R" and let F = (f\,..-, fn) be a vector 
field of class C' on an open neighborhood of M. Then 


[ piv F@) ar | Si (HDL dap A Ada Ae Adin. 
M am 


Proof. We take 


n 
@:= SY (-DIY; dx; A---Adxj A+++ Adxp. 
j=l 


From Lemma 9.3.2 we have 
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while by Stokes’s theorem (Theorem 9.3.1) and Proposition 9.1.1, 


[o =f, (3 $2) anna 


n Of; 
= SSF) ayy Ae Adin: 
haw (3) : 


j=l 
Since the identity mapping 
id:M\0M—M\0M 


defines a coordinate system of M\ 0M compatible with its orientation, the last 
integral coincides with the Lebesgue integral 


n ra i 
i ¥ oF | ae, 
m\am \ 2 Ox; 
The fact that 0M is a null set in R” allows us to deduce 


[,,0= [Pir Pe) a 


Theorem 9.4.2 (Divergence theorem, second version). Let M be a compact 
regular n-surface with boundary of class C? in R" and let F be a vector field of 
class C! on an open neighborhood of M. Then 


[ piv F(x) dx = [, (F, N) dVy-1. 


Proof. We will first prove the result while supposing that g : A C H” — M defines 
a coordinate system of M compatible with the orientation and with the property that 
the support of F : M — R" is contained in g(A). 

Take @ to be the differential form of degree n — 1 of Theorem 9.4.1, 


@ = Y (1)! fj dap Ae Adaj A+ Adan. 


Then according to Theorem 9.4.1, it suffices to show that 


J o=/ (F, N) dV_-1. 
oM oM 
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To do this, we consider the coordinate system (A, @) of OM defined by 


o_~ 


A := {s =(s1,..-,5n-1) ER”! : (0,8) € A} 


and 
@:ACR"!>R", G(s) :=9(0,s). 
According to Theorem 8.4.1, (A,@) is a coordinate system of the boundary 


compatible with its orientation. Since the support of F in 0M is contained in @ (A), 
it follows from Definitions 7.3.2 and 7.2.3 that 


| ee N) dVn—1 
OM 


can be written as 


n . ap a@ 
yi I hee aaa file te 
L2 Fi(P(s)) dxy A+++ Adxj A ran ($2 6) ge )) ds, 


or equivalently, 


[.2@) ($20... 50% ‘)) ds= | o. 


and this is what we wanted to prove. 

Now for the general case. Since M is compact, it admits a finite atlas. Then the 
conclusion follows from Definition 7.3.2 and the previous case, proceeding as in the 
proof of Stokes’s theorem (Theorem 9.3.1). 


In classical vector analysis, n = 3, and it is usual to denote by V the operator 


eee 
~ \ ax’ dy’ dz)" 


Thus, for a given vector field F = (1, f2, f3) of class C! on an open set of R* we 
can write the formal identity 


000 ; 
V F:= (So So 5s) Cit) = Div F. 


The divergence theorem can be expressed as follows (see Example 7.3.1 for 
different notations related to the surface integrals). 


Theorem 9.4.3 (Gauss’s theorem). Let M be a compact regular 3-surface with 
boundary of class C? in R? and let F be a vector field of class C! on a neighborhood 


of M. Then 
ln aN) as= fff ov Pe») d(x,y,z). 
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Theorem 9.4.4 (Classical Stokes’s theorem). Let M be a compact and orientable 
regular 2-surface with boundary in R? of class C* and let F = (f,, fo, f3) be a vector 
field of class C' on an open neighborhood of M. Then 


[vxe, N) ds= f F.T) ds, 


where for each x © OM, T(x) represents the unit tangent vector at the point x for 
any coordinate system ((a,b),¥), Y: (a,b) + OM, compatible with the orientation 
such thatx € (a,b). 


Proof. We consider the degree-1 differential form 
@ = fi dx+ fo dy+ fy dz. 


As we saw in Example 6.3.2, 


_ (of oh Of; of Of. Of 


That is, the exterior differential of @ is the differential form of degree 2 associated 
to the curl of the vector field F. According to Example 7.3.1 applied to the vector 
field G:= VY x F and the differential form v := dw of degree 2, we have 


[ive N) as= | do. 


As we noted after Example 7.3.3, this last integral is usually represented as 


L,e=f,,6) ds. 


The conclusion follows from the general form of Stokes’s theorem, 
Theorem 9.3.1. 


We point out that the classical theorems of Gauss and Stokes’s just obtained 
above include the case in which the boundary of M has several connected compo- 
nents. The same applies to the version of Green’s theorem obtained below. 

As a consequence of Theorem 9.4.4 we can obtain an alternative proof of the 
identity provided in Example 6.5.2. 


Corollary 9.4.1. Let F = (f\, fo, f3) be a vector field of class C! on an open set U C 
R?. Given a point a € U and a unit vector N € R?, we denote by Cz the boundary 
of the disk Dg of radius €, centered at a and contained in the plane that contains a 
and is orthogonal to N. Suppose the disk is oriented according to the normal vector 
N and C; has the induced orientation. Then 


((v x F)(a).N) = tim —y | (F.T) ds 
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Proof. For every € > 0 we have 
1 
(CY x F)(@),N) =—s | (CW xF)@),N) as, 
ME“ JDe 
since the integral on the right-hand side is the product of the constant 


((W x F)(a),N) 


and the area of the disk. Moreover, by the classical Stokes’s theorem, Theorem 9.4.4, 


= | (F.T) ds = —=/ ACY xF)(2).N) a8. 
Consequently, 
4[ (FT) ~ (Cw x F(a). 


is less than or equal to 


1 
— ds 
=f Fas, 
where 
f(x) = (CW x F)(x) — (VW x F)(@),N)| 
(see Definition 7.3.3). Finally, from the Cauchy—Schwarz inequality we obtain 


fle) <I (Vx FY) —(V x F(a) I, 
and hence 
asf fas <max{l| (Y x F)(x) — (9 x F)(@) Il s|be—all <e}, 


which goes to zero as € + 0 because Y x F is a continuous vector field. The 
conclusion follows. 


We will give an explanation of the meaning of the curl as used in physics. 
Suppose that F represents the velocity field of a fluid. If y is a path, then 
(F(y(t)),y’(t)) represents the component of the velocity of the fluid at the point 
y(t) in the direction tangent to the curve. In the case J, (F,T)ds > 0, we can 
consider that the particles of fluid that are on y tend to rotate in the sense that point 
the tangent vectors to the curve y’(t). If J}, (F,T) ds < 0, then the particles rotate in 
the opposite sense. We also refer to the integral J,, (FT) ds as the circulation of the 
vector field F along the curve y. 
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Take a point a in the fluid and choose a unit vector N supported at that point. Let 
D, be the disk with radius € centered at a and orthogonal to N. In the boundary C, 
of the disk we consider the induced orientation assuming that the disk is oriented in 
such a way that N is the normal exterior vector. By Corollary 9.4.1, 


((v x F)(a).N) = lim —y | (FT) 


We deduce that the component of the curl of F in the direction of the unit vector 
N represents the circulation of F per unit area in the orthogonal plane to N. If 
((V x F)(a),N) # 0, then the particles of the fluid near a tend to rotate around 
N in the orthogonal plane to N. The direction of rotation depends on the sign of 
((V x F)(a),N). Since the dot product ((VW x F)(a),N) attains its maximum value 
when 


(V x F)(@) 
Il (Vx F)(@) [I 


we deduce that the rotation will be greatest in the plane orthogonal to the curl of the 
vector field at a. 

In the next result we assume, as usual, that M is oriented in such a way that the 
identity mapping on the interior of M defines a coordinate system compatible with 
the orientation of M. In that case, we can provide a completely rigorous proof of 
Green’s theorem. 


Theorem 9.4.5 (Green’s theorem). Let M be a compact and orientable regular 2- 
surface with boundary of class C? in R? and let » = P dx + Q dy be a differential 
form of degree | and class C! on an open neighborhood of M. Then 


fu = [ha (Ge- 3p) ao 


The proof is a simple consequence of the fact that 


(a0 aP 


We remind the reader that in the above situation, the induced orientation on 0M 
is that for which on traversing 0M, the set M remains to our left. See Sect. 8.5. 

As required in practice, Stokes’s theorem can be applied to more general sets than 
just compact regular surfaces with boundary and of class C? (for instance, a cube 
or a truncated cone). Instead of trying to develop a technically complicated general 
theory, we will content ourselves with showing how the theorem can be applied in 
such situations by means of concrete examples. On the other hand, these will show 
clearly the general method that one should follow. 

We next give an example of a surface with boundary that is not compact but in 
which Stokes’s theorem is valid. 
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Fig. 9.3. Truncated cone 
of Example 9.4.1 


Example 9.4.1. Consider the truncated cone (Fig. 9.3) 
M :={(x,y,z) €R? xP? +y=2;0<z< 1}. 
For every 0 < € < I, let 
Mz :={(x,y,z) CR? :r-t+y=23e<z< 1}. 


Then M, is a regular surface with boundary. We suppose it is oriented so that the 
normal vector points toward the exterior of the bounded solid 


{ (x,y,z) ER ef 4y oo te<e< 1}. 


We first obtain a parameterization of the surface that is compatible with its 
orientation. To do this, note that Mz is the graph of a function. Instead of taking 
parameters u :=x,v := y as usual, we will take instead u := y, v := x (a posteriori it 
will be clear that we need this reversal of the variables so that the coordinate system 
will be compatible with the orientation). More precisely, we consider as domain of 
parameterization 


De :={(u,v) ER? 16? <w4+v <1}. 


Now define 
g(u,Vv) = (vu, e+) ; 
Then 
e} e263 
Og ,. 08 (u,v) = e 2 
du ov . 
1 0 
err) 


v u 
= ; ,-1). 
(= Vue + y2 ) 
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Since the third coordinate is negative, it turns out that the normal vector 


(8x ¥) i) 
aaCre))| 


points toward the exterior of the solid bounded by the surface, which means that the 
restriction of g to the interior of Dg defines a coordinate system of Mz \ 0M, that is 
compatible with its orientation. Moreover, 


OMe = g(0De) 


(see Criterion 8.6.1). Since the boundary of the oriented surface Dz in R? consists of 
two circles, the interior oriented clockwise and the exterior oriented counterclock- 
wise, and moreover g conserves the orientation in the boundary by Criterion 8.6.1, 
it follows that 
fe) M, o> =). € U S 1; 
where 
Sp:={(x,y,r) ER? 1x2 +y =r}. 

We can define two positively oriented coordinate systems of 0M, (which cover 

the boundary with the exception of two points) by 


y :|0,22[> R? st +> g(cost,sint) = (sint, cost, 1) 


and 
ye :]0,22[— R? ;t 4 g(esint,ecost) = (ecost, esint, €). 


In this way, the orientation in the boundary of M, is similar to that of Example 
8.4.3. 
Now let 
F:= (F,F,F3) 


be a vector field of class C! on an open neighborhood of M. Since M; is compact, 
we can apply Stokes’s theorem. That is, 


i vxF-ds= [ F+ F. 
Me y Ve 


To evaluate the left-hand integral it suffices (see Proposition 9.1.1) to consider 
the coordinate system (consistent with the orientation) of Mz \ OMe defined by 


g(r,t) :-= g(rcost,rsint) 


= (rsint,rcost,r), 


where 0 <t < 2m andé <r< 1. That is, 
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which converges, as € — 0, to 


rp (vxF Caan (Sex 3) (it) ardt= | y xF-ds 


if that integral exists, for example in the case that F is C! on a neighborhood of the 
compact set MU {0}. This means that 


lim [ V x F-dS = [ vxF dS. 
Me 


On the other hand, 
Le 
Ve 


20 
<ef™ IF(ve(t))Il ar, 


ie (F(ye(t)), (—e sint,ecost,0)) de 


and this implies 
lim / F=0 


E0 J ye 


in the case that F is continuous at {0}. Finally, we have 


| Vv xF-ds= | F. 
M y 
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9.5 Stokes’s Theorem on a Transformation of the k-Cube 


The aim of this section is to present some additional examples of oriented but 
noncompact regular surfaces with boundary for which the general Stokes’s theorem 
remains valid. 

We first analyze the unit cube. Put J := (0,1)* CR‘, and for every 1 < j <k, 


Tio := {te R* 21; =0;0<4< 1ifiF j} 


and 
IaH {te R® 24; =1,0<4 < 1ifiF jh. 


We recall that in Sect. 8.6 we introduced the cube without edges as the set 


and 


Clearly J = U \ dU is an open set in R*, and U is a C® regular (k — 1)-surface 
that is orientable. According to Sect. 8.6, that orientation is given by the unit normal 
vector e; at the points of J; ; and by —e; at the points of J;,9. The problem is that U 
is not compact, since U = [0,1] A U. We let 

A:= (0,1). 


Proposition 9.5.1. Let @ be a differential form of degree (k—1) and class C! on 
an open neighborhood of U. Then 


[ w= | dw. 
aU U 


Proof. Assume 


k 
@:= Yi (HIT (tye sth) dt A... Adtp A... A dt 
j=l 


where f; is a function of class C on an open neighborhood of U. Then 


k 
o= @+ @). 
i: > (J. Tia ) 
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We consider the vector field 


P= ( fig fajesea Fe): 


A parameterization of Ij ,, where a € {0,1}, is given by 


a -_— 7 . . 
7 , F] = — 
Viagt AS Rs Wpalsiy eset) = Gye py Gade Sei): 


Since 
O W ina 
OS) 


some of the coordinate systems (A, Wj) are not compatible with the orientation of 
the corresponding face J;,,. We now concentrate in the case a = I, so that the face 
1,1 is oriented according to the unit normal vector e;. If (A, w;,1) is compatible with 
the orientation of J; ; then 


OW jua _ j—-1,. 
() x... x FS (s) = (-1) ej, 


i ” = | Fo Wials).ei) dls1,.--55-1). 


Otherwise, we apply Lemma 5.2.3 to conclude that the coordinate sys- 
tem (L~'(A),Wj1 0° L) is compatible with the orientation, where L(t) = 
(t1,---5tk-2,k,th-1). Then, after a change of variables in the integral we also 
obtain 


o= Fow,;,0L(t),e;)d(t,...,th =) Fow;1(s),e;)d(s1,...,5¢-1). 
[=f Eo wineblOes) dtr) = [Po vjals)ie)) Alors) 
A similar argument can be carried out in the case a = 0. Hence 


hethe = f Fo Winls).e)alsi.---554-1) 
+ | (Fowjo(8),—e)) d(515---55-1) 


=f (fi0 Win — 50 W;0) (8) As15---584-1) 
On the other hand, 


k of. 
do = (3 sf) dtp A... A dt, 


j=l 


and hence ; 
+ f Ofj 
dw = —(t) dt. 
[ ° > U Ot; ( ) 
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After evaluating the previous integrals using Fubini’s Theorem and the Fundamental 
Theorem of Calculus in the j-th coordinate, we arrive to the conclusion. 


Corollary 9.5.1. Let U be the unit cube in R* without edges and N the vector field 
of unit normal vectors to OU defined by N = e; at points of 1;,,; and N = —e; at 
points of Io. If F is a vector field of class C! on a neighborhood of the closed unit 
cube, then 


[ pivFoar= [ F-NdV;_1. 
U OU 


Remark 9.5.1. The integral on the left-hand side, as a Lebesgue integral, coincides 
with 


| DivF(t)dt = | DivF()dr, 
[0,1] (0,1)* 


and although an abuse of notation, it is usual to write the right-hand-side integral as 
/ F-NdVy_1. 
[0,1}* 


Thus, Corollary 9.5.1 can be formulated for any vector field F of class C! ona 
neighborhood of [0, 1]* as follows: 


DivF (t)dt = F-NdVi_1. 
= “e Vea ae 


Proposition 9.5.2. Let M be an oriented regular k-surface with boundary. Suppose 
there is a mapping f of class C* on an open neighborhood W of the closed unit cube 


f:wW-R' 


such that f : U > M is a bijection and f' has maximum rank at all points of U. If 
is a differential form of degree k —\ and class C' on a neighborhood of M, then 


a = | de. 
aM M 


Proof. Again (and throughout this section) we denote by J = (0,1)* the open 
unit cube. According to Criterion 8.6.1, f(7) =M\ 0M and (J,f) is a coordinate 
system of M \ 0M. First suppose that this coordinate system is compatible with the 
orientation of M. Define 


v:=f*o, 


which is a differential form of degree k — 1 and class C! on a neighborhood of 
the closed unit cube. If (A,w) is a coordinate system of JU compatible with 
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its orientation, then fo yw defines a coordinate system of 0M that preserves the 
orientation (see Criterion 8.6.1). Moreover, by Theorem 7.1.1, 


agony 7 [ite i = [> - ag is 


whence using a suitable atlas of OU we get 


coe 
aM oU 


From dv = f*(d@), we can also deduce analogously that 


[so = [ ev. 
M U 


Now it suffices to apply Proposition 9.5.1. To finish, suppose that the coordinate 
system (J,f|) reverses the orientation of M \ 0M. In that case, replace the function 
f by g(x1,x2,...,x%) =f (x2,%1,-..,X4) to obtain a new function g of class C? ona 
neighborhood of the unit cube with the property that g : U — M is a bijection and g’ 
has maximum rank. Moreover, (/,g) is a coordinate system of M \ 0M compatible 
with its orientation. From the previous discussion it follows that also in this case 


[ao= | @. 
M aM 


We observe that there are only two possibilities for the orientation of M, since it 
is connected. 


In order to check the validity of the divergence theorem in regions such as the 
full cylindrical pipe 


K ={(x,y,z) €R? :°+y <1;0<z<1} 
or the half-ball 
K={(x,y,z) €R? : xe +y42<1;2>0}, 
which are not regular 3-surfaces with boundary in R°, observe that in both cases the 
set K can be obtained as the image of the closed unit cube by means of an adequate 


transformation (basically, cylindrical or spherical coordinates; see Examples 9.5.1 
and 9.5.2 for the details). 
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From now on, we take J = (0,1)? (and hence 7 = 0, 1]*) and we suppose that 
K =f (1), where 
f:WoR 


is a mapping of class C” on an open neighborhood W of 7, which is injective and 
has strictly positive Jacobian on /. 
Observe that K is not necessarily a regular 3-surface with boundary in R?. 
However, letting 
i= ile 


and considering Uz as the regular 3-surface with boundary in R? obtained on 
eliminating the edges of 7, then according to Proposition 9.5.2, 


Ke =f (Ue) 


is a regular 3-surface with boundary in R?, for which Stokes’s theorem is valid. 
We assume that (/¢,f) is a coordinate system compatible with the orientation of 
K,. That is, the orientation of Kg is compatible with the canonical orientation of 
R?. Consequently, the boundary of Kz is oriented according to the exterior normal 
vector. 

In particular, if 


@ :=F,-dyAdz+Fy-dzAdx+ F3-dxAdy 


is a differential form of degree 2 and class C! on an open neighborhood of K, then 


I Div F (x,y,z) d(x,y,z)= | dw = o= (F,N) dS. 
Ke Ke OKe OKe 


In this section we aim to analyze what happens after taking limits in the previous 
identity as € — 0. 


Lemma 9.5.1. lim [/ Div F(x, y,z) d(x, y,z) =fff Div F(x, y,z) d(x,y,z). 
Ke 


e>0 


Proof. Since F is continuous on the compact set K, there exists C > 0 a positive 
constant such that |DivF(x, y,z)| < C for every (x,y,z) € K. Since 


K\ Ke =f) \f(Ue) Cf(\ Ue), 


the change of variables theorem allows us to conclude that 


ff piv Fens) d(x,y.2)— fff Div Flx.y.2) d(x, y,z) 
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is less than or equal to 


hws [Div F(x,y,z)| d(x,y,z) < cH, Uf (x,y,z)| d(x,y,z) 
(mm, MP2) ) Lhe d(x,y,2) 


which goes to 0 as € + 0. 


Now we intend to analyze 


lim @. 
€>0 J 0Ke 
In some cases the topological boundary of K can be decomposed as the union 
(perhaps nondisjoint) of regular surfaces with boundary, and this limit can be 
expressed as a sum of flux integrals, which makes it possible to give an adequate 
formulation of the divergence theorem. 
Keeping this objective in mind, we present the next three lemmas. Suppose that 
f satisfies the previous conditions. We note that the boundary of Kg consists of six 
connected components, that is, the images underf of the faces (without edges) of J¢. 
The first lemma will allow us to analyze the faces of the cube whose image under 
f is a regular surface. 


Lemma 9.5.2. Let C be a face of the cube without edges, U, such that f(C) is a 
regular surface and assume that f(C) is oriented so that if (V,w) is a coordinate 
system of C compatible with the orientation of the cube, then (V,fo w) is a positively 
oriented coordinate system of f(C). For0<e< 7 denote by Jz the nearer of the 
two faces of Ig parallel to C. Then 


lim @ = @ 
é>0 J fe) F(C) 


Proof. Suppose that C is the face of the cube defined by x; = 1. Then J, is the face 
of J, defined by x; = 1 — €. Since the mapping 


(u,v) > (1,u,v) 
defines a positively oriented coordinate system of C, we deduce that 
(u,v) >f(,u,v) 


defines a positively oriented coordinate system of f(C) C 0K. Moreover, from 
Criterion 8.6.1 we also conclude that 


(u,v) >f(1—€,u,v) 
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defines a positively oriented coordinate system of f (J, ). Consequently, 


_ l-e pl—-e of af 
Loz | (Fy(i—eun), (Fx 2) (1,459) ) du dy 


which converges as € — 0 to 
[ f (ea (1,u,v)) », (Fx ©) uy) bauar= fo. 


The second lemma gives information about what happens with the faces of the 
cube whose image by f is not a ngs surface. 


Lemma 9.5.3. Suppose that 2 x x Hf = 0 on the face of the cube defined by x, = 0. 
Denote by Je the face of I~ defined by x; =e. Then 


Proof. There is a constant C > 0 such that 


|| F(x,y,z) IS C 


whenever (x,y,z) € K. Moreover, if we let 


Hse |(E-Boe 


then it follows, from the uniform continuity of a ee 


s=e0syes1}, 


a4 in J and the hypothesis, that 


lim M, = 0. 
e0 
Finally, bearing in mind that 


(u,v) >f(€,u,Vv) 


is a parameterization of f(Je) C 0Ke, we obtain 


uo? sf f |r net (3 4) (enn) 


du dv 


< CMe, 


which goes to zero as € > 0. 
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The third and final lemma will be useful when we have to work with a 
parameterization involving periodicity in some of the variables. This typically 
occurs when one changes to spherical or cylindrical coordinates. 


Lemma 9.5.4. Let f be periodic with period | with respect to a coordinate and let 
Je0,Je,1 be the two parallel faces of Iz in which that coordinate is constant. Then 


lim (/ @ +/ o) =0. 
£0 (Jeo) (Jer) 


SF (x,0,z) =f (x, 1,z) 


whenever 0 < x,z < 1. Then Jeo is the face of J, defined by y = € and J, is the 
face of I, defined by y= 1 —€. 
The mappings 


Proof. Suppose that 


g(u,v) := (u,€,v) 3 h(u,v) = (v,1—e,u) 
define positively oriented coordinate systems of Jeo and Je, respectively, because 


Og Og _ oh oh 
ou ov | 2 a ov 


=). 
From Criterion 8.6.1, we deduce that the mappings 
(u,v) > f(u.€v)s (uv) of(,1—€,u) 


define positively oriented coordinate systems of f(Jeo) and f(Je,1) respectively. 
Consequently, 


= o=[- < “(Fel (u,€,v)), (F< Pues) dues 


Since 
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Fig. 9.4 (a) Full cylindrical 
pipe and (b) the set Ke of 
Example 9.5.1 


we easily deduce 


| @ +f o—->0 
fJeo) if (Jet) 


as € goes to 0. 


Example 9.5.1. Consider the full cylindrical pipe (Fig. 9.4) 
K :={(x,y,z) €R? :x°+y<1;0<z< 1}. 
Take 
f: RR’, f(ns,t) := (reos(2ms),rsin(275),t). 


Then 


and the Jacobian of f is 


cos(27s) —2mrsin(27s) 0 
sin(2zs) 2mrcos(2ms) 0} = 2zr. 
0 0 1 


Hence Kz :=f(U¢) is a regular 3-surface with boundary for which the general 
Stokes’s theorem is valid. 
If 
@ :=F,-dyAdz+Fy-dzAdx+ F3:dx/A dy 


is a differential form of degree 2 and class C! on an open neighborhood of K, then 
we deduce from the comments in Sect. 8.6 and Lemma 9.5.1 that 


[[[ Biv Fle9.2) aGxy,2) = tim fo. 


€30 OKe 


Observe that the topological boundary of K can be decomposed as 


gtr K=SoUS, US), 
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where 
Sp=1 (49,2) ER? : x+y <1;z=j} 


for j = 0, 1 are closed disck in horizontal planes and 


So:= {(x,y,2) ER? : x+y =1;0<z2< 1} 


is a cylindrical surface with boundary. Each of three sets So, S$, and S> is a regular 
2-surface with boundary in R*. We provide Sp with the orientation given by the 
normal vector —e3, S; with that given by the normal vector e3, and Sz with that 
afforded by the vector field (of normal vectors at points of Sz \ AS) 


N(x,y,Z) = (x,y, 0). 


That is, the three surfaces are oriented according to the field of unit normal 
vectors pointing toward the outside of K. Although K is not a regular 3-surface 
with boundary, we commit an abuse of notation and write 


OK := SyUS, US) 


2 
| => fo 
OK j=0 Sj 


As one easily discerns, our objective is to prove the identity 


lim / oO = [ @ 
€>0J0Ke OK 


The boundary of Ke consists of six connected components, namely, the images 
under / of the faces (without edges) of Jz. We analyze each one of these components. 
Image of the faces parallel to the plane {0} x R?. First we fix r = €. Since 


[Cea] eo 


from Lemma 9.5.3 we obtain, for (Je)1,0 = {(€,5,t): €<s,t< 1—e}, that 


and 


= 27€, 


lim o=0. 
£0 Jf ((le)1.0) 


Take now r = | — €. The parameterization 


(s,t) > f(1—€,s,1) 
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Fig. 9.5 Half-ball of 
Example 9.5.2 


is positively oriented, and by Lemma 9.5.2, 


lim | o=/] @, 
£0 Jf ((le)1.1) So 


where 
Uehia = {Ul —e,8,4)> €< 5,7 < 1 =e}. 


Image of the faces parallel to the plane R x {0} x R. In this case, take s € 
{e,1—e}. By Lemma 9.5.4, 


| @ +f o—>0 
‘Sf ((Te)2,0) If ((le)2,1) 


as € goes to 0, where 
(le)2,0 = {(né,t) :ée<nt< 1-e} 


and 
Gejag = {Gl—ef): e<7tel—e}. 


Image of the faces parallel to the plane R x R x {0}. Here, take t = € ort = 1—e. 
By Lemma 9.5.2, 


lim oO = @ 

£0 Jf ((le)3,1) Sy 
and 

lim o=] @, 

£0 Sf ((Ie)3,0) So 
where 

(le)3,0 = {(48,€) : ears s le) 

and 


(e)31 ={(48,1-—e): e<ns<1-e}. 


310 9 The General Stokes’s Theorem 


lim | o= [ o, 
€30 SOK, OK 


Consequently, 


and we finally deduce that 


|[[ 28 F (x,y,z) d(x,y,z) = [2 


Example 9.5.2. Consider the half-ball (Fig. 9.5) 
K:={(x,y,2) ER? : P+y +2 <1; 220} 
and take 


S(1,8,t) = (rsin (5 s) cos(27t),rsin (F s) sin(27t),rcos (5 s)) : 


Then K =f (J). The topological boundary of K can be decomposed as the union 
of two regular surfaces with boundary 


dP (K) = S, US), 


where 
Si :={(yy,z) 6 2x? +y' +2 =1;2>0} 


and 
So:= {(x,y,z) ER? 1° +y* <1; z=0}. 


The surface S; is oriented according to the vector field 
N(x,y;2) = (%952), 


and S2 according to the normal vector —e3. 
Proceeding as in Example 9.5.1, we see that whenever 


@:=F,-dyAdz+Fy-dzAdx+ F3:dxA dy 


is a differential form of degree 2 and class C! on an open neighborhood of K, then 


i, Div F(x,y,2) d(xy.2) = fo + @. 
K S| S2 


In fact, it suffices to apply Lemma 9.5.3 to the faces of the cube r = 0, s = 0, 
Lemma 9.5.4 to the parallel faces tf = 0, t = 1, and Lemma 9.5.2 to the faces r = 1, 
s=l. 


Example 9.5.3. Consider the truncated cone 


K:={(x,y,2)€R :P+y=2;0<z<1} 
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and the mapping f : R* — R? defined by 
f(t,r) = (rcos(2at),rsin(2zt),r). 
Then K =f() where J := [0,1] x [0, 1] is the unit square. We already know that 
M := K \ {(0,0,0)} 


is a (noncompact) regular surface with boundary in R*. Moreover, suppose that M is 
oriented in such a way that the restriction of f to the interior of J defines a positively 
oriented coordinate system of M. Since 


(F x z) (t,r) = (2arcos(2at),2arsin(2zt),—2z7), 


this means that M \ 0M is oriented according to the normal vector that points to the 
exterior of the solid bounded by M. Since t +> (t,1) is a parameterization of the 
boundary of the square (without vertices) that reverses the orientation, we deduce 
from Criterion 8.6.1 that 


y :trHf(t,1) = (cos(2ar),sin(2mt),1), O<r<1, 


is a parameterization of 0M that reverses the orientation and covers all the boundary, 
except for one point. Now take 


@=F,-dx+F)-dy+F-dz 
a differential form of degree | and class C! on a neighborhood of K. We want to 
show that 
[ = | dw. 
aM M 
To do this, denote by /, the square [e, 1 — €]* less its vertices and take 


Me =f (le), 


which is a regular surface with boundary in R* for which the general Stokes’s 
theorem is valid. In particular, 


Also, 


312 9 The General Stokes’s Theorem 


converges as € — 0 to 


[f (ovxmaem.($xF) on) arar= fae. 


On the other hand, the boundary of M, consists of four connected components 
(images of the four faces, without vertices, of the square J,). Keeping in mind the 


facts 
f(0,r)=f(1,r) and F (0) =0, 


it follows, proceeding as in Lemmas 9.5.3 and 9.5.4 and considering 


ye(t):=f(t,l—e€), e<t<l-eg, 


that 
lim o=-—lim] @ 
230 JaMe e0 Jy, 
l-e ; 
=—lim (F(ye(t)), (ve) (t)) dt 
e>0J¢ 
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9.6 Appendix: Flux of a Gravitational Field 


Let us consider an object of mass M located at the point 


P = (x0,Y0,20). 


For every (x,y,z) € R’, let 


r= (x—x0,¥— Yo,Z— 20): 


Then the force exercised by the point mass M on another point mass m located at 
(x,y,z) €R3\ Pis 
GMm 
F(x,y,2) =———e 
Il 


We observe that the norm of F (x,y,z) is proportional to the inverse of the square 
of the distance between the two points. It is obvious that 


F:R?\{P} > R? 


is a vector field of class C~. The aim of this section is to evaluate the flux of this 
vector field F across a compact regular surface of class C” that does not contain the 
point P and is the boundary of a regular 3-surface with boundary. 


Proposition 9.6.1. The divergence of the vector field F vanishes. 


Proof. We first evaluate 


=a 
ot — Gum ( 1 3(x — x0) : 


“Ox. r||3 r|[> 
OF, 1 3(y—yo)? 
“+ —_GM. 
oy G m( r||3 r|[> : 
and ; . 
es cum ( aE 7D ) 
From 


(x—x0)? + (vy —yo)? + (2-20)? = [lrl?, 


we obtain, on summing these partial derivatives, 


Div F=0. 
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Lemma 9.6.1. Let B be the closed ball centered at a point P and with radius R > 0. 
The flux of the vector field F across OB is 


—4nGMm. 


Proof. The unit normal vector to OB at a point (x,y,z) € OB, pointing to the exterior 
of B, is given by 


r 
N= Irie 
Hence, for 
_  GMm 
~ Trlr” 
it turns out that ‘ i 
(F,N) = CM rp = GMm-. 


That is, (F,N) is constant on the sphere. Consequently, the flux of the vector 
field F across 0B coincides with the product of such a constant with the area of OB. 
That is, 

Flux = —42GMm. 


Theorem 9.6.1 (Gauss’s law). Let U be a regular 3-surface with boundary of class 
C? in R? and assume that 
S:=0U 


is a compact regular surface that is oriented according to the normal vector pointing 
to the exterior of U. 


(1) If P ¢ U, then the flux of F across S is zero. 
(2) IfP © U\S, then the flux of F across S is —-4nGMm. 


Proof. We first suppose that P ¢ U. In this case, F is a vector field of class C! on a 
neighborhood of U, and by the divergence theorem, the flux of F across S coincides 
with 


|[[ pvr) d(x,y,z) =0. 


Next, suppose that P € U \ S. This time, it is not so easy to apply the divergence 
theorem, because F is not defined at the point P € U. To avoid this complication, 
take R > 0 small enough that the closed ball B centered at P and with radius R is 
contained in the interior of U (Fig. 9.6). Now consider 


Q = {(x,y,z) €U || @—x0,¥— Yo,z— 20) || R}, 


which is a regular 3-surface with boundary 
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Fig. 9.6 Illustration of the 4 
proof of Theorem 9.6.1 / 


OQ = SUOB. 


As usual, the boundary of Q is oriented according the normal vector exterior to 
Q. This means that the orientation of dQ at the points of S is given by the normal 
vector to S that points to the exterior of U, and the orientation of 0Q at points of 0B 
is given by the normal vectors to the sphere that point to the interior of the ball. 

So, if we consider in OB the orientation according to the normal vector exterior 
to the ball, then 


i (F,N) as= [ (FN) as— [ (FN) dS. 


On the other hand, since F is a vector field of class C! on Q, we can apply the 
divergence theorem to conclude that 


i (F,N) as= [ff Divr(x.2) d(x,y,z) =0. 


Consequently, from the previous lemma, 


| (F,N) dS = , (F,N) dS =—4nGMm. 
Ss OB 


It should be noted that Gauss’s law is usually formulated in terms of the electrical 
field generated by a point charge. 

In what follows, we assume for simplicity that m = 1. Note that the flux of the 
gravitational field generated by a point mass M located at P in the interior of U 
depends only on M and not on the position P. If we consider a series of point masses 
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M,,M2,... in the interior of U, the resulting vector field F is the sum of the vector 
fields generated by each one of the point masses, and the flux of F across S is given 
by 
>) —42GMj = —40GM, 
j 


where 
M=)'M; 
j 
is the total mass. Therefore, it is no surprise that if F is the gravitational field 
generated by an object of total mass M located in the interior of U, then the flux 
of F across S = 0U equals —4mGM. (see [11]). 
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9.7 Exercises 


Exercise 9.7.1. For the regular surface 
M:={(x,y)€R?:a<xr+y <b} 
with boundary, solve the following problems. 
(1) Find a parameterization of the circles 
Pty =a’, ri =p? 


that is compatible with the orientation of M. 
(2) Using Green’s formula, evaluate 


[, —y) dx+ (cosy + 2x) dy. 


Exercise 9.7.2. Let M be the part of the plane x+ y+z= 1 whose projection onto 
the xy-plane is the closed disk centered at the origin and with radius |. Suppose that 
M is oriented according to the normal vector (1,1, 1). Using Stokes’s theorem, find 


/ x dy+y dz. 
OM 
Exercise 9.7.3. Verify Stokes’s theorem for the lower hemisphere of the unit sphere 


z=—-V1-x-y? 


and the vector field 
F(x, y, z) = (-y, x, Z): 


Exercise 9.7.4. Let M be the sphere with radius a > 0 centered at the origin and F 
a vector field of class C? on a neighborhood of the corresponding closed ball. Show 
that 


| V x F-dS=0. 
M 


Exercise 9.7.5. Let M be the triangle: 
{(@@,y,z) €R° ; xtytz=1, x20, y>0, z>0} 


with the vertices (1,0,0), (0,1,0), and (0,0,1) removed (Fig. 10.18). Verify the 
validity of Stokes’s theorem for this surface. 
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Exercise 9.7.6. Find the work done in moving a particle counterclockwise around 
the (topological) boundary of the intersection of the plane x-+ y+ z= 1 with the first 
octant under the action of the force field 


F(x,y,z) = (x+x2", x, y). 
Exercise 9.7.7. Verify the divergence theorem for the vector field 
F (x,y,z) = (x, 2y, 2) 
and the closed surface M := M, UMb, where 
M, :={(x,y,z) R23 x+y =7,0<z<2} 


and Mp is the closed disk with radius 2 in the plane z = 2 and centered at (0,0,2). 
Exercise 9.7.8. Using Stokes’s theorem, find the z-coordinate of the center of 
gravity of the hemisphere 


M = {(x,y,z) ER’; r+ty+2=R’,z>0} 


assuming that the surface density is constant. 


Exercise 9.7.9. Consider the vector field 


F (x,y,z) = (x,y,2) 


and let M be the part of the paraboloid z = 4 — x? — y’ that satisfies z > 0. Assuming 
that M is oriented so that the third coordinate of the normal vector is positive, find the 
relation between the flux of the vector field F across M and the flux of F across the 
disk D in the xy-plane centered at the origin, of radius 2 and oriented according to 
the normal vector (0,0,—1). 


Chapter 10 
Solved Exercises 


10.1 Solved Exercises of Chapter 1 


1.3.3. Check that 
Div (Curl F) = 0 


for the vector field 
Figye) = 975) 4; 20). 


Solution: The components of the vector field are 
Fi(2,y,2) = 372, fo(%,z) =x, fa(%,y,2) = 2yz. 


Hence 
ey @2 &3 
dad 0a 
CulF=|5 5 F | =(2z2',1). 
az x yz 
That is, the components of Curl F = (g1,g2,g3) are given by gi(x,y,z) = 2z, 
g2(x,¥,z) =x", g3(x,y,z) = 1. Consequently, 
Agi | 982 | 983 
Div(Curl F) = —— + —- + — 
wie) oe ay ae 
=0. 


1.3.5. If F,G: R? > R? are vector fields of class C!, prove that 


Div(F x G) = (Curl F , G) — (F,, Curl G). 


A. Galbis and M. Maestre, Vector Analysis Versus Vector Calculus, Universitext, 319 
DOI 10.1007/978-1-4614-2200-6_10, © Springer Science+Business Media, LLC 2012 
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Solution: We put F = (f1, fo, f3) and G = (g1, 92,83). According to Definition 
1.2.11, we have 


_, (9 _?h Afi Of \,. (of oft 
(out, 6) = 6: (F-2F) +o (F on) -a(F a) 


Analogously, 


_ Og3  0g2\ , Ogi 0g3 0g. 0g 
(F, cunt) =f: (SE B+ a(S 2) 4 n(S-B). 


Moreover, from Definition 1.1.4 it follows that 


FxG= (hy, h2,h3), 


where 
hy = fog3 — f3g2 , ho = fagi— figs , ha = fig2—fo81, 


and from Definition 1.2.10 we have 


hy dh dh 
Div(FxG) = Fh + S24 


Finally, it is routine (although a tedious calculation) to check that 


Oh, ohn Oh _ 
oe a ee G) — (F, Curl G). 
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10.2 Solved Exercises of Chapter 2 


2.8.3 Integrate the vector field 
F(x,y) = (9, -2xy) 


along the triangle with vertices (0,0), (1,0), (0,1), oriented counterclockwise. 


Solution: The triangle is the union of three segments. A parameterization of the 
segment from (0,0) to (1,0) is 


y1:[0,1] +R, y(t) =(,0). 
A parameterization of the segment from (1,0) to (0,1) is 
y2:[0,1J +R, ya(t) =(1—2)(1,0) +2(0,1) = (1-440), 


Instead of the segment from (0,1) to (0,0) we consider the opposite path (the 
segment from (0,0) to (0,1)), which is easier. This is 


y3: [0,1] > R’, y3(t) = (0,r). 


Then the path along which we have to integrate the vector field F is the union of 
three paths, 


y =v Uy2U (—y3), 


and consequently, 


[F=| F+ F_| F. 
y v1 y2 ¥3 


We now evaluate 


and also 


B 
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Fig. 10.1 Path of Exercise 


2.8.4 
\ 
Moreover, 
| F= y dx — 2xy dy 
Y2 Y2 
I 
- (?(-1)-20 —1)t) di 
0 
I 
= / (?-2t)dt=--1 
0 
Finally, 
1 
F=--1 
y 3 


2.8.4 (1) Finda path y whose trajectory is the intersection of the cylinder x* + y* = 
1 with the plane x+ y+z= 1 and with the additional properties that the initial 
(and final) point is (0,—1,2) and the projection onto the plane XY is oriented 
counterclockwise (Fig. 10.1). 

(2) Evaluate 


[ove + yzdy — x dz. 

y 

Solution: (1) The intersection of the cylinder with the plane is an ellipse in 
R? whose projection onto the XY¥-plane is the unit circle. Consequently, we first 


parameterize the unit circle in such a way that the initial and final point is (0,—1) 
and it is oriented counterclockwise. That is, we put 


x cost ; sin — = —]. 
y a) 


From the equation of the plane we deduce 


z= 1—x-—y = 1|—cost-—sint. 
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The path we are looking for is 


3 
y: -3.5| +R, y(t) = (cost, sint, 1—cost—sint). 
(2) We now define 


@ =xydx + yzdy — x dz. 


We could evaluate 


fo=f BCOCHOE. 


ra 
2 
but a more efficient method consists in making a formal substitution in the integral 
x = cost ;y = sint, z= 1—cost—sint 


and also 
dx = (—sint)dt, dy = costdt, dz = (sint—cost) dt 
to obtain 


[eo = / (—2sin*rcosr— sint cos? + cos?) dt. 
y 33 


Moreover, 


sin? t 34 
7 sin’t cost dt = | 7 


3a 


# 3a 
ft 2 
/ —sint cos*t dt = 
4 
—% 


cos? t 


and 


3% 3x . 
[cost at = ie 1 + cos(2r) ee. sin(2r) 
“= “=e 2 2 4 | 


Finally, 


2.8.6 Find a path whose trajectory is the intersection of the upper hemisphere of the 
sphere with radius 2a (Fig. 10.2) 


P+y42 =4e 


with the cylinder 


x +(y—a) =a’. 
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Fig. 10.2 Path of Exercise 
2.8.6 


Solution: If (x,y,z) is a point on that trajectory, then (x,y) is on the circle 
4+ (y—a) =a’. 
Hence, 
x = acost, y—a=asint 


for some value of f between 0 and 27. After substituting in the equation of the 
sphere, we obtain 


a’ cos*t + (a+asint)? +2 = 4a’. 


That is, 


z =2a*(1—sint), 


and from the fact that z > 0 (since we are considering the upper hemisphere), we 
conclude that 


z=av/2(1—sint). 
Consequently, the sought-after path is 
y : [0,2] > R? 
defined by 
y(t)= ( acost , a+asint , a\/2(1— sint)) : 
2.8.10 (1) Show that the vector field 
F(x,y) = (e*(sin(x+ y) +cos(x+y))+1, e*cos(x+y)) 


is conservative on R? and find a potential. 
(2) Evaluate the line integral 
ie 
y 
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where 
y:[0,7]) >R’, y(t)= (sin(e%™™),cos9(t)) ; 


Solution: (1) Writing 
P(x,y) =e'(sin(x+y) + eos(x+y)) +1 
and 
Q(x, y) =e* cos(x+y), 
it follows that 
00 oP 


- =e*(cos(x+y) — sin(x+y)) = dy’ 


Hence F is conservative. If f : R? > R is a potential function of F, then 


of = e*(sin(x+y) +cos(x+y))+1 (10.1) 
and F 
as, =e*cos(x+y). (10.2) 
dy 


By integrating (10.2) with respect to y we obtain 
f(x,y) = e* sin(x+y) + (x). 
We now compute the derivative with respect to x and substitute in (10.1) to get 
e*(sin(x + y) + cos(x + y)) + 9’ (x) = e*(sin(x + y) + cos(x+y)) +1, 
whence it follows that ’(x) = 1. Finally, we take @(x) = x, and we conclude that 
f(x,y) =e" sin(x+y)+x 

is a potential function for F. 
(2) The computation of the line integral (2) using Definition 2.2.1 could be rather 


cumbersome due to the expression for the path y. Fortunately, since the vector field 
is conservative, we can apply Theorem 2.5.1 to get 


[F=Fo(@)-17). 
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Since y (0) = (0,1) and y(z) = (0,—1), we have 
[F=10.-1)-10 1) =—2sin1. 
2.8.12 For the vector field 


F = (fi, f2) :R’ \ {(0,0)} > R? 


defined by 


fil,y) = fro(x,y) = 


~y a 
x2 +y2’ x+y? 7 
(1) Show that 

O fa _ ofl 

By 9) = ay 


for all (x,y) € R? \ {(0,0)}. 
(2) Let y be the unit circle oriented counterclockwise. Show that 


[Fa2n. 
Y 


Is this fact a contradiction to Poincaré’s lemma? 
(3) Argue whether this statement is true: for every closed and piecewise C! path 
a : [a,b] + R? \ {(0,0)} such that a (t) > 0 for all t € [a,b], the following holds: 


[F=o. 
a 


(4) Evaluate J, F, where 
7 1 7 
t)= t t —-~<t<r. 
y(t) = (cos(e),sin’()), -F<r<F 


Solution: (1) An easy computation gives 


ay pathy )= yi=x 
oy Jy == Ox Jy (x2 +2)? 


for every (x,y) € R* \ {(0,0)}. 
(2) A parameterization of the unit circle is 


y : [0,22] R?, y(t) =(cosr, sine). 
By substituting formally 


x= cost ,y=sint ,dx = —sint dt ,dy=cost df, 
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we obtain 
[P= [ Aler) ae+ flay) ay 
y Y 


Oh ee fey 2 
=| ee (10.3) 
0 


sin?t + cos2t 


The fact that the line integral is different from zero is not a contradiction to 
Poincaré’s lemma, since the open set R?\{(0,0)} is not starlike. 
(3) The open set 


U = R*\ (]—,0] x {0}) 


is starlike with respect to the point (1,0). The set U is obtained by deleting the 
nonpositive part of the X axis. Now condition (1) and Poincaré’s lemma permits 
the conclusion that F is a conservative vector field in U. That is, there exists a C! 
function 
f:UCR OR 
such that 
V f(x,y) = F(x,y) 


for all (x,y) € U. If @ = (a1, Q2) : [a,b] + R? \ {(0,0)} is a closed and piecewise 
C! path such that 0 (t) > 0 for all ¢ € [a,b], then it follows that a([a,b]) C U, and 
because F is conservative in U, we get 


[F=o. 
o 


(4) The trajectory of the path y is contained in U. Since F is conservative in U, 
the value of the line integral does not change after replacing y by any other path 
contained in U with initial point y(—4) = (0,—1) and final point y(4) = (0,1). 
We can consider, for instance, the semicircle 


B: |-5.5| +R’, A(t) =(cost,sint), 


which gives an easier expression for the line integral (Fig. 10.3). In fact, proceeding 


as in (10.3) we obtain 
[F iF - dt =n. 
y B -% 


2.8.14 Let y be the path whose trajectory is the union of the graph of y = x° from 
(0,0) to (1,1) and the segment from (1, 1) to (0,0). Using Green’s theorem, evaluate 
(Fig. 10.4) 


| (x? 4y) dx+ (2xy +27) dy. 
y 
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Fig. 10.3 The integral of a 
conservative field along y 
coincides with the integral 


along B 


Fig. 10.4 Path of Exercise Y 
2.8.14 
(1) 


YN 


(0,0) 


Solution: y = y; U y2 is the boundary, oriented counterclockwise, of the region of 


type I 
K :={(x,y) eR’, O0<*e< 1,9 <y<x}. 


Writing 
P(x,y)=x+y", O(x,y) =2xy+2°, 


Green’s theorem gives 


[ Pes) dx + Q(x,y) ay= ff. (2-5) d(x,y) 
=f ([,2xay) ax 


1 s 4 
=| 2x(x—x°) dx = is 
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Fig. 10.5 Path of Exercise Y 
2.8.17 


(0,0) (27,0) 


2.8.16 Let K be a region of type I or type II and let y be a path whose trajectory is 
the boundary of K oriented counterclockwise. Then 


1 
area (x)= | s(-yde-+xdy) =f -ydr= | vay. 
y y y 


Solution: The choice P(x,y) = —4 and Q(x,y) = 5 produces the following line 
integral when Green’s theorem is applied: 


[Porsoay= ff (2-5) d(x,y) 


= ff ate,y) =area (K). 


2.8.17 Evaluate the area bounded by the cycloid y : [0,27] > R?, 
y (t) = (at —asin(t),a —acos(t)) 


(a > 0), and the X-axis (Fig. 10.5). 
Solution: We observe that y (0) = (0,0) and y (27) = (a27,0). Moreover, 


y(t) := at — asin(t) 
is strictly increasing on [0,27], while 
%)(t) := a—acos(t) > 0, 


whenever 0 < t < 27. Hence the trajectory of the path y and the Xaxis limit a region 
K of type I with boundary, oriented counterclockwise, 


aU(—y), 


where a is the segment from (0,0) to (a27,0). We put 


1 
o= ae dx +x dy). 
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From Exercise 2.8.16, the area of K is given by 


A= foo. 


Because y = 0 on the segment from (0,0) to (a27,0), we get 
i: @ =0 
a 


1 
A=-3 | —y dx +x dy. 
2 ty 


and 


In order to evaluate this line integral we substitute 
x=a(t—sint), dx=a(1—cosr)df, 


y =a(1—cost), dy = asintdr, 


20 4 t 
A=a | (1 - cost 1) dt. 
0 2 


20 
Since [ cost dt = 0 and integrating by parts yields 
0 


Then 


2n 
| —tsint dt =tcost 
0 


Qn 20 
-f cost dt = 27, 
0 0 


we conclude that 
A=3na’. 


2.8.19 Evaluate the area limited by the circles 
C:={(x,y)eR : P+y=a'} 


and 
CQ := { (x,y) ER? : r+y = 2ax} (a> 0). 


10 
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Solution: The circle C; is centered at the origin and has radius a, while the circle 
C» is centered at the point (a,0) and also has radius a. The two circles meet at the 


solutions of the following system of equations 


P+y =a, 
x+y? =2ax. 


(10.4) 
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Fig. 10.6 Positively oriented 
boundary of the region 
limited by two circles 


From a? = 2ax we deduce x = 5;hence y= + WG. Consequently, the vertical line 
Xx = § decomposes the region limited by the two circles into two pieces (Fig. 10.6). 
It is a region of type II whose boundary, oriented counterclockwise, is given by 


y=aUB. 


The trajectory of « is the semicircle located to the left of the line x = 4, and an 
appropriate parameterization is 


2a 47 
a: E $| > R*, a(t) = (a+acost,asint). 
Also, the trajectory of B is the semicircle located to the right of the line x = 3, 
and an appropriate parameterization is 


B: |-= =| R?, A(t) =(acost,asint). 


Since 
[-veteey=f a’ (1+ cost) dt 
a + 
(4) 
3 
and 


3 2 
[ovetxey= [7 a dt =a, 
B -§ 5 
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10.3 Solved Exercises of Chapter 3 


3.5.2 Show that the cone 
S:={(%,y,z) ER’ 3x +y =2 , 22> 0} 
is not a regular surface, but S \ {(0,0,0)}, the cone without the vertex, is. 


Solution: Let us assume that S' is a regular surface. According to Proposition 3.1.1, 
there exist an open neighborhood W C R? of (0,0), an open neighborhood U of 
(0,0,0) in R3, and a function of class C', 


g:WCR OR, 
such that 
(a) SOU = {(2,y,8(%,y)), (ey) EW} 
or 
(b) SOU = {(x,8(%,z),z)), (ez) EW} 
or 
(c) SOU = {(g(,2),¥,z),  04z) € WH. 


Since the projections onto the xz- and yz-planes are not injective on SMU, the 
cases (b) and (c) cannot occur. Consequently, 


SNU ={(x,y,8Q,y)), Gy) € WH. 
In particular, 
g(x,y) = V2 +9 


for every (x,y) € W; hence g does not admit partial derivatives at the point (0,0), 
which is a contradiction, since g is a function of class C!. Consequently, S is not a 
regular surface. However, S \ {(0,0,0)} is a regular surface, since it is the graph of 
the function of class C! 

g:R’\{(0,0)} >R. 


3.5.3 Determine whether the intersection of the cone (Fig. 10.7) 


with the plane 
x+y+z=1 


is a regular curve. 


Solution. The intersection of the cone with the plane can be described as 


M:= @~'{(0,0)}, 
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Fig. 10.7 Intersection of a cone and a plane 


where @ : IR? — R? is the function defined by 
@(x,y,2) = (PP +y—-2 , xt+y+z-1). 


Since ® is a function of class C™, it suffices (by Proposition 3.2.1) to check 
that the Jacobian matrix of ® has rank 2 at each point (x,y,z) € M. That Jacobian 


matrix 1s dx 2y 2 
A:= ; 
11 1 


and it has rank 2 in U := R? \ {(t,t,-t) : t € R}. Since M is contained in U, we 
conclude that the rank of the matrix is 2 at each point (x,y,z) € M, and consequently, 
M is a regular curve (regular surface of dimension 1) of class C™. 


3.5.4 Let 

y : [a,b] > U CRx (0, +e) 
be a path such that y({a,b]) is a level curve. Show that the set obtained by rotating 
y (a, b]) around the x-axis is a level surface (Fig. 10.8). 


Solution: Let f : U C R* > R be aC! function on the open set U, and let c € R be 
such that 


y(la,5])={@y)€U, fly) =}. 


If we select an arbitrary point (x9,yo) € y([a,b]) and rotate (xo,yo,0) € R* 
through an angle s about the x-axis, we get the point with coordinates 


X=X0, y=yocoss, zZ=yosins. 


That is, the x-coordinate of the point does not change, and we make a rotation of 
angle s in the yz-plane of the point with coordinates y = yo, z= 0. Since yo > 0, the 
points of the yz-plane of the form 


(yo cos s, yo sins) 
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Fig. 10.8 Surface of 
revolution of Exercise 3.5.4 x 


are precisely the points (y,z) satisfying 


10 = VP. 


We consider the continuous function 
he oR, h(xy,2) = (V9? +2) 
and V :=h~!(U), which is an open subset of R3. Finally, we define 
g:=foh:VCR OR. 
Then the set obtained after rotating y ([a,b]) about the x-axis is 
M = {(x,y,z) € V 3.g(x,y,z) =c}. 


The obtained level surface is known as a surface of revolution, and as we have 
just proven, it is described by the equation 


f (2. Vy +2) =C¢. 
3.5.8 LetO<r<R. 
(1) Show that the torus obtained by rotation of the circle 
x +(y-RY =r 


about the x-axis is a regular surface. 
(2) Find a coordinate system (Fig. 10.9). 


Solution: (1) We define 


f:R SR, f(x,y) =2+(y—Ry. 
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Fig. 10.9 Torus of Exercise 
3.5.8 


Then the torus is the level surface 
M = {(x,9,2) eR’, f(s, VyP+2 +2) = ae 
In order to conclude that M is a regular surface, it suffices to check that 
(x,y,z) =a + (vse Fe -R) =r 4+y4+2+R*—2Rv/y?4 2 
has gradient different from zero on an open set containing M. Put 


U :=R3\ ({(0,y,z): +2 = R}U{(0,0,0)}), 


which is an open set containing M. Since V g(x,y,z) is the vector 


5 9 2Ry > 2Rz 

Xx, y 3 x ? 
V/y+2 V/y+2 

it follows that Vg does not vanish on the open set U containing M. 

(2) We first fix a parameterization of the circle. For instance 


=(N,%) : (0,22) > R?; y(t) =(rcost,R+rsint). 


If we rotate a point (y(t), y%(t),0) an angle s about the x-axis, we obtain the 
point with coordinates 


x=Y7(t), y=pw(t)coss, z=y(t)sins. 
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This suggests the definition 
g:R? MCR’, Q(s,t)= (v(t), %(t)coss, %(t) sins). 
The mapping 9 is of class C! on R’. If 
(51,41) = O(s2,02), 
then 7 (t1) = Yi (2) and 
%2(t1)(coss},sins,) = Y%)(t2)(cos sz, sin sz). 
Evaluating norms in the last identity, we deduce y2(t1) = o(t2). Hence y(t) = 
y (t2) and (coss1,sins;) = (cossz,sins2). From the injectivity of y and the proper- 
ties of the functions sin and cos, it follows that t) = fo and s; — sz is a multiple of 
27. In particular, g is injective on each open set 
W.:= (c,c+2m) x (0,22) CR? (cER). 


We show that 
(We, @) 


is a coordinate system. Since g : W. —> g(W.) is a continuous bijection, it suffices 
(according to Corollary 3.3.1) to check that g’(s,t) has rank 2, or equivalently, 


(3 x *) (s,t) £ (0,0,0) 


for every (s,t). Since, 


5. <5; ) (s,t) = n(t)(— V(t), Y(t) coss, y(t) sins) 


has norm 


(a ‘yin = nt? (40? +0?) 


= (R+ rsint)* > 0, 
we are done. 
3.5.9 Find the tangent plane to the paraboloid (Fig. 10.10) z= x* + y? at the point 
(353-9): 


Solution: The paraboloid can be described as 


M=®'{(0)} 
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Fig. 10.10 Tangent plane 
to a paraboloid 


for ®(x,y,z) = z—x? — y’. By Proposition 3.4.1, the vector 


is orthogonal to the tangent plane we are asked to find. Hence, the equation of the 
tangent plane is 
111 
1,-1,1) )= 
(Ganz) (5-55) o) ( ? | )) 0, 


1 
X+yY-Z= 7 


An alternative approach consists in evaluating a basis for the plane determined 
by the tangent vectors to the paraboloid. To do this, we consider the following 
parameterization of the surface: 


that is, 


g:R°>M, o(s,t)=(s,t, s+’). 


Since ¢( 5 F 5) a (5, 5; 5), it turns out that a basis of the tangent plane is given by 


the vectors 3 4 
9? 
= |-=,-}]=(1,0,1 
Os (53) ( ,0, ) 


dg (1 1\ | 


Consequently, the equation of the tangent plane to M is given by 


and 
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Evaluating the previous determinant, we again get 


1 
X+y-Z= 2 


339 
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4.4.2 Let M be a regular surface of class C! in R? and suppose that (W,g) is a 
coordinate system of M, 


g:WCR>MCR’, 


with the property that M \ g(W) can be decomposed as the union of a finite family of 
subsets of M each of which is the image of a null set through some parameterization 
of M. Then 

area M = area (W,@). 


Solution: By hypothesis there is a finite family {(Aj,gj): j = 1,...,m} of 
coordinate systems of M, and for each j = 1,...,m, there is a null set Nj C A; 


such that 
M\ 9(W = |J 9 j(N. 


1<j<m 


Put Ki = Nj, and for2 < j <m, 
Kj:=95'(@:(N)\UoilM)) ON 
i<j 
It could happen that some K; is empty, but after selecting the nonempty sets, it 


turns out that 
{e(W),p;(K;)} 


is a partition of M. According to Definition 4.2.3, 


area M = area (W,g) + > area (Kj,@;). 
J 


To conclude, it suffices to observe that 


area (Kj,@;) =/f. v/aet( 9 (5,1) og (s,t))d(s,t) =0, 


since K; is a null set. 


4.4.4 Find the area of the part of the plane 


(a,b,c are positive constants) that lies in the first octant (Fig. 10.11). 


Solution: We have to evaluate the area of 


M:= {(xy,2) ER’, x>0,y>0,z>0, ~+o+e=1}. 
a c 
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Fig. 10.11 Triangle 
of Exercise 4.4.4 


To this end, we first parameterize the surface, taking as parameters 


That is, 


x=as, y=bt, z=c(l—s-—t). 


The domain of the parameters is obtained by observing that the three coordinates 
x,y,z are strictly positive, and consequently, 


s>0,t>0,1—s—t>0. 
So we consider the coordinate system (U,@g), where 
U ={(s,t)e€R’, s>0,t>0,st+t<1} 


and 
g:UCR° 3M, 9(s,t) = (as, bt, c(1—s—t)). 


Since g(U) = M, it turns out that 


area M = I [Se Soon 


J} d(s,t). 


Finally, evaluate 


€, eo €3 
SP x 2P(s,t) = a 0 —c 
0 b—-c 


= (cb ,ac, ab). 
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Fig. 10.12 Part of the cone 
inside the sphere 


If we define 
A:=(CR +a +ab*)!/?, 


1 l-s Xr 
area =2 | (/ ar) ds=—. 
0 0 2 


4.4.5 Evaluate the area of the part of the cone x* + y* = 2’ that lies above the plane 
z= and inside the sphere x* + y* + 2* = 4ax with a > 0. 


we obtain 


Solution: The part of the cone above the plane z = 0 and inside the sphere 
(Fig. 10.12) 
(x—2a)+y +2 =4a’ 


is described by 
M:={(x,y,z)€R?, P+y=2,72>0, 2% +y 42 < 4ax}. 

The equation of the cone suggests a parameterization of the surface, while the 
two inequalities will determine the domain of the parameters. We note that the 
intersection of the cone with the horizontal plane z = p is a circle with radius p 
whose projection onto the xy-plane admits the following parameterization: 

x=pcos0, y=psin0. 

Now p > 0, and from the inequality x? +y?+2° <4ax we deduce 


p <2acosé@. 


In particular, cos @ > 0, which means that we have to consider 


TU Tv 
—-~<0<-. 


NO 
NO 


Briefly, M = g(W), where 


W:= {(p,6), -$<0<5,0<p <2a coso} 
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Fig. 10.13 Vector field 
of Exercise 4.4.7 


and 
9(p.@) = (pcos@, psin@, p). 


Now evaluate 


0g oOo _ . 
op x 79 (P 9) = p(—cos@,—sin@, 1). 
Since 3 3 
2 y - 
[$2 «Sh )| pv2>0, 


we conclude that (W,@) is a coordinate system of M and 


area M = is (f° pv2ee) dé 


= 2a°v2 |” cos’ 6 dé 


4.4.7 Determine the flux of the vector field 


F(x, y,2) = (x, y,2z) 


across the part of the sphere 
rt+y+ral 


that lies in the first octant (Fig. 10.13). 
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Solution: Begin by writing the portion of the sphere in the first octant as 
M:={(x,y,z) ER? 3 x+y +2=1,2>0,y>0,z>0}. 


We consider the coordinate system (U,@), where 


g:U=(0,5)x (0,5) >M 


is defined by 
y(s,t) = (sinscost, sinssint, coss) 


and U is chosen so that g(U) = M. First we evaluate 
el 2 3 


=] cosscost cosssint —sins 
—sinssint sinscost 0O 


= sins g(s,t). 
Using the fact that g(s,r) is a point of the unit sphere, we see that 


0g oo 


[Sex Son = sins, 
and for (x,y,z) = @(s,t), 
ae x 28s.) 
N(x,y,z) = 28 EO = (x,y, 2) 
WV; 9 5) WSs 
| 22x 26,0) | 


is anormal vector to M directed outward from the sphere. From 
(F (x,y,z) , N(x,y,2)) = +y? $22 = 142 


and z = coss we obtain the following expression for the flux of the vector field in 
the direction of the unit vector N : 


LaLa, 


Des Di Ss d(s,t) 


Flux =| (1 +cos’s) 
U 


z 2 
= © [1 +e0s?s)sins ds = al 
2 Jo 3 


An alternative solution is to consider M as the graph of a function and to take as 
parameters the coordinates x, y, that is, 
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x=u, y=v, z=V1—-w-v?. 


More precisely, we consider the coordinate system (D, y), where 


D:={(u,v)ER’, u>0,v>0,W+v <1} 


and 
wv: DOM, y(u,v) = (u,v,V1—u?—v?), 
We obtain 
fi f fs 
Flux = ff at ey 2 | aly, v) 
dv av ov 
uv2/1—u2—v2 


= ie ie a d(u,v) 
D a 


2-w-v? 
ff 2 aay, 
DV1—u2—v2 


The last integral is evaluated after a change to polar coordinates to get 


Flux = ) 


ef Soap (p = sint 


4 
UT [2 2 ‘ T 
=> 1+ cos*t)sint dt = —. 
5 ff (1-+e0s*t) : 
We note that the flux just obtained has the same sign as the flux obtained in the 
previous solution. This is due to the fact that the two coordinate systems define the 


same field N of unit normal vectors to the sphere. 
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5.3.3 Determine whether the following coordinate systems of the cylindrical 


surface 
S:= {(x,y,z) ER’, rt+y=1,0<z<1} 


define the same orientation in the tangent space to S' at each common point 


(x0,¥o,20) = 9(S0,t0) = (uo, Vo) : 


(1) g: (0,27) x (0,1) > S,  g(s,t) = (coss,sins,t). 
(2) ¥:(0,1)x (0,1) 35, ¥ (u,v) = (uVI=y). 


Solution: We have to determine whether the two vectors 


dg 
ee OE, t 
Os ) (so, 0) 
and ov 
> X =—(Uo,Vv 
Ou 5) ( 0; 0) 
point in the same direction. But 
e} ea e3 
2S 2 (59,10) =] —sinsg cossg 0 
0 0 1 
= (cos Sq, sin so,0) = (x0, yo, 0) 
and 
ey @2 63 
ow et) 
x & (uo,vo) =| az 0 
0 O 1 


—U —1 
— (G10) = Tinag (%0»90,0)- 


Hence the two coordinate systems define different orientations. 
5.3.5 Prove that any level surface M in R? is orientable. 


Solution: By hypothesis there is ® : U C R* — R of class C! on the open set U 
such that V®(x) 4 0 for every x € ®~!(0) = M. We know that {V®(x)} is a basis 
of N,M for every x € M. Hence 
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Vol) 
FO = Wea 


is a continuous vector field of unit normal vectors. 
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6.7.2 Let F = (Fi, Fo, F3) and G = (G1, G2, G3) be vector fields on an open set U C 
R? and let w, g be the associated differential forms of degree 1. Find the relation 
between the vector field F x G and the vector field associated to the differential form 
of degree 2, @ AQ. 


Solution: We have 
o =F, dx+Pody+Fndz, go =G; dx+G dy+G; dz, 
and hence 


o\g= (F2G3 — F3G2) dy A\dz+ (F3G) — F\G3) dzA dx 


+ (Fi\G2—FG)) dx Ady, 
which is the 2-form associated to the vector field F x G. 


6.7.5 Consider the following differential forms in R*: 


(1) @ = dx — zdy; 
(2) v= (x? +y* +27) dx Adz (xyz) dy Adz. 


Evaluate 
dm ,wA\dw,dv,wAv. 


Solution: (a) do = —dz Ady = dy A dz. 
(b) @ Adw = dx Ady A dz. 
(c) dv = (yz—2y) dxAdyA dz. 
(d)@ Av = (xyz+2(x? +? +27)) dx Ady Adz. 
6.7.6 For the differential form 
@ =dx+ (x? +’) dy—sinx dz, 
find the associated vector field F and show that 


VXxF 


is the vector field associated to the differential form dw. 


Solution: The vector field F : R? > R? is 


F(x,y,z) = (1,27 +y°, —sinx). 
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Then 
e) (2) e3 
VxF= 2 Z 2 = (0,cosx, 2x). 
1 x?+y* —sinx 
On the other hand, 
d@ = 2x dx A dy — cosx dx A dz 
=0-dyAdz+cosx dz A dx + 2x dx A dy. 
6.7.8 Let 
@=xzdy—ydx, »v =x dz+dx 
and 


y(s,t) = (coss,sins,t) 
be given. Evaluate each of 
g(@), ge (dw), g (wv), g'(@ Adv). 


Solution: Denote by (s,t) the coordinates of an arbitrary point of R? and by (x,y,z) 
the coordinates of a point of R°, so that a basis of A! (IR?) is {ds, dr}, while a basis 
of A!(IR3) is {dx, dy, dz}. If 

g= (1, 92, 3); 


then 
= d@(s,t) =—sins ds, 


5,t) 
g* (dy)(s,t) = d@n(s,1) = coss ds, 
5,t) 


Now put f(x,y,z) = xz and g(x,y,z) =y. Then 
9" (@)(s,t) = f (e(s,t)) @* (dy) — 8(e(s,t)) 9* (dx) 
= (tcos?s+sin’s) ds 


and hence 
y* (dw )(s,t) = d(g*w) = —cos’s ds A dt. 


Analogously, 
y*(v)(s,t) = —sins ds+cos’s dr, 


and we deduce that 


g* (@ Av)(s,t) = (g*(@) Ag*(v)) (s,t) = (tcos”s+ sin? s) cos? s ds A dr. 


10.6 Solved Exercises of Chapter 6 


Finally, we observe that @ \ dv € A3(IR*), and consequently, 


y*(@ Adv) € A(R?) = {0}. 


351 
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10.7 Solved Exercises of Chapter 7 


7.4.1 Find ‘i @, where 
M 


@ =x dyAdz—ydxAdz 


and M is the portion of the plane x + y+ z= 2 whose projection onto the xy-plane is 
the triangle with vertices (0,0), (0,1), (1, 1), oriented according to the normal vector 
(1,1, 1) (Fig. 10.14). 


Solution: We consider the coordinate system (W,@) defined by 
g(u,v) = (u, Vy, 2—-u— v), 
where 
W :={(u,v) ER’, O<u<lu<v<l]} 
a9 


is the projection of M onto the xy-plane. Since the cross product 3 x 3, evaluates 
as 


5 3 €1 @2 3 
x = iO i |S (LAA) 
6 ti 


it turns out that this coordinate system is compatible with the orientation of M. Also 
y(W) =M. Since w is the differential form of degree 2 associated to the vector field 


F (x,y,z) = (x’,y,0), 


Fig. 10.14 (a) Triangle of Exercise 7.4.1; (b) projection onto the xy-plane 
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Fig. 10.15 Vector field 
of Exercise 7.4.5 


we get 


|e =f (Flot) oe *) d(u,v) 
= ff w+) d(u,v) 
= (fw+y cv) du = 


7.4.5 Find the flux of the vector field F(x,y,z) = (1, xy, 2) through the square in 
the yz-plane defined by 0 < y < 2, -1 <z< 1 and oriented according to the normal 
vector (—1,0,0) (Fig. 10.15). 


Solution: The surface 
M = {(0,y,z) : O0<y<2,-l<z< I} 


is oriented according to the vector field N(x, y,z) = (—1,0,0). Since 


(F(x, y,2),N(x,y,Z)) =-l, 


the flux is 
flux = —area(M) = —4. 


Alternatively, we can consider the coordinate system (A,@) of M defined by A = 
{(s,t) ER? : 0<s<2,-1<t<1} and g(s,t) = (0,5,t). From 


“ 4 €1 €2 €3 
9 99 _ 


os ot 


| 
~ 

= 
S 

Ss 
= 
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we obtain that (A,g) is incompatible with the chosen orientation of M. Conse- 
quently, we consider B = {(t,s)€ R* : 0<s<2,-1<t<1}and 


wv (t,s) = g(s,t) = (0,5,1). 


From Lemma 5.2.2, (B,w) is a coordinate system of M compatible with the 
orientation. Hence, keeping in mind that F(w(t,s)) = (1,0,27), ow = (0,0, 1), and 
-_ = (0,1,0), we conclude that the flux is 


107 


| 001} d(t,s) 


010 


- ff d(t,s) = —4. 


The negative sign in this calculation of the flux is explained by the fact that the 
vector field F flows in the opposite direction to that given by the vector (—1,0,0). 


flux 


l| 


I 
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8.7.1 Show that the portion of the cylinder {(x,y,z) € R32? +y? =@,0<z< 1} 
is a regular surface with boundary (Fig. 10.16). 


Solution: We will apply Theorem 8.3.2. To do this we take 
S:={(,y,z)€R3, <4+y =a’, z< 1}, 
which is a regular surface of class C”, and define @ : R? > R by 
(x,y,z) = —%. 
If (x,y,z) € SA. o~!({0}), then 
V (x,y,z) = (0,0,-1) 


is not orthogonal to the surface S at (x,y,z), since the orthogonal vectors to the 
cylinder are horizontal. Consequently, 


M := {(x,y,z) €S = @(x,y,z) < Of 
is a regular surface with boundary and 


OM = { (x,y,z) ER?, x+y =a’, z=0}. 


4 
AN = (11) 


Fig. 10.16 (a) Cylinder of Exercise 8.7.1; (b) disk of Exercise 8.7.2 
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Alternatively, we could apply Criterion 8.3.1 instead of Theorem 8.3.2. Indeed, it 
suffices to consider 
U :={(x,y,z) €R?: z< 1}, 


which is an open set in R?, and the mappings ®, f : U C R* > R defined by 
P(x,y,z) = +y—a,  f(x,y,z) =z. 
Then V ®(x,y,z) 4 (0,0,0) for every (x,y,z) € ®-!({0}), and 


(®, f)' (x,y,z) = i 2y 0 | 


0 0-1 
has rank 2 at each point of 
M := {(x,y,z) ER? : @(x,y,z) =0, (x,y,z) < O}. 
By Criterion 8.3.1, M is a regular surface with boundary and 
aM ={(x,y,z) €R?, (x,y,z) =0, f (x,y,z) =O}. 


8.7.2 Let M be the portion of the plane x + y+z= 1 whose projection onto the 
xy-plane is the closed disk centered at the origin and with radius 1 (Fig. 10.16). 


(1) Show that M is a regular surface with boundary. 
(2) If M is oriented according to the normal vector (1,1,1) and we consider the 
induced orientation in 0M, find 


[ x dy+y dz. 
OM 


Solution: (1) Let S be the plane x+y +z= 1 and @(x,y,z) = x? + y?—1. Then 


M ={(x,y,z) ES, (x,y,z) < OF. 


Since 
V 9(x,y,z) = (2x, 2y, 0) 


is not a multiple of the vector (1, 1,1), which is orthogonal to the plane S, it follows 
from Theorem 8.3.2 that M is a regular surface with boundary and 


dM ={(x,y,2z)€R*; xtytz=1,e+y =1}. 


(2) Take 
S:={(%y) €R?; x7 +y' <1}, 
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which is a regular surface with boundary in R? whose boundary is the unit circle. 
The mapping 
f:SM, f(x,y) =(x, y, l-x—-y), 


is a C! bijection, and since 


e€; @o 63 
oF oF 16:1), = (14,1), 
eee Oot ad 


we deduce that the differential df(x,y) has maximum rank at all points and the 
restriction of f to the open unit disk defines a coordinate system of M \ 0M that is 
compatible with its orientation. By Criterion 8.6.1, if we define 


y :(0,2z] > MCR? 
as the image under f of the positively oriented circle 
y(t) :=f (cost, sint) = (cost, sint, 1—cost—sint), 


then 
((0,22), y) 


is a coordinate system of the boundary 0M that is compatible with its orientation. 
Finally, since 
aM = y((0,2z)), 


we conclude, for » = x dy+ y dz, that 
2n 
| o= |e = ((0, cost, sint),(— sint,cost,sint —cost)) dt 
OM y 0 


2n 
=F (1 —sintcost) dt = 27. 
0 
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9.7.1 For the regular surface 


M:={(x,y)ER?;a@ <x +y <b} 
with boundary (Fig. 10.17): 


(1) Find a parameterization of the circles 
e+y =a’, e4y — 7 


that is compatible with the orientation of M. 
(2) Using Green’s formula, evaluate 


ee —y) dx+ (cosy + 2x) dy. 


Solution: (1) According to Criterion 8.5.1, we parameterize the circles so that as we 
travel along them, we keep the set M to our left. That is, we consider 


y1 : [0,27] > R*; yi (t) = (beost, bsint) 


and 
y2 : [0,22] > R?; yo(t) = (acost,—asint). 
Then 
OM = yi ((0,27]) U y2([0,27]) 
and 


((0,2z), V1); ((0,2z), y2) 


are two coordinate systems of 0M compatible with the orientation induced by that 
of M. 


Fig. 10.17 Regular surface 
with boundary of Exercise 
9.7.1 
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(2) We apply Green’s formula (Theorem 9.4.5) with 


P(x,y) =x? —y, O(x,y) = cosy + 2x. 


Accordingly, 
i (x? — y) dx+ (cosy + 2x) dy 
aM 


Ih Ga d(x,y) = ff 34x) 


= 3 area(M) 


coincides with 


= 3n(b* —a’). 
9.7.3. Verify Stokes’s theorem for the lower hemisphere of the unit sphere 
z=—V1—-x2-y? 


and the vector field 
F(x, y, z) =(—y, x, z)- 


Solution: Suppose that the sphere is oriented according to the exterior normal 
vector. We define 


M:= {(x,y,z) ER? 3 +y +2 =1, z< 0}. 
Consider the coordinate system (D, wy), where 
D:={(uv)ER’, wW+v <1} 


and = 
v:DoM, wWlu,v)= (u, v, -V1-w—v). 


Now evaluate the cross product 
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The third coordinate is positive, which means that the normal vector obtained 
points toward the interior of the sphere. Or equivalently, the coordinate system 
(D, yw) reverses the orientation of M. From w(D) = M \ OM we conclude that 


| vxras=- | V x F-ds. 
M (D,v) 


Since 
€1 &2 @3 
(VxF)(Ox2)=|% F |= 0, 2), 
-yx z 
we obtain 


[,vxr-as=—[f (ov xmwun) (x3) (uv) d(u,v) 


=— ff 2d,» = 3m. 


We now check that also 


[Fes=/ —ydx+xdy=—27. 
OM aM 


In fact, the boundary of M is the unit circle in the xy-plane, 
OM = (ay) € R3 3 vty? = 1, Z= O}. 


This circle is oriented so that if we travel along it with our head toward the 
outside of the sphere, then the lower hemisphere is to our left. Or in other words, 
OM is oriented clockwise. We can see this more formally as follows. 

Take the orientable regular 2-surface 


1 
$= {(s,1); SSK, 0<1<2n} 
in R? and 
g:S—>M; g(s,t)= (sinscost, sins sint, coss). 


We observe that the oriented boundary of S is the vertical segment from (4,27) 
to (4,0), which can be parameterized as t ++ (5,27 —1). Since the restriction of g to 
S\\ OS defines a coordinate system of M \ 0M that is compatible with its orientation, 
we apply Criterion 8.6.1 to conclude that 


y(t) =9 (520-1) = (cost, —sint, 0), 0<t<2z, 
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Fig. 10.18 Triangle 
of Exercise 9.7.5 


/ 


defines a coordinate system of 0M that is compatible with its orientation. Finally, 
from 0M = y((0,27]) we obtain 


/ -ydr-+xdy= f ~yde+xdy=—2n. 
OM y 
9.7.5 Let M be the triangle 


{(x,y,z) €R3; xt+y+z=1,x>0, y>0z>0,} 


with the vertices (1,0,0), (0,1,0), and (0,0,1) removed (Fig. 10.18). Verify the 
validity of Stokes’s theorem for this surface. 


Solution: We suppose that the orientation of the plane x + y+ z= | is defined by 
the vector (1, 1,1). Consider the subset D of R* consisting of the triangle 


{(y)ER’, x+yS1, x20, y>0} 
with the vertices (0,0), (0,1), (1,0) removed. Also take 
f:R? +R’ 
to be the mapping defined by 


f(x,y) = (Ks y; laa=9): 
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This is a C® function, and the rank of f’ is 2, which is maximal on R2. Thus D 
is a regular 2-surface with boundary in R* and M =f (D) is a regular 2-surface with 
boundary in R. As we proved in Exercise 8.7.2, 


€; @2 @3 
oF oF 1-0 =1) =4,1), 
SEN Gh dk eal 


which means that (f,D\ 0D) is a coordinate system of M\ 0M compatible 
with its orientation. According to Criterion 8.6.1, if y is a positively oriented 
parameterization of 0D, then fo y is a positively oriented parameterization of 0M. 
Let @ be a differential form of degree 2 and class C! on a neighborhood of M and 
define 

v:=f*o. 


According to Green’s formula from Chap. 2, 


| v= | av. 
aD D 


Since by Theorem 7.1.1 and Proposition 6.4.2, 


[ o= v, J ae= fav. 
aM aD M D 
[ w= | de. 
aM M 


9.7.7 Verify the divergence theorem for the vector field 


we can conclude that 


F (x,y,z) = (x, 2y, 2) 
and the closed surface M := M, UMb, where 
M:={(1,y,z) €R?, P+y¥=2,0<z<2} 


and Mp is the closed disk of radius 2 in the plane z = 2 centered at (0,0,2). 


Solution: M@ := M; \ {(0,0,0)} and M> are regular surfaces with boundary, and 
we suppose they are oriented according the vector field N of unit normal vectors 
pointing to the exterior of the region bounded by M. According to Example 9.4.1, a 
coordinate system of M, \ 0M, compatible with the orientation is (A,g), where 


A={(u,v) ER? : 0<u?+v'? <4} 
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and 


g:ACR’>R?, g(u,v)= (v.u,v e+?) : 
On the other hand, a coordinate system of Mz \ 0M2 is (B,W), where 
B:={(u,v)€R? : + <4} 


and 
¥:BCR RR, (u,v) =(u,v,2). 
Since 


ay ay), 
& x >) (u,v) = (0,01) =N(H(u,»)), 


it turns out that the coordinate system (B,yw) of Mz is compatible with the 
orientation. Note that 


(A) = My \ aM, and w(B) = Mp \ Mp. 


Now evaluate 
j wnyas:= [ (FNyas+ | (FN) dS. 
M M, My 


Since F(g(u,v)) = (v,2u, Vu? + v7), we have 


v 2u Vu2+v2 
a 
[, (F.Nyas = ff - Tana | d(u,v) 


v 


Wey 


-[(S d(u,v) 


2 20 
= (/ pp ) (/, cos” 040) = a 
0 0 3 


Keeping in mind that 


we deduce 
| (F,N) dS = 2 area(M2) = 82. 
M2 


Consequently, 
32 
| (F,N) dS = <n. 
M 3 
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Finally, evaluate 
Div F(x, y,Z) = 4, 


and denoting by 
Q={(%y2 €R’, ty <7, 0<z2<2} 


the region bounded by M, we obtain (using cylindrical coordinates x = p cos 0; y= 
psin@; z=z) 


Ihe Div F(x,y,z) d(x,y,z) = af (/; (“p20 ap) dz 


2 32 
= an | 2dz= =n. 
0 3 


We have verified that 


[ wamas= fff viv Fy.2) d(x, y,z). 
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